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DR,  SIMSON'S  PREFACE. 


The  opinions,  of  the  moderns  concerning  the  author  of 
the  Elements  of  Geometry,  which  go  under  Euclid's 
name,  are  very  different  and  contrary  to  cne  another. 
Peter  Ramus  ascribes  the  Propositions,  as  well  as  their 
Demonstrations,  to  Theon ;  others  think  the  proposi- 
tions to  be  Euclid's,  but  that  the  Demonstrations  are 
Theon's ;  and  others  maintain,  that  all  the  Propositions 
and  their  Demonstrations  are  Euclid's  own.  John 
Buteo  and  Sir  Henry  Savile  are  the  authors  of  greatest 
note  who  assert  this  last;  and  the  greater  part  of  geo- 
meters have  ever  since  been  of  this  opinion,  as  they 
thought  it  the  most  probable.  Sir  Henry  Savile,  after 
the  several  arguments  he  brings  to  prove  it,  makes  this 
conclusion  (page  13,  Preelect.)  "  That  excepting  a  very 
few  interpolations,  explications  and  additions,  Theon 
altered  nothing  in  Euclid."  But,  by  often  considering 
and  comparing  together  the  Definitions  and  Demon- 
strations as  they  are  in  the  Greek  editions  we  now  have, 
1  found  that  Theon,  or  whoever  was  the  editor  of  the 
present  Greek  text,  by  adding  some  things,  suppressing 
others,  and  mixing  his  own  with  Euclid's  Demonstra- 
tions, has  changed  more  things  to  the  worse  than  is 
commonly  supposed,  and  those  not  of  small  moment, 
especially  in  the  fifth  and  eleventh  books  of  the  Ele* 
mentSi  which  this  editor  has  greatly  vitiated ;  for  in- 
stance, by  substituting  a  shorter,  but  insufficient  De- 
monstration of  the  18th  Prop,  of  the  5th  Book,  in  place 
of  the  legitimate  one  which  Euclid  had  given ;  and  by 
taking  out  of  this  Book,  besides  other  things,  the  good 
definition  which  Eudoxus  or  Euclid  had  given  of  com- 
pound ratio,  and  giving  an  absurd  one  in  place  of  it  in. 
the  5th  Definition  of  the  6th  Book,  which  neither 
Euclid,  Archimedes,  Apollonius,  nor  any  geometer  be- 
fore Theon's  time,  ever  made  use  of,  and  of  which  there 
is  not  to  be  found  the  least  appearance  in  any  of  their 
writings ;  and,  as  this  Definition  did  much  embarrass 
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beginners,  and  is  quite  useless,  it  is  now  thrown  out  of 
the   Elements,   and  another,    which,    without  doubt, 
Euclid  had  given,  is  put  in  its  proper  place  among  the 
Definitions  of  the  fifth  Book,  by  which  the  doctrine  of 
compound  ratios  is  rendered  plain  and  easy.     Besides, 
among  the  Definitions  of  the  11th  Book,  there  is  this, 
which  is  the   tenth,  viz.     "  Equal    and  similar  solid 
figures  are  those  which  are  contained  by  similar  planes 
of  the  same  number  and  magnitude."     Now  this  pro- 
position is  a  Theorem,  not  a  Definition ;  because  the 
equality  of  figures  of  any  kind  must  be. demonstrated, 
and  not  assumed;  and  therefore,  though  this  were  a 
true  proposition,  it  ought  to  have  been  demonstrated. 
But  indeed  this  Proposition,  which  makes  the  10th  de- 
finition of  the  11th  Book,  is  not  true  universally,  ex- 
cept in  the  case  in  which  each  of  the  solid  angles  of  the 
figures  is  contained  by  no  more  than  three  plane  angles ; 
for  in  other  cases,  two  solid  figures  may  be  contained 
by  similar  planes  of  the  same  number  and  magnitude, 
and  yet  be  unequal  to  one  another,  as  shall  be  made 
evident  in  the  Notes  subjoined  to  these  Elements.     In 
like  manner,  in  the  Demonstration  of  the  26th  Prop,  of 
the  1 1th  Book,  it  is  taken  for  granted  that  those  solid 
angles  are  equal  to  one  another  which  are  contained  by 
plane  angles  of  the  same  number  and  magnitude,  placed 
'  in  the  same  order :  but  neither  is  this  universally  true, 
except  in  the  case  in  which  the  solid  angles  are  contained 
by  no  more  than  three  plane  angles ;  nor  of  this  case  is 
there  any  demonstration  in  the  Elements  we  now  have, 
though  it  be  quite  necessary  there  should  be  one.  Now, 
upon  the  10th  Definition  of  this  Book  depend  the  25th 
and  28th  Propositions  of  it;  and  upon  the  25th  and 
26th  depend  other  eight,  viz.  the  27th,  3 1st,  S2d,  33d, 
34tb,  36th,  37th,  and  40th  of  the  same  Book :    and 
the  12th  of  the  12th  Book  depends  upon  the  8th  of  the 
same :  and  this  8th,  and  the  Corollary  of  Proposition 
17th  and  Proposition  18th  of  the  12th  Book,  depend 
upon  the  9th  Definition  of  the  1 1th  Book,  which  is  not 
a  right  definition;  because  there  may  be  solids  con- 
tained by  the  same  number  of  similar  plane  figures, 
which  are  not  similar  to  one  another,  in  the  true  sense 
of  similarity  received  by  geometers ;  and  all  these  Pro- 
positions have,  for  these  reasons,  been  insufficiently  de- 
monstrated since  Theon's  time  hitherto.    Besides,  there 
are  several  other  things,  which  have  nothing  of  Euclid's 
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accuracy,  and  which  plainly  shew  that  his  Elements 
have  been  much  corrupted  by  unskilful  geometers;  and 
though  these  are  not  so  gross  as  the  others  now  men- 
tioned, they  ought  by  no  means  to  remain  uncorrected. 

Upon  these  accounts  it  appeared  necessary,  and  I 
hope  will  prove  acceptable  to  all  lovers  of  accurate 
reasoning  and  of  mathematical  learning,  to  remove  such 
blemishes,  and  restore  the  principal  Books  of  the  Ele- 
ments to  their  original  accuracy,  as  far  as  I  was  able; 
especially  since  these  Elements  are  the  foundation  of  a 
science,  by  which  the  investigation  and  discovery  of 
useful  truths,  at  least  in  mathematical  learning,  is  pro- 
moted as  far  as  the  limited  powers  of  the  mind  allow : 
and  which  likewise  is  of  the  greatest  use  in  the  arts  both 
of  peace  and  war,  to  many  of  which  geometry  is  abso- 
lutely necessary.  This  I  have  endeavoured  to  do,  by 
taking  away  the  inaccurate  and  false  reasonings  which 
unskilful  editors  have  put  into  the  place  of  some  of  the 
genuine  Demonstrations  of  Euclid,  who  has  ever  been 
justly  celebrated  as  the  most  accurate  ofgeometers,  and 
by  restoring  to  him  those  things  which  Tneon  or  others 
have  suppressed,  and  which  have  these  many  ages  been 
buried  in  oblivion. 

*  In  this  Edition,  Ptolemy's  Proposition  concerning 
a  property  of  quadrilateral  figures  in  a  circle,  is  added 
at  the  end  of  the  sixth  Book.  Also  the  Note  on  the 
29th  Proposition,  Book  1st,  is  altered,  and  made  more 
explicit,  and  a  more  general  Demonstration  is  given, 
instead  of  that  which  was  in  the  Note  on  the  10th 
Definition  of  Book  11th;  besides,  the  translation  is 
much  amended  by  the  friendly  assistance  of  a  learned 
gentleman. 

*  This  Paragraph  (it  is  believed)  was  added  by  Br.  Sunsoo  to  the 
Preface  for  the  second  edition  in  1763. 


ADVERTISEMENT 


TO  THIS  EDITION. 


In  this /wew/^-smratf  Edition  of  the  Elements  of  Euclid 
by  Professor  Simson,  the  first  six  Books  and  the  Ele- 
venth and  Twelfth  have  been  printed,  with  the  additional 
references  and  corrections  from  the  small  Edition  of 
1 824-;  and  the  Notes,  and  Euclid's  Data,  from  the 
last  ootavo. 

The  Elements  of  Plane  and  Spherical  Trigo- 
nometry; the  Treatise  on  the  Construction  of  the 
Trigonometrical  Canon,  together  with  Dr.  Robert- 
son's concise  account  of  Logarithms  (being  highly  use- 
ful additions),  are  preserved  in  this  impression,  and  the 
whole  has  been  carefully  revised  throughout. 

Short  Notices  of  the  Lives  of  Euclid,  and  of  his 
ablest  translator  and  commentator,  Dr.  Simson,  are 
now,  for  the  first  time,  prefixed,  and  are  chiefly  drawn 
from  Dr.  Hutton's  Mathematical  Dictionary. 

R.  N.  ADAMS. 

Christ's  Hospital, 
July,  1827. 


SHORT  ACCOUNTS 
OF  THE  LIFE  AND  WRITINGS  OF 

EUCLID, 

AND  OF  HIS  TRANSLATOR  AND  COMMENTATOR, 

DR.  ROBERT  SIMSON. 


OF  EUCLID. 


Euclid,  the  celebrated  mathematician,  according  to  the 
account  of  Pappus  and  Proclus,  was  born  at  Alexandria,  in 
Egypt,  where  he  flourished  and  taught  mathematics  with 
great  applause,  under  the  reign  of  Ptolemy  Lagos,  about 
580  years  before  Christ.  Some  Arabian  historians,  however, 
inform  us,  that  he  was  born  at  Tyre,  that  his  father's  name 
was  Naucrates,  an  inhabitant  of  Damas. — The  particular 
place  of  his  nativity  appears,  therefore,  to  be  uncertain:  but 
whether  or  not  Alexandria  had  the  honour  of  giving  birth 
to  this  celebrated  mathematician,  all  historians  agree  that 
he  flourished  and  taught  mathematics  thereat  the  time  above 
mentioned ;  which  city  from  that  period  to  the  conquest  of 
it  by  the  Saracens,  seems  to  have  been  the  residence,  if  not 
the  birth-place,  of  all  the  most  eminent  mathematicians  of 
that  time.  Euclid  reduced  into  regularity  and  order  all  the 
fundamental  principles  of  pure  mathematics,  which  hud  been 
delivered  down  by  Thales,  Pythagoras,  Eudoxus,  and  other 
mathematicians  before  him,  and  added  many  others  of  his 
own :  on  which  account  it  is  said  he  was  the  first  who  re- 
duced arithmetic  and  geometry  into  the  form  of  a  science. 
He  likewise  applied  himself  to  the  study  of  mixed  mathema- 
tics, -particularly  to  astronomy  and  optics. 

His  works,  as  we  learn  from  Pappus  and  Proclus,  are  the 
Elements,  Data,  Introduction  to  Harmony,  Phaenomena, 
Optics,  Catoptrics,  a  Treatise  on  the  Division  of  Superficies, 
Porisms,  Loci  ad  Superficiem,  Fallacies,  and  Four  Books  of 
Conies.  The  most  celebrated  of  these,  is  the  first  work,  the 
Elements  of  Oeometry ;  of  which  there  have  been  numberless 
editions  in  all  languages ;  and  a -fine  edition  of  all  his  works, 
now  extant,  was  printed  in  1703,  by  David  Gregory,  Savilian 
Professor  of  Astronomy  at  Oxford. 

The  Elements,  as  commonly  published,  consist  of  fifteen 
books,  of  which  the  last  two,  ft  is  suspected,  are  not  Euclid's, 
but  a  comment  of  Hypsicles  of  Alexandria,  who  lived  two 
hundred  years  after  him.  They  are  divided  into  three  parts, 
viz.  the  Contemplation  of  Superficies,  Numbers,  and  Solids: 
the  first  four  Books  treat  of  planes  only ;  the  fifth  of  the  pro- 
portions of  magnitudes  in  general ;  the  6th  of  the  proportion 
of  plane  figures ;  the  7th,  8th,  and  9th,  give  us  the  funda- 
mental properties  of  -numbers  ;  the  10th  contains  the  theory 
of  commensurable  *nd  incommensurable  lines  and  spaces ; 
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the  11  th9  12th,  13th9 14th  and  15th,  treat  of  the  doctrine  of 
solids. 

There  is  no  doubt  but,  before  Euclid,  Elements  of  Geo- 
metry were  compiled  by  Hippocrates  of  Chios,  Eudoxus, 
Leon,  and  many  others,  mentioned  by  Proclus  in  the  begin- 
ning of  his  second  book ;  for  he  affirms  that  Euclid  new-or- 
dered many  things  in  the  Elements  of  Eudoxus,  completed 
many  things  in  those  of  Theatetus,  and  besides,  strengthened 
such  propositions  as  before  were  too  slightly  or  but  superfi- 
cially established,  with  the  most  firm  and  convincing  demon- 
strations. 

History  is  silent  as  to  the  time  of  Euclid's  death  or  his 
age.  But  Pappus  represents  him  as  a  person  of  a  courteous 
and  agreeable  behaviour,  and  in  great  esteem  with  Ptolemy 
Lagos,  king  of  Egypt,  who  one  day  asking  him,  whether 
there  was  not  any  shorter  way  of  coming  at  geometry  than 
by  his  Elements,  Euclid  is  said  to  have  answered,  "  that 
there  was  no  royal  road  to  geometry" 


OF  DR.  ROBERT  SIMSON. 

Dr.  Robert  Simson,  Professor  of  Mathematics  in  the  Uni- 
versity of  Glasgow,  was  the  eldest  son  of  Mr.  John  Simson, 
of  Kirtonhall  in  Ayrshire,  and  was  born  on  the  14th  of  Oc- 
tober 1687.  Being  designed  by  his  father  for  the  church,  he 
was  sent  to  the  University  of  Glasgow  about  the  year 
1701,  where  he  was  distinguished  by  his  proficiency  in  clas- 
sical learning  and  in  the  sciences. 

Having  procured  a  copy  of  Euclid's  Elements,  with  the 
aid  only  of  a  few  preliminary  explanations  from  some  mpre 
advanced  students,  he  entered  on  the  study  of  that  oldest 
and  best  introduction  to  mathematics.  In  a  short  time  he 
read  and  understood  the  first  six,  with  the  11th  and  12th 
books,  and  afterwards  proceeding  still  further  in  his  mathe- 
matical pursuits,  by  his  progress  in  the  more  difficult 
branches  he  laid  the  foundation  of  his  future  eminence. 
His  reputation  as  a  mathematician  in  a  few  years  became 
so  high,  and  his  general  character  so  much  respected,  that 
in  1710,  when  he  was  only  twenty-two  years  of  age,  the 
members  of  the  college  voluntarily  made  him  an  offer  of 
the  mathematical  chair,  in  which  a  vacancy  in  a  short  time 
was  expected  to  take  place.  From  his  natural  modesty  how- 
ever, he  felt  much  reluctance,  at  so  early  an  age,  to  advance 
abruptly  from  the  state  of  a  student  to  that  of  a  professor  in 
the  same  college,  and  therefore  solicited  permission  to 
spend  one  year  at  least  in  London,  where,  besides  other  ob- 
vious advantages,  he  might  have  opportunities  of  becoming 
acquainted  with  some  of  the  eminent  mathematicians  of 
England,  who  were  then  the  most  distinguished  in  Europe., 
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In  this  request  he  was  readily  indulged ;  and  without  delay 
he  proceeded  to  London,  where  he  remained  about  a  year, 
diligently  employed  in  the  improvement  of  his  mathematical 
knowledge. 

When  the  vacancy  in  the  professorship  of  Mathematics  at 
Glasgow  did  occur,  the  University,  while  Mr.  Simson  was 
still  in  London,  appointed  him  to  fill  it ;  and  the  minute  of 
election,  which  is  dated  March  11, 1711,  concluded  with  this 
very  proper  condition,  "  That  they  will  admit  the  said  Mr. 
Robert  Simson,  providing  always  that  he  give  satisfactory 
proof  of  his  skill  in  mathematics,  previous  to  his  admission. ' 
He  was  duly  admitted  professor  of  mathematics  on  the  20th 
of  November  of  that  year. 

His  manner  of  teaching  was  uncommonly  clear  and  success- 
ful ;  and  among  his  scholars,  several  rose  to  distinction  as 
mathematicians  ;  among  whom  may  be  mentioned  the  cele- 
brated Dr.  Matthew  Stewart,  professor  of  Mathematics  at 
Edinburgh;  the  two  rev.  Drs.  Williamson,  one  of  whom  suc- 
ceeded Dr.  Simson  at  Glasgow;  the  rev.  Dr.  Trail,  formerly 
professor  of  Mathematics  at  Aberdeen ;  Dr.  James  Moor, 
Greek  professor  at  Glasgow;  and  professor  Robison  of  Edin- 
burgh, with  many  others  of  distinguished  merit.  In  the 
year  1758,  Dr.  S.  being  then  71  years  of  age,  found  it  neces- 
sary to  employ  an  assistant  in  teaching ;  and  in  1761,  on  his 
recommendation,  the  rev.  Dr.  Williamson  was  appointed  his 
assistant  and  successor. 

.  His  only  publication,  after  resigning  his  office,  was  a  new 
and  improved  edition  of  Euclid's  Data,  which  in  1762  was 
annexed  to  the  second  edition  of  the  Elements*  But  from 
that  period,  although  much  solicited  to  bring  forward  some 
of  his  other  works  on  the  ancient  geometry,  and  notwith- 
standing he  was  fully  apprised  of  the  universal  curiosity  ex- 
cited respecting  bis  discovery  of  Euclid'sV Poristns,  he  re- 
sisted every  importunity  on  the  subject.      \ 

Through  Dr.  Jurin,  then  secretary  of  the  tloyal  Society. 
Dr.  Simson  had  some  intercourse  with  Dr.  Halley,  and  other 
distinguished  members  of  that  society.  And  about  the 
same  time  and  afterwards  he  had  frequent  correspondence 
with  Mr.  Maclaurin,  Mr.  James  Stirling,  Dr.  James  Moor, 
Dr.  Matthew  Stewart,  Dr.  William  Trail,  Mr.  Williamson 
of  Lisbon,  and  with  Mr.  John  Nourse  his  bookseller  and 
publisher  in  London. 

Dr.  S.  was  originally  possessed  of  great  intellectual 
powers,  an  accurate  and  distinguishing  understanding,  an  in- 
ventive genius,  and  a  retentive  memory ;  and  these  powers 
being  excited  by  an  ardent  curiosity,  produced  a  sin- 
gular capacity  for  investigating  the  truths  of  mathematical 
science.  By  such  talents,  and  with  a  correct  taste,  formed 
by  the  study  of  the  Greek  geometers,  he  was  also  peculiarly 
qualified  for  communicating  his  knowledge,  both  in  his  lec- 
tures and  in  his  writings,  with  perspicuity  and  elegance. 


Xll  ACCOUNT    OF    DR.    ROBERT    SIMSON. 

He  was  esteemed  a  good  classical  scholar ;  and  though 
the  simplicity  of  geometrical  demonstration  does  not  admit  of 
much  variety  of  style,  yet  in  his  works  a  good  taste  in  ihat 
respect  may  be  distinguished.  Jn  his  Latin  prefaces  also, 
in  which  there  is  some  history  and  discussion,  the  purity  of 
language  has  been  generally  approved.  It  is  to  be  regretted 
indeed,  that  he  had-  not  had  an  opportunity  of  employing  in 
early  life  his  Greek  and  mathematical  learning,  in  giving  an 
edition  of  Pappus  in  the  original  language. 

Strict  integrity  and  private  worth,  with  corresponding 
purity  of  morals,  gave  the  highest  value  to  a  character  which, 
from  other  qualities  and  attainments,  was  much  respected 
and  esteemed.  On  all  occasions,  even  in  the  gayest  hours 
of  social  intercourse,  the  Doctor  maintained  a  constant  at- 
tention to  propriety.  He  had  serious  and  just  impressions 
of  religion;  but  he  was  uniformly  reserved  in  expressing 
particular  opinions  about  h ;  and,  from  his  sentiments  of 
decorum,  he  never  introduced  religion  as  a  subject  of  con- 
versation in  mixed  society,  and  all  attempts  to  do  so  in  his 
clubs  were,  by  him,  checked  with  gravity  and  decision. 

He  was  seriously'  indisposed  only  for  a  few  weeks  before 
bis  death,  having  through  a  very  long  life  enjoyed  a  uniform 
state  of  good  health.  He  died  on  the  1st  of  October,  1768, 
when  his  81st  year  was  almost  completed. 

The  writings  and  publications  of  Dr.  S.  were  almost  ex- 
clusively of  the  pure  geometrical  kind,  after  the  genuine 
manner  of  the  ancients.  He  has  only  two  pieces  printed  in 
the  volumes  of  the  Philosophical  Transactions :  viz. 

1.  Two  general  propositions  of  Pappus,  in  which  many 
of  Euclid's  Porisms  are  included,  vol.  32,  ann.  1723. — These  _ 
two   propositions   were   afterwards    incorporated   into   the 
author's  posthumous  works,  printed  in  1776,  by  Philip,  earl 
Stanhope. 

2.  On  the  Extraction  ofx  the  Approximate  Roots  of  Num. 
berg  by  infinite  Series ;  vol.  48,  ann.  1753. 

The  separate  publications  in  his  life-time  were : 

3.  Conic  Sections,  in  1735,  4to. 

4.  The  Loci  Plani  of  Apollonius,  restored ;  in  1740,  4to. 

5.  Euclid's  Elements  ;  in  1 756,  4to,  and  since  that  time, 
many  editions  in  8vo,  with  the  addition  of  Euclid's  Data. 

6.  After  his  death,  earl  Stanhope  was  at  the  expense  of 
printing  in  1776,  under  the  title  of  4<  Opera  Reliqua,"  se- 
veral of  Dr.  S/s posthumous  pieces:  which  were  (1)  Apol- 
lonius's  Determinate  Section  :  (2)  A  Treatise  on  Porisms* : 
(3)  A. Tract  on  Logarithms:  (4)  On  the  Limits  of  Quan- 
tities and  Ratios :  (5)  Some  Select  Geometrical  Problems. 

*  A  part  of  tills  Treatise  was  translated  by  the  Rev.  John  Lawson, 
and  is  in  his  Mathematical  Tract". 
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BOOK  I. 


DEFINITIONS. 

I. 

A  Point  is  that  which  hath  no  parts,  or  which  hath  no  See  Note*, 
magnitude. 

II. 

A  line  is  length  without  breadth. 

HI. 

The  extremities  of  a  line  are  points. 

« 

IV. 

A  straight  line  is  that  which  lies  evenly  between  its  ex- 
treme points. 

* 

V. 

A  superficies  is  that  which  hath  only  length  and  breadth. 

VI. 

The  extremities  of  a  superficies  are  lines. 

VIL 

A  plane  superficies  is  that  in  which  any  two  points  be-  See  N. 
ing  taken,  the  straight  line  between  them  lies  wholly 
in  that  superficies* 

B 
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VIII. 

See  N.  "  A  plane  angle  is  the  inclination  of  two  lines  to  one 
"  another  in  a  plane,  which  meet  together,  but  are 
"  not  in  the  same  direction." 

IX. 

A  plane  rectilineal  angle  is  the  inclination  of  two 
straight  lines  to  one  another,  which  meet  together, 
but  are  not  in  the  same  straight  line. 

Ai 


/      /: 

\L C  E^- — 


N.  B,  '  When  several  angles  are  at  one  point  B,  any 

*  one  of  them  is  expressed  by  three  letters,  of  which 
'  the  letter  that  is  at  the  vertex  of  the  angle,  that  is,  at 
'  the  point  in  which  the  straight  lines  that  contain  the 

*  angle  meet  one  another,  is  put  between  the  other  two 
'  letters,  and  one  of  these  two  is  somewhere  upon  one 
'  of  those  straight  lines,  and  the  other  upon  the  other 
'  line:  Thus  the  angle  which  is  contained  by  the  straight 
'  lines,  AB,  CB*  is  named  the  angle  ABC,  or  CBA ; 

*  that  which  is  contained  by  AB,  DB  is  named  the  an- 

*  gle  ABD,  or,  DBA ;  and  that  which  is  contained  by 
<  DB,  CB,  is  called  the  angle  DBC,  or  CBD ;  but,  if 

*  there  be  only  one  angle  at  a  point,  it  may  be  expressed 
'  by  a  letter  placed  at  that  point :  as  the  angle  at  E.' 

X. 

When  a  straight  line  standing  on  another 
straight  line  makes  the  adjacent  angles 
equal  to  one  another,  each  of  the  angles 

is  called  a  right  angle;  and  the  straight    ' 

line  which  stands  on  the  other  is  called 
a  perpendicular  to  it 

XI. 

An  obtuse  angle  is  that  which  is  greater  than  a  right 
angle. 


XII. 

An  acute  angle  is  that  which  is  less  than  a  right  angle. 
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XIII. 
"  A  term  or  boundary  is  the  extremity  of  any  thing/' 

XIV. 

A  figure  is  that  which  is  enclosed  by  one  or  more  boun- 
daries. 

XV. 

A  circle  is  a  plane  figure  contained  by  one  line,  which  is 
called  the  circumference,  and  is  such  that  all  straight 
lines  drawn  from  a  certain  point  within  the  figure  to 
the  circumference,  are  equal  to  one  another. 


XVI. 

And  this  point  is  called  the  centre  of  the  circle, 

XVIL 

A  diameter  of  a  circle  is  a  straight  line  drawn  through  SeeN. 
the  centre,  and  terminated  both  ways  by  the  circum- 
ference. 

XVIII. 

A  semicircle  is  the  figure  contained  by  a  diameter  and 
the  part  of  the  circumference  cut  off  by  the  diameter. 

XIX. 

"  A  segment  of  a  circle  is  the  figure  contained  by  a 
"  straight  line,  and  the  circumference  it  cuts  off." 

XX. 

Rectilineal  figures  are  those  which  are  contained  by 
straight  lines. 

XXI. 
Trilateral  figures,  or  triangles,  by  three  straight  lines. 

XXII. 

Quadrilateral,  by  four  straight  lines. 

XXIII. 

Multilateral  figures,  or  polygons,  by  more  than  four 
straight  lines. 

,     XXIV. 

Of  three-sided  figures,  an  equilateral  triangle  is  that 
which  has  three  equal  sides..  • 
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XXV. 

An  isosceles  triangle  is  that  which  has  only  two  sides 
equal. 


XXVI. 
A  scalene  triangle,  is  that  which  has  three  unequal  sides. 

XXVII. 
A  right  angled  triangle,  is  that  which  has  a  right  angle. 

XXVIII. 

An  obtuse  angled  triangle,  is  that  which  has  an  obtuse 
angle. 

A  ^  A 

XXIX. 

An  acute  angled  triangle,  is  that  which  has  three  acute 
angles. 

xxx. 

Of  four-sided  figures,  a  square  is  that  which  has  all  its 
sides  equal,  and  all  its  angles  right  angles. 


XXXI. 

An  oblong  is  that  which  has  all  its  angles  right  angles, 
but  has  not  all  its  sides  equal. 

XXXII. 

A  rhombus,  is  that  which  has  all  its  sides  equal,  but  its 
angles  are  not  right  angles. 


XXXIII. 

SeeN.  A  rhomboid,  is  that  which  has  its  opposite  sides  equal 
to  one  another,  but  ail  iu  side*  are  not  equal,  nor 
its  angles  right  angles. 
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XXXIV. 

AH  other  four-sided  figures  besides  these,  are  called 
trapeziums. 

XXXV. 

Parallel  straight  lines  are  such  as  are  in  the  same 
plane,  and  which  being  produced  ever  so  far  both 
ways,  do  not  meet. 


BttM^MMttaBSMfaMsMift** 


POSTULATES. 


Let  it  be  granted  that  a  straight  line  may  be  drawn 
from  any  one  point  to  any  other  point 

II. 

That  a  terminated  straight  Hoe  may  be  produced  lo  any 
length  in  a  straight  line. 

III. 

And  that  a  circle  may  be  described  from  any  centre  at 
any  distance  from  that  centre. 


AXIOMS. 
L 

Things  which  are  equal  to  the  same  thing,  are  equal 
to  one  another. 

II. 
If  equals  be  added  to  equals,  the  wholes  are  equal. 

III. 
If  equals  be  taken  from  equals,  the  remainders  are  equal. 

IV. 
If  equals  be  added  to  unequals,  the  wholes  are  unequal. 

V.     ' 

If  equals  be  taken  from  unequals,  the  remainders  are 
unequal. 
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VI. 

Things  which  are  double  of  the  same,  are  equal  to  one 
another. 

VII. 

Things  which  are  halves  of  the  same,  are  equal  to  one 
another. 

VIII. 

Magnitudes  which  coincide  with  one  another,  that  is, 
which  exactly  fill  the  same  space,  are  equal  to  one ' 
another. 

IX. 

The  whole  is  greater  than  its  part 

X. 

Two  straight  lines  cannot  inclose  a  space. 

XL 

All  right  angles  are  equal  to  one  another. 

XII. 

"  If  a  straight  line  meet  two  straight  lines,  so  as  to 
"  make  the  two  interior  angles  on  the  same  side  of, 
"  it  taken  together  less  than  two  right  angles,  these 
"  straight  lines  being  continually  produced,  shall  at 
"  length  meet  upon  that  side  on  which  are  the  angles 
"  which  are  less  than  two  right  angles."  See  the 
notes  on  Prop.  £9.  of  Book  1.* 


I 


late. 
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PROPOSITION  I.  PROBLEM. 

To  describe  an  equilateral  triangle  upon  a  given  Jinite 

straight  line. 

Let  AB  be  the  given  straight  line;  it  is  required  to  de- 
scribe an  equilateral  triangle  upon  AB. 

From  the  centre  A,  at  the  distance 
AB,  describe*  the  circle  BCD,  and  (^  K[/  \^  ^  *  *  P"** 
from  the  centre  B,  at  the  distance  BA, 
describe  the  circle  ACE;  and  from  the 
point  C,  in  which  the  circles  cut  one 
another,  draw  the  straight  lines*  CA,  CB,  to  the  points  *  I  Pott 
A,  B;  ABC  shall  be  an  equilateral  triangle. 

Because  the  point  A  is  the  centre  of  the  circle  BCD, 
AC  is  equal*  to  AB;  and  because  the  point  B  is  the  *t5Defi- 
centre  of  the  circle  ACE,  BC  is  equal  to  BA:  but  it  has  nition-     • 
been  proved  that  CA  is  equal  to  AB;  therefore  CA,  CB, 
are  each  of  them  equal  to  AB:  but  things  which  are 
equal  to  the  same  thing  are  equal*  to  one  another;  •lstAa- 
therefore  C A  is  equal  to  CB :  wherefore  CA,  AB,  BC  lom- 
are  equal  to  one  another:  and  the  triangle  ABC  is  there- 
fore equilateral,  and  it  is  described  upon  the  given 
straight  line  AB.     Which  was  required  to  be  done. 

PROP.  II.  PROB. 

From  a  given  point  to  dram  a  straight  line  equal  to  a 

given  straight  line. 

Let  A  be  the  given  point,  and  BC  the  given  straight 
line;  it  is  required  to  draw  from  the  point  A  a  straight 
line  equal  to  BC. 

From  the  point  A  to  B  draw*  the  straight  line  AB;  •  l  Pott. 
and  upon  it  describe*  the  equilateral  triangle  DAB,  •  1. 1. 
and  produce*  the  straight  lines  DA,  DB,  to  E  and  F;  •  %  Pout, 
from  the  centre  B,  at  the  distance  BC  describe*  the  cir-  •  5  Post. 
cle  CGH,  and  from  the  centre  D,  at  the  distance  DG 
describe  the  circle  GKL.  AL  shall  be  equal  to  BC. 

Because  the  point  B  is  the  centre  of 
the  circle  CGH,  BC  is  equal  *  to  BG ;      /^  *^\     '  •  15  Dcf. 
and  because  D  is  the  centre  of  the  cir* 

cle  GKL,  DL  is  equal  to  DG;  and  \     \^(  ^[>^\X     fConstr. 
DA,  DB,  parts  of  them,  are  equal;  there- 
fore the  remainder  AL  is  equal  to  the 
remainder*  BG:  but  it  has  been  shewn,  "  *  s  Ax. 
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that  BC  is  equal  to  BG ;  wherefore  AL  and  BC  are 
each  of  them  equal  to  BG :  and  things  that  are  equal 
t  1  Ax.,  xo  the  same  thing  are  equal  f  to  one  another;  therefore 
the  straight  line  AL  is  equal  to  BC.  Wherefore  from 
the  given  point  A  a  straight  line  AL  has  been  drawn 
equS  to  the  given  straight  line  BC.  Which  was  to  be 
done. 

PROP.  III.  PROB. 

Rom  the  greater  of  two  given  straight  lines  to  cut  off  a 

part  equal  to  the  le$sf 

Let  AB  and  C  be  the  two  given 
straight  lines,  whereof  AB  is  the  great- 
er. It  is  required  to  cut  off  from  AB, 
the  greater,  a  part  equal  to  C,  the  less. 

*  «.  l .  From  t  he  poi  n  t  A  d  raw  *  t he  stra  igh t 

line  AD  equal  to  C ;  and  from  the  centre  A,  and  at  the 
•3 Post,     distance  AD  describe*  the  circle  DEF:  AE  shall  be 

equal  to  C 

Because  A  is  the  centre  of  the  circle  DEF,  AE  is 
f  15  Def.  equalf  to  AD;  but  the  straight  line  C  is  likewise  equal 
t  Constr.     *°t  AD;  whence  AE  and  C  are  each  of  them  equal  to 

*  j  Ax.       AD;  wherefore  the  straight  line  AE  is  equal  to*  C,  and 

from  AB,  the  greater  of  two  straight  lines,  a  part  AE 
has  been  cut  off  equal  to  C  J  he  lest*.  Which  was  to  be 
done. 

PROP.  IV.  THEOR. 

If  two  triangles  have  two  sides  of  the  one  equal  to  iwo 

sides  of  the  other,  each  to  each  ;  and  have  likewise  the 

angles  contained  by  those  sides  equal  to  one  another  ; 

they  'shall  likewise  have  their  bases,  or  third  skies, 

•— ~  equal ;  and  the  two  triangles  shall  be  equal,  and  their 

other  angles  shall  be  equal,  each  to  each,  viz.  those  to 
which  the  equal  sides  are  opposite. 

Let  ABC,  DEF  be  two  trian- 
gles, which  have  the  two  sides  AB, 
AC  equal  to  the  two  sides  DE, 
DF,  each  to  each,  viz.  AB  to  DE, 
and  AC  to  DF ;  and  the  angle 
B AC  equal  to  the  angle  EDF:  the 
base  BC  shall  be  equal  to  the  base  EF;  and  the  tri- 
angle ABC  to  the  triangle  DEF;  and  the  other  angles 
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to  which  the  equal  sides  are  opposite,  shall  be  equal 
each  to  each,  viz.  the  angle  ABC  to  the  angle  DEF, 
and  the  angle  ACB  to  DFE. 

For,  if  the  triangle  ABC  be  applied  to  DEF,  60  that 
the  point  A  may  be  on  D,  and  the  straight  line  AB 
upon  DE;  the  point  B  shall  coincide  with  the  point  E, 
because  AB  is  equal  f  to  DE :  and  AB  coinciding  with  t  Hyp. 
DE,  AC  stall  coincide  with  DF,  because  the  angle 
BAC  is  equal  f  to  the  angle  EDF;    wherefore  also  the  t  Hyp. 
point  C  shall  coincide  with  the  point  F,  because  the 
straight  line  AC  f  is  equal  to  DF:  but  the  point  B  was  t  Hyp. 
proved  to  coincide  with   the  point  E:    wherefore  the 
base  BC  shall  coincide  with  the  base  EF;  because,  the 
point  3  coinciding  with  E,  and  C  with  F,  if  the  base 
BC  does  not  coincide  with  the  base  EF,  two  straight 
lines  would  inclose  a  space,  which  is  impossible*.  There-  *  10  A*. 
fore  the  base  BC  coincides  with  the  baseEF,  and  therer 
fore  is  equal  f  to  it.     Wherefore  the  whole  triangle  ABC  f  8  ^*- 
coincides  with  the  whole  triangle  DEF,  and  is  equal  to 
it;  and  the  other  angles  of  the  one  coincide  with  the 
remaining  angles  of  the  other,  and  are  equal  to  them, 
viz.  the  angle  ABC  to  the  angle  DEF,  and  the  angle 
ACB  to  DFE.     Therefore,  if  two  triangles  have  twi> 
sides  of  the  one  equal  to  two  sides  of  the  other,  each  to 
each,  and  have  likewise  the  angles  contained  by  those 
sides  equal  to  one  another,  their  bases  shall  likewise  be 
.equal,  and  the  triangles  shall  be  equal,  and  their  other 
angles  to  which  the  equal  sides  are  opposite  s&all  be 
equal,  each  to  each.     Which  was  to  be  demonstrated. 

PROP.  V.     THEOR. 

The  angles  at  the  base  of  an  isosceles  triangle  are  equal 
to  one  another  t  and  if  the  equal  sides  be  produced,  the 
angles  upon  the  other  side  of  the  base  shall  be  equal. 

Let  ABC  be  an  isosceles  triangle,  of  which  the  side 
AB  is  equal  to  AC,  and  let  the  straight  lines  AB,  AC 
be  produced  to  D  and  E;  the  angle  ABC  shall  be 
equal  to  the  angle  ACB,  and  the  angle  CBD  to  the 
angle  BCE. 

In  BD  take  any  point  F,  and  from  AE  the  greater, 
cut  off  AG  equal*  to  AF,  the  less,  and  join  FC,  GB.      **•  *• 

Because  AF  is  equal  to  f  AG,  and  AB  to  X  AC,  the  f  Constr. 
two  sides  FA,  AC  are  equal  to  the  two  GA,  AB,  each  *  HW' 
to  each :  and  they  contain  the  angle  FAG  eonpmon  to 
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the  two  triangles  AFC,  AGB;  therefore 
the  base  FC  is  equal  *  to  the  base  GB, 
and  the  triangle  AFC  to  the  triangle 
AGB ;  and  the  remaining  angles  of  the 
•4. 1.  one  are  equal  *  to  the  remaining  angles 
of  the  other,  each  to  each,  to  which  the 
equal  sides  are  opposite;  viz.  the  angle 
ACF  to  the  angle  ABG,  and  the  angle  AFC  to  the  an- 
gle AGB:  and  because  the  whole  AF  is  equal  to  the 
whole  AG,  of  which  the*  parts  AB,  AC  are  equal;  the 

•  3  Ax.      ^remainder  BF  is  equal*  to  the  remainder  CG :  andFC 

was  proved  to  be  equal  to  GB ;  therefore  the  two  sides 
BF,  FC  are  equal  to  the  two  CG,  GB,  each  to  each  ; 
and  the  angle  BFC  was  proved  to  be  equal  to  the  angle 
CGB,  and  the  base  BC  is  common  to  the  two  triangles 

•  4.  i.         BFC,  CGB ;  wherefore  these  triangles  are  equal  *,  and 

their  remaining  angles  each  to  each,  to  which  the  equal 
sides  are  opposite:  therefore  the  angle  FBC  is  equal  to 
the  angle  GCB,  and  the  angle  BCF  to  the  angle  CBG. 
And,  since  it  has  been  demonstrated,  that  the  whole  an- 
[le  ABG  is  equal  to  the  whole  ACF,  the  parts  of  which, 
le  angles  CBG,  BCF  are  also  equal;  therefore  the 
f  3  Ax.  remaining  angle  ABC  is  equal  f  to  the  remaining  angle 
ACB,  which  are  the  angles  at  the  base  of  the  triangle 
ABC :  and  it  has  also  been  proved  that  the  angle  FBC 
is  equal  to  the  angle  GCB,  which  are  the  angles  upon 
the  other  side  of  the  base.  Therefore  the  angles  at  the 
base,  &c.     Q.  E.  D. 

Corollary. — Hence  every  equilateral  triangle  is 
also  equiangular. 

PROP.  VI.    THEOR. 

If  two  angles  of  a  triangle  be  equal  to  one  another,  the 
sides  also  which  subtend,  or  are  opposite  to,  the  equal 
angles,  shall  be  equal  to  one  another. 

Let  ABC  be  a  triangle  having  the  angle  ABC  equal 
to  the  angle  ACB :  the  side  AB  shall  be  equal  to  the 
side  AC. 

For,  if  AB  be  not  equal  to  AC,  one  of  them  is 
greater  than  the  other :    let  AB  be  the  greater ;    and 

•  3.  i.         |yom  jt  cut  #  Qff  db  equal  to  AC,  the  less,  and  join 

DC :  therefore,  because  in  the  triangles  DBC,  ACB, 
DB  is  equal  to  AC,  and  BC  common  to  both,  the  two 
sides,  DB,  BC  are  equal  to  the  two  AC,  CB,  each  to 


th< 
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each;  and  the  angle  DBC  is  equal  to  the  angle  f  ACB;  f  Hyp. 

therefore  the  base  DC  is  equal  to  the  base 

AB,  and  the  triangle  DBC  is  equal  to 

the  triangle  *ACB,  the  less  to  the  greater,         *^  ^  •  4.  t. 

which   is  absurd.     Therefore  AB  is  not 

unequal   to   AC,  that   is,  it  is  equal   to 

it.    Wherefore,  if  two  angles,  &c.  Q.  E.  D. 

Cor. — Hence  every  equiangular  triangle  is  also  equi- 
lateral. 

PROP.  VII.    THEOR. 

Upon  the  same  base,  and  on  the  same  side  of  it,  there  can-  See  N. 
not  be  two  triangles  that  have  their  sides  which  are  ter- 
minated in  one  extremity  of  the  base  equal  to  one  an- 
other, and  likewise  those  which  are  terminated  in  the 
other  extremity* 

* 

If  it  be  possible,  upon  the  same  base  AB,  and  upon 
the  same  side  of  it,  let  there  be  two  triangles  ACB, 
ADB,  which  have  their  sides  CA,  DA  terminated  in 
the  extremity  A  of  the  base  equal  to  one  another,  and 
likewise  their  sides,  CB,  DB,  that  are 
terminated  in  B. 

Join  CD ;  then,  in  the  case  in  which 
the  vertex  of  each  of  the  triangles  is 
without  the  other  triangle,  because  AC 
is  equal  f    to   AD,  the   angle  ACD   is     £•   •  \  f  Hyp. 

equal  *  to  the  angle  ADC:  but  the  angle  •  5. 1. 

ACD  is  greater  f  than  the  angle  BCD;  therefore  the  t*Ax. 
angle  ADC  is  greater  also  than  BCD;  much  more 
then  is  the  angle  BDC  greater  than  the  angle  BCD. 
Again,  because  CB  is  equal  f  to  DB,  the  angle  BDC  is  t  Hyp. 
equal*  to  the  angle  BCD;  but  it  has  been  demonstrated  •  5. 1. 
to  be  greater  than  it,  which  is  impossible. 

But  if  one  of  the  vertices,  as  D,  be  within  the  other 
triangle  ACB ;  produce  AC,  AD  to  E,  F :  therefore, 
because  AC  is  equal  f  to  AD  in  the  tri-  t  Hyp. 

angle  ACD,  the  angles  ECD,  FDC 
upon  the  other  side  of  the  base  CD 
are  equal  *  to  one  another :  but  the 
angle  ECD  is  greater  f  than  the  angle 
BCD ;  wherefore  the  angle  FDC  is 
likewise  greater  than  BCD ;  much 
more  then  is  the  angle  BDC  greater  than  the  angle 
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t  Hyp.        BCD.    Again,  because  CB  is  equal f  to  DB,  the  angle 

•  5. 1.         BDC  is  equal  *  to  the  angle  BCD;  but  BDC  has*  been 

proved  to  be  greater  than  the  same  BCD;  which  is 
impossible.  The  case  in  which  the  vertex  of  one  tri- 
angle is  upon  a  side  of  the  other,  needs  no  demon- 
stration. 

Therefore,  upon  the  same  base,  and  on  the  same  side 
of  it,  there  cannot  be  two  triangles  that  have  their 
sides,  which  are  terminated  in  one  extremity  of  the 
base,  equal  to  another,  and  likewise  those  which  are 
terminated  in  the  other  extremity,     a.  E.  D. 

PROP.  VIIL    THEOR. 

If  two  triangles  have  two  sides  of  the  one  equal  to  two  sides 
of  the  other,  each  to  each,  and  have  likewise  their  bases 
equal ;  the  angle  which  is  contained  by  the  two  sides  of 

-  the  one  shall  be  equal  to  ,the  angle  contained  by  the  two 
sides  equal  to  them,  of  the  other. 

Let  ABC,  DEE  be  two  triangles,  having  the  two 
sides  AB,  AC,  equal  to  the  two  sides  DE,  DF,  each  to 
each,  viz.  AB  to  DE,  and  AC  to  DF;  and  also  the  base 
BC  equal  to  the  base  EF. 
The  angle  BAC  shall  be 
equal  to  the  angle  EDF. 

For,  if  the  triangle  ABC 
be  applied  to  DEF,  so  that 
the  point  B  may  be  on  E, 
and  the  straight  line  BC  upon 

EF ;  the  point  C  shall  also  coincide  with  the  point  F, 
t  Hyp.  because  BC  is  equal f  to  EF.  Therefore  BC  coinciding 
with  EF,  BA  and  AC  shall  coincide  with  ED  and  DF: 
for,  if  the  base  BC  coincides  with  the  base  EF,  but  the 
sides  BA,  CA  do  not  coincide  with  the  sides  ED,  FD, 
but  have  a  different  situation,  as  EG,  FG;  then  upon 
the  same  base  EF,  and  upon  the  same  side  of  it,  there 
ean  be  two  triangles  that  have  their  sides  which  are 
terminated  in  one  extremity  of  the  base,  equal  to  one 
another,  and   likewise  their  sides   terminated    in  the 

•  *•  l-  other  extremity :  but  this  is  #  impossible ;    therefore,  if 

the  base  BC  coincides  with  the  base  EF,  the  skies  BA, 
AC  cannot  but  coincide  with  the  sides  ED,  DF;  where- 
fore likewise  the  angle  BAC  coincides  with  the  angle 

•  8  Ax.        EDF,  and  is  eq^aj*  to  it.     Therefore,  if  two  teiaagles, 

jtec.     Q.  E.:  D. 
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PROP.  IX.  PROB. 

To  Vised  a  given  rectilineal  angle,  that  is,  to  divide  it  into 

two  equal  angles* 

Let  BAC  be  the  given  rectilineal  angle;  it  is  re- 
quired to  bisect  it 

Take  any  point  D  in  AB,  and  from  AC  cut*  off  AE  *  3-  *• 
equal  to  AD;  join  DE,  and  upon  it  describe*  an  equila*  *  *•  *• 
teral  triangle  DEF;  then  join  AF:  the 
straight  line  AF  shall  bisect  the  angle 
BAC. 

Because  AD  is  equal  f  to  AE,  and  AF        1^1  \e       *  Canitr- 
is  common  to  the   two  triangles  DAF, 
EAJF;  the  two  sides  DA,  AF,  are  equal 
to  the  two  sides  EA,  AF,  each  to  each  ; 
and  the  base  DF  is  equal  f  to  the  base  EF;  therefore  fCoastr. 
the  angle  DAF  is  equal*  to  the  angle  EAF:  wherefore  *  ••  *• 
the  given   rectilineal   angle  BAC  is  bisected  by  the 
straight  line  AF.     Which  was  to  be  done. 

PROP.  X.   PROB. 

To  bisect  a  given  Jinite  straight  line*  thai  is,  to  divide  it 

into  too  equal  parts. 

Let  AB  be  the  given  straight  line  ;  it  is  required  to 
divide  it  into  two  equal  part9. 

Describe*  upon  it  an  equilateral  triangle  ABC,  and  *i«l» 
bisect*  the  angle  ACB  by  the  straight  line  CD.  AB  *  9.  l. 
shall  be  cut  into  two  equal  parts  in  the  point  D. 

Because  AC  is  equal  f  to  CB,  and  CD  '     t  Conitr. 

common  to  the  two  triangles  ACD,  BCD, 
the  two  sides  AC,  CD,  are  equal  to  BC, 
CD,  each  to  each  ;  and  the  angle  ACD 

is  equal  \  to  the  angle  BCD ;  therefore  the      j- — ^ — ^    f  Conatr. 
base  AD  is  equal  to  the  bare  *  DB,  and  •  4, 1# 

the  straight  line  AB  is  divided  into  two  equal  parts  in 
the  point  D«     Which  was  to  be  done. 

PROP.  XL  PROB, 

To  dram  a  straight  tine  at  right  angles  to  a  given  straight 
line,  from  a  given  point  in  the  same. 

Let  AB  be  a  given  straight  line,  and  C  a  point  given  dee  N. 
in  it;  it  is  required  to  draw  a  straight  line  from  the 
point  C  at  right  angles  to  AB. 


.; 
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f  Constr. 


n> 


£  B 


f  Constr. 
*  8.  1. 


*  10  Def. 


s.  i.  Take  any  point  D  in  AC,  and  make  #  CE  equal  to 

*•  i-        CD,  and  upon  DE  describe*  the  equilateral  triangle 
DFE,  and  join  FC.     The  straight  line  FC  drawn  from 
the  given  point  C,  shall  be  at  right 
angles  to   the    given    straight    line 
AB. 

Because  DC  is  equal  f  to  CE,  and 
FC  common  to  the  two  triangles 
DCF,  ECF;  the  two,sides  DC,  CF, 
are  equal  to  the  two  EC,  CF,  each 
to  each ;  and  the  base  DF  is  equal  f  to  the  base  EF  ; 
therefore  the  angle  DCF  is  equal*  to  the  angle  ECF; 
and  they  are  adjacent  angles.  But  when  the  adjacent 
angles  which  one  straight  line  makes  with  another 
straight  line,  are  equal  to  one  another,  each  of  them  is 
called  a  right*  angle;  therefore  each  of  the  angles  DCF, 
ECF,  is  a  right  angle.  Wherefore,  from  the  given 
point  C,  in  the  given  straight  line  AB,  FC  has  been 
drawn  at  right  angles  to  AB.  Which  was  to  be  done* 
Cor. — By  help  of  this  problem,  it  may  be  demon- 
strated, that  two  straight  lines  cannot  have  a  common 
segment. 

If  it  be  possible,  let  the  two  straight  lines  ABC,  ABD 
have  the  segment  AB  common  to  both  of  them.     From 
the  point  B  drawf  BE  at  right  angles  to  AB ;  anc} 
because   ABC   is  a  straight   line,  the 
*  10  Def.    angle  CBE  is  equal*  to  the  angle  EB  A;  E 

in  the  same  manner,  because  ABD  is  a 
straight  line,  the  angle  DBE  is  equal  to 
the  angle  EBA;  wherefore  +  the  angle 
DBE  is  equal  to  the  angle  CBE,  the 
less  to  the  greater;  which  is  impossible: 
therefore  two  straight  lines  cannot  have  a  common 
segment. 

PROP.  XII.  PROB. . 

To  draw  a  straight  line  perpendicular  to  a  given  straight 
line  of  an  unlimited  lengthy  from  a  given  point  without 
it. 

Let  AB  be  the  given  straight  line, 
which  may  be  produced  to  any  length 
both  ways,  and  let  C  be  a  point  without 
it.  It  is  required  to  draw  a  straight  line 
perpendicular  to  AB  from  the  point  C. 


t  ii.  i. 


t  l  Ax. 
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Take  any  point  D  upon  the  other  side  of  AB,  and 
from  the  centre  C,  at  the  distance  CD,  describe  *  the  •  $  Po»t 
circle  EGF,  meeting  AB  in  F,  G;  bisect*  FG  in  H,  •  l0.  i. 
and  join  CH.     The  straight  line  CH,  drawn  from  the 
given  point  C,  shall  be  perpendicular  to  the  given 
straight  line  AB. 

Join  CF,  CG:  and  because  FH  is  equal  f  to  HG,  and  f  Constr. 
HC  common   to  the  two  triangles  FHC,  GHC,  the 
two  sides  FH,  HC  are  equal  to  the  two  GH,  HC, 
each  to  each ;  and  the  base  CF  is  equal  *  to  the  base  •  15  Def. 
CG :  therefore  the  angle  CHF  is  equal  *  to  the  angle  •  8.  1. 
CHG ;   and   they   are  adjacent  angles :  but   when  a 
straight  line,  standing  on  another  straight  line,  makes 
the  adjacent  angles  equal  to  one  another,  each  of  them 
is  a  right  angle,  and  the  straight  line  which  stands 
upon  the  other,  is  called  a  perpendicularf  to  it :  there-  t  10  De*» 
fore,  from    the  given  point  C,  a  perpendicular  CH 
has  been  drawn  to  the  given  straight  line  AB.     Which 
was  to  be  dbne. 

PROP.  XIII.  THEOR. 

The  angles  which  one  straight  line  makes  with  another  upon 
one  side  of  it,  are  either  two  right  angles^  or  are  toge- 
ther equal  to  two  right  angles* 

Let  the  straight  line  AB  make  with  CD,  upon  one 
side  of  it,  the  angles  CBA,  ABD:  these  shall  either  be 
two  right  angles,  or  shall  together  be  equal  to  two 
right  angles.  * 

For  it  the  angle  CBA  be  equal  to  ABD,  each  of 
them  is  a  right f  angle:  but  f  10  Def. 

if  not,  from   the  point  B 
draw  BE  at  right  angles*  /  ^n.  i# 


to  CD ;  therefore  the  an- 
gles CBE,  EBD  *  are  two    D — jj — C  ^ J£ ^    «  10  Def> 

right  angles:  and  because 

the  angle  CBE  is  equal  to  the  two  angles  CBA,  ABE 
together,  add  the  angle  EBD  to  each  of  these  equals; 
therefore  the  angles  CBE,  EBD  are  equal4  to  the  three  *  2  As. 
angles  CBA,  ABE,  EBD.  Again,  because  the  angle 
DBA  is  equal  to  the  two  angles  DBE,  EB A,  add  to  each 
of  these  equals  the  angle  ABC ;  therefore  the  angles 
DBA,  ABC  are  equal  f  to  the  three  angles  DBE,  EBA,  f  %  Ax. 
ABC :  but  the  angles  CBE,  EBD  have  been  demon- 
strated to  be  equal  to  the  same  three  af>gles;  and  things 


r  J 


•  13.  1. 
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•  l  Ax.      that  are  equal  to  the  same  thing,  are  equal  *  to  one 

another ;  therefore  the  angles  CBE,  EfiD  are  equal  to 

the  angles  DBA,  ABC :  but  CBE,  EBD  are  two  right 

t  l  Ax.      angles;  therefore,  DBA,  ABC  are  together  equal  f  to 

two  right  angles.    Wherefore,  when  a  straight  line,  &c. 

Q.  E.  D. 

PROP.  XIV,  THEOR. 

If  I  at  a  point,  in  a  straight  line,  two  other  straight  lines, 
upon  the  opposite  sides  of  it,  make  the  adjacent  angles 
together  equal  to  two  right  angles,,  these  two  straight 
lines  shall  be  in  one  and  the  same  straight  line. 

At  the  point  B  in  the  straight  line 
AB,  let  the  two  straight  lines  BC,  BD 
'  upon  the  opposite  sides  of  AB,  make 
the  adjacent  angles  ABC,  ABD  equal 
together  to  two  right  angles :  BD  shall  *r— 
be  in  the  same  straight  line  with  CB. 

For,  if  BD  be  not  in  the  same  straight  line  with  CB, 
let  BE  be  in  the  same  straight  line  with  it:  therefore, 
because  the  straight  line  AB  makes  with  the  straight 
line  CBE,  upon  one  side  of  it,  the  angles  ABC,  ABE, 
these  angles  are  together  equal  *  to  two  right  angles;  but 

t  HyP«       the  angles  ABC,  ABD  are  likewise  together  equal  f  to 
two  right  angles;  therefore,  the  angles  CBA,  ABE  are 

t  1  Ax*      equal  f  to  the  angles  CBA,  ABD :  take  away  the  com- 
mon angle  ABC,  and  the  remaining  angle  ABE  is 

•  s  Ax.     equal *  to  the  remaining  angle  ABD,  the  less  to  the 

greater,  which  is  impossible;  therefore  BE  is  not  in  the 
same  straight  line  with  BC.  And,  in  like  manner,  it 
may  be  demonstrated,,  that  no  other  can  be  in  the  same 
straight  line  with  it  but  BD,  which,  therefore,  is  in  the 
same  straight  line  with  CB.  Wherefore,  if  at  a  point, 
.  &c.  Q.  E.  J). 

PROP.  XV.  THEOR. 

If  two  straight  lines  cut  one  another,  the  vertical,  or  op- 
posite, angles  shall  be  equal. 

Let  the  two  straight  lines  AB,  CD,  cut  one  another 
in  the  point  E :  the  angle  AEC  shall  be  equal  to  the 
angle  DEB,  and  CEB  to  AED. 

Because  the  straight  line  AE  makes  with  CD  the 

•  is.  l.      angles  CEA,  AED,  these  angles  are  together  equal*  to 
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two  right  angles*    Again,  because  the  straight  line  DE 
makes  with   AB    the  angles   AED, 

DEB,  these  also  are  together  equal  *     ^X.  #  1S' 1# 

to  two  right  angles;  and  CEA,  AED     £ —  gv  — jj 
have  been  demonstrated  to  be  equal  to  ^^ 

two  right  angles;  wherefore  the  angles 
CEA,  AED  are  equal  f  to  the  angles  AED,  DEB.  fiAx. 
Take  away  the  common  angle  AED,  and  the  remain- 
ing angle  CEA  is  equal*  to  the  remaining  angle  DEB,  *  3  Ax. 
In   the  same  manner  it  can   be  demonstrated,    that 
the  angles  CEB,  AED  are  equal.     Therefore,  if  two 
straight  lines,  &c.     q.  E.  D. 

Cor.  I.  From  this  it  is  manifest,  that,  if  two  straight 
lines  cut  one  another,  the  angles  which  they  make  at 
the  point  where  they  cut,  are  together  equal  to  four 
right  angles. 

Cor.  2.  And  consequently  that  all  the  angles  made 
by  any  number  of  lines  meeting  in  one  point,  are  toge- 
ther equal  to  four  right  angles. 

PROP.  XVI.    THEOR. 

If  one  side  qf  a  triangle  be  produced,  the  exterior  angle  is 
greater  than  either  of  the  interior  opposite  angles. 

Let  ABC  be  a  triangle,  and  let  its  side  BC  be 
produced  to  D:  the  exterior  angle  ACD  shall  be 
greater  than  either  of  the  interior  opposite  angles  CB A, 
BAC. 

Bisect*  AC  in  E,  join  BE  and  pro-  *  io.  l. 

duce  it  to  F,  and  make  EF  equal f  to  -£  F       1 3.  l. 

BE,  and  join  tfC.  A// 

Because  AE  is  equalf  to  EC,  and        /Ae  /  t  Constr* 

BEf  to  EF;  AE,  EB  are  equal  to     //  y 
CE,  EF,  each  to  each;  and  the  angle     *       C\         D 
AEB,  is  equal #  to  the  angle  CEF,  \  •  15.  i. 

because  they   are  opposite  vertical  G 

angles;    therefore  the  base   AB  is 

equal*  to  the  base  CF,  and  the  triangle  AEB  to  the  **.i. 
triangle  CEF,  and  the  remaining  angles  to  the  remain- 
ing angles,  each  to  each,  to  which  the  equal  sides  are 
opposite:  wherefore  the  angle  BAE  is  equal  to  the 
angle  ECF:  but  the  angle  ECD  is  greater  +  than  the  f  9  Ax. 
angle  ECF,  therefore  the  angle  ACD  is  greater  than 
BAE.  In  the  same  manner,  if  the  side  BC  be  bisected, 
and  AC  be  produced  to  O,  it  may  be  demonstrated 


:. 
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•i5.i.        that  the  angle  BCG,  that  is,  the  angle*  ACD,   is 
greater  than  the  angle  ABC.     Therefore,  if  one  side, 

&C.      Q.  E.  D. 

PROP.  XVII.    THEOR. 

Any  two  angles  of  a  triangle  are  together  less  than  two 

right  angles. 

Let   ABC  be  any  triangle;  any  two  of  its  angles 
together  shall  be  less  than  two  right  angles. 

Produce  BC  to©;  and  because  ACD 
is  the  exterior  angle   of  the  triangle 
»  16c  lt        ABC,  ACD  is  greater  *  than  the  inte- 
rior and  opposite  angle  ABC ;   to  each 
of  these  add  the  angle  ACB;  therefore 
f4Ax.        the  angles  ACD,  ACB  are  greater  f 

than  the  angles  ABC,  ACB:    but  ACD,  ACB   are 

*  is.  i.        together  equal  *   to  two  right  angles ;  therefore  the 

angles  ABC,  BC  A  are  less  than  two  right  angles.  In 
like  manner,  it  may  be  demonstrated,  that  BAC,  ACB, 
as  also  CAB,  ABC,  are  less  than  two  right  angles. 
Therefore  any  two  angles,  &c.     Q.  E.  D. 

PROP.  XVIII.    THEOR. 

The  greater  side  qf  every  triangle  is  opposite  to  the 

greater  angle. 

Let  ABC  be  a  triangle,  of  which  the 
side  AC  is  greater  than  the  side  AB : 
the  angle  ABC  shall  be  greater  than 
the  angle  BCA.  ___ 

Because   AC   is  greater   than   AB,      &  c 

*  3#  1#         make*  AD  equal  to  AB,  and  join  BD:  and  because 

ADB  is  the  exterior  angle  of  the  triangle  BDC,  it  is 

*  16.  i.       greater  *  than  the  interior  and  opposite  angle  DCB ; 
5#  1#         but  ADB  is  equal  #  to  ABD,  because  the  side  AB  is 

tConstr.  equal f  to  the  side  AD;  therefore  the  angle  ABD  is 
likewise  greater  than  the  angle  ACB:  therefore  much 
more  is  the  angle  ABC  greater  than  ACB.  Therefore 
the  greater  side,  &c.     Q.  e.  d. 

PROP.  XIX.    THEOR. 

The  greater  angle  of  every  triangle  is  subtended  by  the 
greater  side9  or,  has  the  greater  side  opposite  to  it. 

Let  ABC  be  a  triangle,  of  which  the  angle  ABC  is 
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greater  than  the  angle  BCA :   the  side  AC  shall  be 
greater  than  the  side  AB. 

For,  if  it  be  not  greater,  AC  must  either  be  equal  to 
AB,  or  less  than  it:  it  is  not  equal,  because  then  the 
angle  ABC  would  be  equal *  to  the  angle  ACB;  but  it  •  5.  1. 
is  f  not ;  therefore  AC  is  not  equal  to  t  Hyp. 

AB:  neither  is  it  less;  because  then  the        •    a 
angle  ABC  would  be  less  *  than  the         /^v^  •  18. 1. 

angle  ACB;   but  it  is  not;   therefore 
the  side  AC  is  not  less  than  AB :   and 
it  has  been  shewn  that  it  is  not  equal 
to  AB :  therefore  AC  is  greater  than  AB.    Wherefore 
the  greater  angle,  &c.     Q.  E.  D. 

PROP.  XX.    THEOR. 

Any  two  sides  of  a  triangle  are  together  greater  than  the  S*6  **• 

third  side. 

Let  ABC  be  a  triangle:  any  two  sides  of  it  together 
shall  be  greater  than  the  third  side,  viz.  the  sides  BA, 
AC  greater  than  the  side  BC;  and  AB,  BC  greater 
than  AC ;   and  BC,  CA  greater  than  AB. 

Produce  BA  to  the  point  D,  and 
make*  AD  equal  to  AC;  and  join  DC. 

Because  DA   is  equal  to  AC,  the 
angle  ADC  is  equal*  to  ACD;  but     _ 
the  angle  BCD  is  greater  f  than  the  ♦  9  Ax. 

angle  ACD;  therefore  the  angle  BCD  is  greater  than 
the  angle  ADC :  and  because  the  angle  BCD  of  the 
triangle  DCB  is  greater  than  its  angle  BDC,  and 
that  the  greater  *  angle  is  subtended  oy  the  greater  *  19*  u 
side ;  therefore  the  side  DB  is  greater  than  the  side 
BC :  but  DB  is  equal  to  BA  and  AC ;  therefore  the 
sides  BA,  AC  are  greater  than  BC.  In  the  same 
manner  it  may  be  demonstrated,  that  the  sides  AB, 
BC,  are  greater  than  CA,  and  BC,  CA  greater  than 
AB.    Therefore  any  two  sides,  &c.     g,  E.  d. 

PROP.  XXI.    THEOR. 

If  from  the  ends  of  the  side  of  a  triangle,  there  be  drawn  Se«  N. 
two  straight  lines  to  a  point  within  the  triangle,  these 
shall  be  less  than  the  other  two  sides  of  the  triangle,  but 
shall  contain  a  greater  angle. 

Let  ABC  be  a  triangle,  and  from  the  points  B,  C, 

c  2 
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the  ends  of  the  side  BC,  let  the  two  straight  lines  BD, 
CD  be  drawn  to  the  point  D  within  the  triangle:  BD 
and  DC  shall  be  less  than  the  other  two  sides  BA,  AC 
of  the  triangle,  but  shall  contain  an  angle  BDC  greater 
than  the  angle  BAC. 

Produce  BD  to  E;  and  because  two 

*  to.  1.       sides  of  a  triangle  #  are  greater  than 

the  third  side,  the  two  sides  BA,  AE, 

of  the  triangle  ABE  are  greater  than 

BE.  To  each  of  these  add  EC;  there- 

f  4  Ax.       fere  the  sides  BA,  AC  are  greater  f 

than  BE,  EC.     Again,  because  the  two  sides,   CE, 

♦  *o.i.        ED  of  the  triangle  CED  are  greater  f  than  CD,  add 

DB  to  each  of  these ;  therefore  the  sides  CE,  EB,  are 

♦  4 Ax.        greater f  than  CD,  DB:  but  it  has  been  shewn  that 

B A,  AC  are  greater  than  BE,  EC ;  much  more  then 
are  BA,  AC,  greater  than  BD,  DC. 

*  16.  l.  Again,  because  the  exterior  angle  of  a  triangle  *   is 

greater  than  the  interior  and  opposite  angle,  the  exte- 
rior angle  BDC  of  the  triangle  CDE  is  greater  ,than 
CED:  tor  the  same  reason,  the  exterior  angle  CEB  of 
the  triangle  ABE  is  greater  than  BAC:  and  it  has 
been  demonstrated,  that  the  angle  BDC  is  greater  than 
the  angle  CEB ;  much  more  then  is  the  angle  BDC 
greater  than  the  angle  BAC.  Therefore,  if  from  the 
ends  of,  &c.     Q.  E.  D. 

PROP.  XXII.    PROB. 

See  N.        To  make  a  triangle  of  which  the  sides  shall  be  equal  to 
three  given  straight  lines,  but  any  two  whatever  of  these 

•  20.  l.  must  be  greater  than  the  third** 

Let  A,  B,  C,  be  the  three  given  straight  lines,  of 
which  any  two  whatever  are  greater  than  the  third,  viz. 
A  and  B  greater  than  O;  A  and  C  greater  than  B;  and 
B  and  C  greater  than  A.  It  is  required  to  make  a 
triangle  of  which  the  sides  shall  be  equal  to  A,  B,  C, 
each  to  each. 

Take  a  straight  line  DE  termi- 
nated at  the  point  D,  but  unli- 

*  s.  i.        mited  towards  E,  and  make  *  DF 

equal  to  A,  FG  equal  to  B,  and 

6H  equal  to  C :  from  the  centre 

•3  Port.      F,  at  the  distance  FD,  describe  * 

the  circle  DKL;  and  from  the 


BOOK  I.    PROP.  XXIIL  XXIT.  SI 

centre  G,  at  the  distance  GH,  describe  #  another  circle  *  *P«t. 
HLK;  and  join  KF,  KG:  the  triangle  KFG  shall 
have  its  sides  equal  to  the  three  straight  lines,  A,  B,  G» 
Because  the  point  F  is  the  centre  of  the  circle  DKL, 
FD  is  equal*  to  FK;  but  FD  is  equal f  to  the  straight  •  «  Def. 
line  A ;  therefore  FK  is  equalf  to  A :  again,  because  { {££** 
G  is  the  centre  of  the  circle  LKH,  GH  is  equal*  to  •  15  Def. 
GK;   but  GH  is  equal  to  C;  therefore  also  GK  is 
equal  to  C:   and  FG  is  equalf  to  B:  therefore  the  fCoettr. 
three  straight  lines  KF,  FG,  GK,  are  equal  to  the 
three  A,  B,  C :  and  therefore  the  triangle  KFG  has 
its  three  sides  KF,  FG,  GK,  equal  to  the  three  given 
straight  lines  A,  B,  C.     Which  was  to  be  done. 

PROP.  XXIIL    PROB. 

At  a  given  point  in  a  given  straight  line,  to  make  a  recti- 
lineal angle  equal  to  a  given  rectilineal  angle. 

Let  AB  be  the  given  straight  line,  and  A  the  given 
point  in  it,  and  DCE  the  given  rectilineal  angle ;  it  is 
required  to  make  an  angle  at  the 
given  point  A  in  the  given  straight 
une  AB,  that  shall  be  equal  to  the 
given  rectilineal  angle  DCE. 

In  CD,  CE,  take  any  points  D, 
E,  and  join  DE ;  and  make  #  the  */        ~     •!*.  1* 

triangle  AFG,  the  sides  of  which 
shall  be  equal  to  the  three  straight  lines  CD,  DE,  EC, 
so  that  CD  be  equal  to  AF,  CE  to  AG,  and  DE  to 
FG :  the  angle  FAG  shall  be  equal  to  the  angle  DCE.      , 

Because  DC,  CE  are  equal  to  FA,  AG,  each  to 
each,  and  the  base  DE  to  the  base  FG;  the  angle 
DCE  is  equal*  to  the  angle  FAG.     Therefore  at  the  «s.i. 

fiven  point  A  in  the  given  straight  line  AB,  the  angle 
'AG  is  made  equal  to  the  given  rectilineal  angle  DCE. 
Which  was  to  be  done. 

PROP.  XXIV.    THEOR. 

If  two  triangles  have  two  sides  of  the  one  equal  to  two  sides  See  N. 
of  the  other 9  each  to  each,  but  the  angle  contained  by 
the  two  sides  of  one  of  them  greater  than  the  angle  con- 
tained by  the  two  sides  equal  to  them,  of  the  other;  the 
base  of  that  which  has  the  greater  angle  shall  be  greater 
than  the  base  of  the  other. 
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♦23.1. 
*3.  1. 


tHyp. 
t  Constr. 


t  Constr. 
•4.1. 


•5.1. 

♦  9  Ax. 


•  19. 1. 


Let  ABC,  DEF  be  two  triangles,  which  have  the 
two  sides  AB,  AC,  equal  to  the  two  DE,  DF,  each 
to  each,  viz.  AB  equal  to  DE,  and  AC  to  DF;  but 
the  angle  BAC  greater  than  the  angle  EDF :  the  base 
BC  shall  be  greater  than  the  base  EF. 

Of  the  two  sides  DE,  DF,  let  DE  be  the  side  which 
is  not  greater  than  the  other,  and  at  the  point  D,  in 
the  straight  line  DE,  make*  the  angle  EDG  equal  to 
the  angle  BAC;  and  make  DG  equal*  to  AC  or  DF, 
and  join  EG,  GF. 

Because  AB  is  equal  f  to  DE,  and  ACf  to  DG,  the 
two  sides  BA,  AC  are  equal  to  the  two  ED,  DG,  each 
to  each,  and  the  angle  I3AC  is 
equalf  to  the  angle  EDG;  there- 
fore the  base  BCis  equal*  to  the 
base  EG.  And  because  DG  is 
equal  to  DF,  the  angle  DFG  is 
equal*  to  the  angle  DGF;  but 
the  angle  DGF  is  greater  f  than  the  angle  EGF; 
therefore  the  angle  DFG  is  greater  than  EGF;  there- 
fore much  more  is  the  angle  EFG  greater  than  the 
angle  EGF :  and  because  the  angle  EFG  of  the  trian- 
gle EFG  is  greater  than  its  angle  EGF,  and  that  the 
greater*  angle  is  subtended  by  the  greater  side;  there- 
fore the  side  EG  is  greater  than  the  side  EF :  but  EG 
was  proved  to  be  equal  to  BC;  therefore  BC  is  greater 
than  EF.     Therefore,  if  two  triangles,  &c.  Q.  E.  D. 


PROP.  XXV.    THEOR. 


SeeN, 


♦4.1. 


If  two  triangles  have  two  sides  of  the  one  equal  to  two  sides 
of  the  other 9  each  to  each9  but  the  base  of  the  one  greater 
than  the  base  of  the  other;  the  angle  contained  by  the 
sides  of  that  which  has  the  greater  base9  shall  be  greater 
than  the  angle  contained  by  the  sides  equal  to  them  of 
the  other* 

Let  ABC,  DEF  be  two  triangles  which  have  the  two 
sides  AB,  AC  equal  to  the  two  sides  DE,  DF,  each  to 
each,  viz.  AB  equal  to  DE,  and  AC  to  DF;  but  the 
base  BC  greater  than  the  base  EF:  the  angle  BAC 
shall  be  greater  than  the  angle  EDF. 

For,  if  it  be  not  greater,  it  must  either  be  equal  to  it, 
or  less  than  it :  but  the  angle  BAC  is  not  equal  to  the 
angle  EDF,  because  then  trie  base  BC  would  be  equal  * 
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to  EF :  but  it  isf  not :  therefore  t  Hyp. 

the  angle  B  AC  is  not  equal  to  the 
angle  EOF :  neither  is  it  less,  be- 
cause then  the  base  BC  would  be 

less*  than  the  base  EF;  but  it  isf      |       \    \_\     *  **•  i. 
not;  therefore  the  angle  BAC  is     B        XJ     E — F    tHyp* 
not  less  than  the  angle  EDF :  and 
it  was  shewn  that  it  is  not  equal  to  it ;  therefore  the 
angle  BAC  is  greater  than  the  angle  EDF.     Where- 
fore, if  two  triangles,  &c  Q.  E.  D. 

PROP.  XXVI.    THEOR. 

If  two  triangles  have  two  angles  of  the  one  equal  to  two 
angles  of  the  other,  each  to  each ;  and  one  side  equal  to 
one  side,  viz.  either  the  sides  adjacent  to  the  equal  angles, 
or  the  sides  opposite  to  equal  angles  in  each;  then  shall 
the  other  sides  be  equal,  each  to  each,  and  also  the  third 
angle  of  the  one  to  the  third  angle  of  the  other. 

Let  ABC,  DEF  be  two  triangles  which  have  the 
angles  ABC,  BCA  equal  to  the  angles  DEF,  EFD; 
each  to  each,  viz.  ABC  to  DEF,  and  BCA  to  EFD ; 
also  one  side  equal  to  one  side : 
and  first  let  those  sides  be  equal 
which  are  adjacent  to  the  angles 
that  are  equal  in  the  two  trian- 
gles, viz.  BC  to  EF:  the  other 
sides   shall  be  equal,  each  to 

each,  viz.  AB  to  DE,  and  AC  to  DF,  and  the  third 
angle  BAC  to  the  third  angle  EDF. 

For,  if  AB  be  not  equal  to  DE,  one  of  them  must 
be  greater  than  the  other.     Let  AB  be  the  greater  of 
the  two,  and  make  BG  equalf  to  DE,  and  join.  GC:  t».i. 
therefore,  because  BG  is  equal  to  DE,  and  BCf  to  tHyp. 
EF,  the  two  sides  GB,  BC  are  equal  to  the  two  DE, 
EF,  each  to  each ;  and  the  angle  GBC  is  equalf  to  t  Hyp.- 
the  angle  DEF;  therefore  the  base  GC  is  equal*  to  the  *  4.  l. 
base  DF,  and  the  triangle  GBC  to  the  triangle  DEF, 
and  the  other  angles  to  the  other  angles,  each  to  each, 
to  which  the  equal  sides  are  opposite:    therefore  the 
angle  GCB  is  equal  to  the  angle  DFE :  but  DFE  is, 
by  the  hypothesis,  equal  to  the  angle  BCA ;  wherefore 
also  the  angle  BCG  is  equalf  to  the  angle  BCA,  the  1 1  Ax. 
less  to  the  greater,  which  is  impossible :  therefore  AB 
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is  not  unequal  to  DE,  that  is,  it  is  equal  to  it:  and  BC 
t  Hyp.        is  equal f  to  EF;   therefore  the  two  AB,  BC  are  equal 

to  the  two  DE,  EF,  each  to  each ;  and  the  angle  ABC 
t  Hyp.  is  equalf  to  the  angle  DEF ;  therefore  the  base  AC  is 
Hi,         equal  *  to  the  base  DF,  and  the  third  angle  BAC  to  th* 

third  angle  EDF. 

Next,  let  the  sides  which  are 

opposite  to  equal  angles  in  each 

triangle  be  equal  to  one  another, 

viz.  AB  to  DE :  likewise  in  this 

case,  the  other   sides   shall    be 

equal,  AC  to  DF,and  BC  to  EF; 

and  also  the  third  angle  BAC  to  the  third  angle  EDF. 
For,  if  BC  be  not  equal  to  EF,  let  BC  be  the  greater 

*  5-  *•  of  thetn,  and  make  BH  equalf  to  EF,  and  join  AH : 

*  Hyp-        and  because  BH  is  equal  to  EF,  and  AB  tof  DE;  the 

two  AB,  BH  are  equal  to  the  two  DE,  EF,  each  to 
t  Hyp.        each  ;  and  they  contain  equalf  angles ;  therefore  the 

*  4. 1.         base  AH  is  equalf  to  the  base  DF,  and  the  triangle 

ABH  to  the  triangle  DEF,  and  the  other  angles  to  the 
other  angles,  each  to  each,  to  which  the  equal  sides  are 
opposite:   therefore  the  angle  BHA  is  equal  to  the 

t  RyP-        angle  EFD :  but  EFD  is  equalf  to  the  angle  BCA  ; 

1 1  Ax.        therefore  also  the  angle  BHA  is  equalf  to  the  angle 
BCA,  that  is,  the  exterior  angle  BHA  of  the  triangle  * 
AHC  is  equal  to  its  interior  and  opposite  angle  BCA; 

*  16.  l.        which  is  impossible*;  wherefore  BC  is  not  unequal  to 
t  Hyp.         EF,  that  is,  it  is  equal  to  it:  and  AB  is  equalf  to  DE; 

therefore  the  two,  AB,  BC  are  equal  to  the  two  DE, 
t  Hyp.  EF,  each  to  each;  and  they  containf  equal  angles; 
1 4.  l.  wherefore  the  base  AC  is  equalf  to  the  base  DF,  and 

the  third  angle  BAC  to  the  third  angle  EDF,  There- 
fore, if  two  triangles,  &c.     Q.  E.  D. 

PROP.  XXVII.    THEOR, 

If  a  straight  line  falling  upon  two  other  straight,  lines 
make  the  alternate  angles  equal  to  one  another^  these 
two  straight  lines  shall  be  parallel.  * 

Let  the  straight  line  EFS  which  falls  upon  the  two 
straight  lines  AB,  CD,  make  the  alternate  angles  AEF, 
EFD  equal  to  one  another :  AB  shall  be  parallel  to 
CD. 

For,  if  it  be  not  parallel,  AB  and  NCD  being  pro- 
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<1uced  will  meet  either  towards  B,  D,  or  towards  A,  C : 

let  tbem  be  produced  and  meet  towards  B,  D,  in  the 

point  G;  therefore  GEF  is  a  triangle,  and  its  exterior 

angle  AEF  is  greater  *  than  the  interior  and  opposite  •  to  *• 

angld  EFG ;  but  it  is  also  equal  f  to  t  Hyp. 

it,  which   is  impossible;    therefore, 

AB  and   CD  being  produced  do 

not  meet  towards  B,  D.    In  like 

manner  it   may  be  demonstrated! 

that  they  dp  not  meet  towards  A, 

C :  but  those  straight  lines  which  meet  neither  way, 

though  produced  ever  so  far,  are  parallel #  to  one  an-  ***  Def 

-other :  therefore  AB  is  parallel  to'CD.     Wherefore,  if 

a  straight  line,  &c.     Q.  E.  D. 

PROP.  XXVIII.    THEOR. 

If  a  straight  line  falling  upon  two  other  straight  lines 
make  the  exterior  angle  equal  to  tlte  interior  and  oppo- 
site upon  the  same  side  of  the  line;  or  make  the  inte- 
rior angles  upon  the  same  side  together  equal  to  two 
right  angles :  the  toco  straight  lines  shall  be  parallel  to 
one  another* 

4  Let  the  straight  line  EF,  which  falls  upon  the  two 
straight  lines,  AB,  CD,  make  the  ex- 
terior angle  EGB  equal  to  the  interior 
and  opposite  angle  GHD  upon  the 
same  side;  or  make  the  interior  angles 
on  the  same  side  BGH,  GHD  toge- 

^  ther  equal  to  two  right  angles:  AB 
shall  be  parallel  to  CD. 

Because  the  angle  EGB  is  equal  f  to  the  angle  GHD,  t  Hyp* 
and  the  angle  EGB  is  equal*  to  the  angle  AGH,  there-  *  15.  i. 
fore  the  angle  AGH  is  equal f  to  the  angle  GHD:  and  t  *  Ax. 
they  are  the  alternate  angles ;  therefore  AB  is  parallel  *  *  *?.  i. 
to  CD.     Again,  because  the  angles  BGH,  GHD  are 
equal*  to' two  right  angles,  and  that  AGH,  BGH  are  *By  Hyp. 
also  equal  *  to  two  right  angles.;  therefore  the  angles  •  13. 1. 
AGH,  BGH  are  equalf  to  the  angles  BGH,  GHD:  ft  Ax. 
take  away  the  common  angle  BGH;  therefore  the  re- 
maining angle  AGH  is  equal  f  to  the  remaining  angle  t 3  Ax. 
GHD:  and  they  are  alternate  angles;  therefore  AB  is 
parallel  f  to  CD.     Wherefore,  it  a  straight  line,  &c.  t  s*.  1. 
Q.  E.  D. 
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PROP.  XXIX.    THEOR. 

See  the       If  a  straight  line  fall  upon  too  parallel  straight  lines,  it 

notes  on  makes  the  alternate  angles  equal  to  one  another;  and  the 

sition.  exterior  angle  equal  to  the  interior  and  opposite  upon 

the  same  side ;  and  likewise  the  two  interior  angles  upon 

the  same  side  together  equal  to  two  right  angles. 

Let  the  straight  line  EF  fall  upon  the  parallel 
straight  lines  AB,  CD :  the  alternate  angles  AGH, 
GHD,  shall  be  equal  to  one  another ;  and  the  exte- 
rior angle  EGB  shall  be  equal  to  the  interior  and 
opposite,  upon  the  same  side,  GHD; 
and  the  two  interior  angles  BGH, 
GHD,  upon  the  same  side  shall  be 
together  equal  to  two  right  angles. 

For,  if  AGH  be  not  equal  to  GHD, 
one  of  them  must  be  greater  than  the 
other:  let  AGH  be  the  greater:  and 
because  the  angle  AGH  is  greater  than  the  angle 
GHD,  add  to  each  of  them  the  angle  BGH;  therefore, 
|4Ax.       the  angles  AGH,  BGH  are  greater f  than  the  angles 

*  13. 1.        BGH,  GHD :  but  the  angles  AGH,  BGH  are  equal  * 

to  two  right  angles ;  therefore  the  angles  BGH,  GHD 
are  less  than  two  right  angles :  but  those  straight  lines 
which,  with  another  straight  line  falling  upon  them, 
make  the  interior  angles  on  the  same  side  less  than  two 

*  12  Ax.  right  angles,  will  meet  *  together  if  continually  pro- 
notes  on  duced;  therefore  the  straight  lines  AB,  CD,  if  produced 
this  propo-  far  enough,  will  meet :  but  tbey  never  meet,  since  they 
aition.         are  parallel  by  the  hypothesis;    therefore  the   angle 

AGH  is  not  unequal  to  the  angle  GHD,  that  is,  it  is 

*  15.  l.  equal  to  it :  but  the  angle  AGH  is  equal  *  to, the  angle 
1 1  Ax.        EGB ;  therefore  likewise  EGB  is  equal  f  to  GHD:  add 

to  each  of  these  the  angle  BGH ;  therefore  the  angles 

*  2  Ax.        Egbj  BGjj  are  equal f  to  the  angles  BGH,  GHD: 

*  *?•  *•  but  EGB,  BGH  are  equal*  to  two  right  angles;  there- 
1 1  Ax.       fore  aiso  BGH,  GHD  are  equal  f  to  two  right  angles* 

Wherefore,  if  a  straight  line,  &c.     Q.  E.  D. 

PROP.  XXX.    THEOR. 

Straight  lines  which  are  parallel  to  the  same  straight  line 

are  parallel  to  each  other* 

Let  AB,  CD  be  each  of  them  parallel  to  EF :  AB 
shall  be  parallel  to  CD. 
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Let  the  straight  line  GHK  cut  AB,  EF,  CD :  and 
because  GHK  cuts  the  parallel  straight  lines  AB,  EF, 
the  angle  AGH  is  equal  *  to   the  •  19. 1* 

angle  GHF.  Again,  because  the 
straight  line  GK  cuts  the  parallel 
straight   lines   EF,  CD,   the  angle     _ 

GHF  is  equal  *  to  the  angle  GKD :     c — ^ b    *  **•  *• 

and   it   was   shewn   that    the   angle 

AGK  is  equal  to  the  angle  GHF; 

therefore  also  AGK  is  equal  f  to  GKD :  and  they  are  *  x  Ax# 

alternate  angles;    therefore  AB  is  parallel*  to  CD.  **7*1, 

Wherefore,  straight  lines,  &c.     Q.  E.  D. 


PROP.  XXXI.    PROB. 

To  draw  a  straight  line  through  a  given  point  parallel  to 

a  given  straight  line. 

Let  A  be  the  given  point,  and  BC  the  given  straight 
line  ;  it  is  required  to  draw  a  straight  line  through  the 
point  A,  parallel  to  the  straight  line  BC. 

In  BC  take  any  point  D,  and  join     e  A     F 

AD;  and  at  the  point  A,  in  the  straight  / 

line  AD,  make  *  the  angle  DAE  equal      - -^- -     •  13.  i. 

to  the  angle  ADC;  and  produce  the 

straight  line  EA  to  F :  EF  shall  be  parallel  to  BC. 

Because  the  straight  line  AD,  which  meets  the  two 
straight  lines  BC,  EF,  makes  the  alternate  angles  EAD, 
ADC  equal  to  one  .another,  EF  is  parallel  *  to  BC.  •  !*•  *• 
Therefore  the  straight  line  EAF  is  drawn  through  the 
given  point  A,  parallel  to  the  given  straight  line  BC. 
Which  was  to  be  done. 

PROP.  XXXII.    THEOR. 

If  a  side  of  any  triangle  be  produced,  the  exterior  angle  is 
equal  to  the  two  interior  and  opposite  angles;  and  ike 
three  interior  angles  of  every  triangle  are  equal  to  two 
right  angles. 

Let  ABC  be  a  triangle,  and  let  one  of  its  sides  BC  be 
produced  to  D :  the  exterior  angle  ACD  shall  be  equal 
to  the  two  interior  and  opposite  angles  CAB,  ABC : 
and  the  three  interior  angles  of  the  triangle,  viz.  ABC, 
BCA,  CAB,  shall  together  be  equal  to  two  right  angles. 
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Through  the  point  C  draw  CE 

•  31. 1.        parallel  *  to  the  straight*  line  AB : 

and  because  A8  is  parallel  to  CE, 
and  AC  meets  them,  the  alternate 

•  29.  l.        angles   BAC,   ACE  are   equal  *. 

Again,  because  AB  is  parallel  to 

CE,  and  BD  falls  upon  them,  the  exterior  angle  ECD 
t  29.1.        is  equal f  to  the  interior  and  opposite  angle  ABC:  but 

the  angle  ACE  was  shewn  to  be  equal  to  the  angle 

BAC;  therefore  the  whole  exterior  angle  ACD  is 
f  s  Ax.       equal  f  to  the  two  interior  and  opposite  angles  CAB, 

ABC :  to  each  of  these  equals  add  the  angle  ACB,  and 
t 2  Ax*       the  angles  ACD,  ACB  are  equal  f  to  the  three  angles 

CBA,  BAC,  ACB;  but  the  angles  ACD,  ACB  are 

•  13.  i.        equal  *  to  two  right  angles ;  therefore  also  the  angles 
1 1  Ax.       CBA,  BAC,  ACB,  are  equal  f  to  two  right  angles* 

Wherefore,  if  a  side  of  a  triangle,  &c.     q.  je.  D. 

Cor.  1.  All  the  interior  angles  of 
any  rectilineal  figure,  together  with  four 
right  angles,  are  equal  to  twice  as  many 
right  angles  as  the  figure  has  sides. 

For  any  rectilineal  figure  ABCDE, 
can  be  divided  into  as  many  triangles  as 
the  figure  has  sides,  by  drawing  straight 
lines  from  a  point  F,  within  the  figure  to  each  of  its 
angles.  And,  by  the  preceding  proposition,  all  the 
angles  of  these  triangles  are  equal  to  twice  as  many 
right  angles  as  there  are  triangles,  that  is,  as  there  are 
sides  of  the  figure :  and  the  same  angles  are  equal  to 
the  angles  of  the  figure,  together  with  the  angles  at 
the  point  F,  which  is  the  common  vertex  of  the  tri- 

•  2'Cor.       angles;  that  is  *  together  with  four  right  angles.  There- 
15.  l.  fore  an  the  angles  of  the  figure,  together  with  four 

right  angles,  are  equal  to  twice  as  many  right  angles 
as  the  figure  has  sides. 

Cor.  2.  All  the  exterior  angles  of  any  rectilineal 
figure  are  together  equal  to  four  right  angles. 

Because  every  interior  angle  ABC,  with  its  adjacent 

•  13.  l.        exterior   ABD,   is    equal  *   to    two 

right  angles;  therefore  all  the  inte- 
rior, together  with  all  the  exterior 
angles  of  the  figure,  are  equal  to  twice 
as  many  right  angles  as  there  are  sides 
of  the  figure;  that  is,  by  the  foregoing 
corollary,  they  are  equal  to  all  the  interior  angles  of  the 
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figure,  together  with  four  right  angles;  therefore*  all  #3  Ax. 
the  exterior  angles  are  equal  to  four  right  angles. 

PROP.  XXXIII.    THEOR. 

The  straight  lines  which  join  the  extremities  of  too  equal 
and  parallel  straight  lines  towards  the  same  parts^  are 
also  themselves  equal  and  parallel. 

Let  AB,  CD  be  equal  and  parallel . 
straight  lines,  and  joined  towards  the 
same  parts  by  the  straight  lines  AC, 
BD :  AC,  BD  shall  be  equal  and  pa- 
rallel. 

Join  BC ;  and  because  AB  is  parallel  to  CD,  and 
BC  meets  them,  the  alternate  angles*  ABC,  BCD  are  •  S9.  l. 
equal :  and  because  AB  is  equal  to  CD,  and  BC  com- 
mon to  the  two  triangles  ABC,  DCB,  the  two  sides 
AB,  BC,  are  equal  to  the  two  DC,  CB,  each  to  each : 
and  the  angle  ABC  was  proved  to  be  equal  to  the  angle 
BCD ;  therefore  the  base  AC  is  equal  to  the  base  BD, 
and  the  triangle  ABC  to  the  triangle  BCD,  and  the 
other  angles  to  the  other  angles*,  each  to  each,  to  *4.i* 
which  the  equal  sides  are  opposite :  therefore  the  angle 
ACB  is  equal  to  the  angle  CBD:    and  because  tne 
straight  line  BC  meets  the  two  straight  lines  AC,  BD, 
and  makes  the  alternate  angles  ACB,  CBD  equal  to 
one  another,  AC  isparallel  *  to  BD :  and  it  was  shewn  *  *?• u 
to  be  equal  to  it    Therefore,  straight  lines,  &c.  Q.  E.  D. 

PROP.  XXXIV.    THEOR. 

77ie  opposite  sides  and  angles  of  parallelograms  are  equal 
to  one  another ',  and  the  diameter  bisects  them,  that  is, 
divides  them  into  two  equal  parts. 

N.  B.  A  parallelogram  is  a  four-sided  figure,  of  which  the  oppo- 
site sides  are  parallel :  and  the  diameter  is  the  straight  line  joining 
two  of  its  opposite  angles. 

Let  ACDB  be  a  parallelogram,  of  which  BC  is  a 
diameter :  the  opposite  sides  and  angles  of  the  figure 
shall  be  equal  to  one  another ;  and  the  diameter  BC 
shall  bisect  it. 
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Because  AB  is  parallel  to  CD,  and 
BC  meets  them,  the  alternate  angles 

*  29.  l.        ABC,  BCD,  are  equal*  to  one  another: 

and   because  AC  is  parallel  to  BD, 
and    BC    meets    them,  the  alternate 

*  «9.  i.        angles  ACB,  CBD,  are  equal*  to  one  another :  where- 

fore the  two  triangles  ABC,  CBD  have  two  angles 
ABC,  BCA  in  the  one,  equal  to  two  angles  BCD, 
CBD  in  the  other,  each  to  each,  and  one  side  BC 
common  to  the  two  triangles,  which  is  adjacent  to  their 
equal  angles;  therefore  their  other  sides  are  equal,  each 
to  each,  and  the  third  angle  of  the  one  to  the  third 

*  26.  l.        angle  of  the  other*,  viz.  the  side  AB  to  the  side  CD, 

and  AC  to  BD,  and  the  angle  BAC  equal  to  the  angle 
BDC:  and  because  the  angle  ABC  is  equal  to  the 
angle  BCD,  and  the  angle  OBD  to  the  angle  ACB„ 
t2Ax.  the  whole  angle  ABD  is  equalf  to  the  whole  angle 
ACD :  and  the  angle  BAC  has  been  shewn  to  be  equal 
Co  the  angle  BDC ;  therefore  the  opposite  sides  and 
angles  of  parallelograms  are  equal  to  one  another. 
Also,  their  diameter  bisects  them:  for  AB  being  equal 
to  CD,  and  BC  common,  the  two  AB,  BC  are  equal  to 
the  two  DC,  CB,  each  to  each ;  and  the  angle  ABC 
has  been  proved  equal  to  the  angle  BCD ;  therefore 
the  triangle  ABC  is  equal*  to  the  triangle  BCD,  and 
the  diameter  BC  divides  the  parallelogram  ACDB  into 
two  equal  parts.*     q.  e.  d. 

PROP.  XXXV.    THEOR. 

See  N.        Parallelograms  upon  the  same  base,  and  between  the  same 

parallels,  are  equal  to  one  another. 

See  the  2d       Let  the  parallelograms  ABCD,  EBCF  be  upon  the 
guresdfi"    same  base  BC,  and  between  the  same  parallels  A F, 
BC :  the  parallelogram  ABCD  shall  be  equal  to  the 
parallelogram  EBCF. 

If  the  sides  AD,  DF  of  the  parallel- 
ograms ABCD,  DBCF,  opposite  to  the 
base  BC,  be  terminated  in  the  same 
point    D;    it  is  plain  that  each  of  the 

*  34.  l. .      parallelograms  is  double*  of  the  triangle 
1 6  Ax.        BDC;  and  they  are  therefore  equalf  to  one  another. 

But,  if  the  sides  AD,  EF,  opposite  to  the  base  BC 
of  the  parallelograms  ABCD,  EBCF,  be  not  termi- 
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nated  in  the  same  point ;   then,  became  ABCD  is  a 
parallelogram,  AD  is  equal  *  to  BC ;   for  the  same  *  34. 1. 
reason  EF  is  equal  to  BC ;  wherefore  AD  is  equal*  to  *  1  Ax. 
EF;  and  DE  is  common;   therefore  the  whole,  or  the 
remainder, -AE  is  equal*  to  the  whole,  or  the  remainder  *  for  3  Ax. 
DF :  AB  also  is  equalf  to  DC ;  therefore  the  two  EA,  1 34.  l. 
AB  are  equal  to  the  two  FD,  DC,  each  to  each ;  and 
the  exterior  angle  FDC  is 

equal*  to  the  interior  EAB:      ^      y  e        T£  E   py    *  "• u 
therefore   the   base  EB  is 
equal  to  the  base  FC,  and 

the  triangle  EAB  equal*  to       Jf %  J £      *  4.  l. 

the  triangle  FDC.      Take 

the  triangle  FDC  from  the  trapezium  ABCF,  and  from 
the  same  trapezium  take  the  triangle  EAB,  and  the 
remainders*    are   equal;    that   is,   the   parallelogram  *3Ax. 
ABCD  is  equal  to  the  parallelogram  EBCF.     There- 
fore parallelograms  upon  the  same  base,  &c.     Q.  E.  D. 

PROP.  XXXVI.    THEOR. 

Parallelograms  upon  equal  bases,  and  between  the  same 
parallels,  are  equal  to  one  another. 

Let  ABC*  EpEFGH,  be  parallel- 
ograms  upon  equal  bases  BC,  FG, 
and  between  the  same  parallels  AH, 
BG:  the  parallelogram  ABCD  shall 
be  equal  to  EFGH. 

Join  BE,  CH;  and  because  BC,  is  equalf  to  FG,  and  t  Hyp. 
FG  to*  EH,  BC  is  equal  tof  EH;  and  they  aref  paral-  *  «*?  *• 
lels,  and  joined  towards  the  same  parts  by  the  straight  { Hyp. 
lines  BE,  CH:  but  straight  lines  which  join  the  ex- 
tremities of  equal  and  parallel  straight  lines  towards 
the  same  parts  are  themselves*  equal   and   parallel;  *33.i. 
therefore  EB,  HC,  are  both  equal  and  parallel ;  and     Def 
therefore  EBCH  is  af  parallelogram;  and  it  is  equal*  i. 
to  ABCD,  because  they  are  upon  the  same  base  BC,  *  35.  i. 
and  between  the  same  parallels  BC,  AH :  for  the  like 
reason,  the  parallelogram  EFGH  is  equal  to  the  same 
EBCH  :  therefore  the  parallelogram  ABCD  is  equalf  1 1  Ax. 
to  EFGH.     Wherefore  parallelograms,  &c.     Q.  M.  J*. 

PROP.  XXXVII.    THEOR. 

Triangles  upon  the  same  base,  and  between  the  same  pa- 
rallels, are  equal  to  one  another. 
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Let  the  triangles  ABC,  DBC,  be  upon  the  same 

base   BC,  and  between   the  same 

parallels    AD,    BC:    the    triangle 

ABC  shall  be  equal  to  the  triangle 

DBC. 
1 2  Post.  Producef  AD  .both  ways  to  the 

•31. 1.        points  E,  F,  and  th tough  B  draw* 

BE  parallel  to  CA;  and  through  C  draw  CF  parallel 

to  BD :  therefore  each  of  the  figures  EBCA,  DBCF 
t  Def.  34.  is  a.f.  parallelogram :  and  EBCA  is  equal*  to  DBCF, 
*S5.  i.        because  they  are  upon  the  same  base  BC  and  between 

the  same  parallels  BC,  EF ;  and  the  triangle  ABC  is 

the  half  of  the  parallelogram  EBCA,  because  the  dia- 

*  34.  i.       meter  AB  bisects*  it ;  and  the  triangle  DBC  is  the  half 

of  the  parallelogram  DBCF,  because  the  diameter  DC 

•  7  Ax.       bisects  it :  but  the  halves  of  equal  things  are  *  equal ; 

therefore  the  triangle   ABC  is  equal  to  the  triangle 
DBC.    Wherefore  triangles,  &c.    Q.  E.  z>. 

PROP.  XXXVIII.    THEOR. 

Triangles  upon  equal  bases,  and  between  the  same  paral- 
lels, are  equal  to  one  another. 

"Let  the  triangles  ABC,  DEF  be  upon  equal  bases 
BC,  EF,  and  between  the  same  parallels  BF,  AD: 
the  triangle  ABC  shall  be  equal  to  the  triangle  DEF. 

*  l^i**'  Producef  AD  both  ways  to  the  points  G,  H,  and 

through  B  draw  BG  parallel*  to  CA,  and  through  F 

n.  draw  FH  parallel  to  ED :   then  each  of  the  figures 

t  Def.  m.     GBCA>  dEFh,  is  af  parallel- 

•36.1.        ogram  :  and  they  are  equal*  to      gap 

one  another,   because  they  are 

upon  equal  bases  BC,  EF,  and 

between  the  same  parallels  BF,  

GH;  and  the  triangle  ABC  is  the.       B         C  E        * 

half  of  the  parallelogram  GBCA, 
•34.1.        because  the  diameter  AB  bisects*  it;  and  the  triangle 

DEF  is  the  half  of  the  parallelogram  DEFH,  because 

the  diameter  DF  bisects  it :    but  the  halves  of  equal 

•  7  Ax.        things  are*  equal ;  therefore  the  triangle  ABC  is  equal  to 

the  triangle  DEF.    Wherefore  triangles,  &c.     Q.  E.  D. 

PROP.  XXXIX.    THEOR. 

Equal  triangles  upon  the  same  base,  and  upon  the  same 
.    side  of  it,  are  between  the  same  parallels. 
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Let  the  equal  triangles  ABC,  DBC  be  upon  the 
same  base  BC,  and  upon  the  same  side  of  it :  they 
shall  be  between  the  same  parallels. 

Join  AD;  AD  shall  be  parallel  to  BC.     For,  if  it  is 
not,  through  the  point  A  draw*  AE  parallel  to  BC,  *si.i. 
and  join  EC.     The  triangle  ABC  is  equal  *  to  the  tri-  +37.  u 
angle  EBC,  because  they  are  upon  the  same  base  BC, 
and  between  the  same  parallels  BC,  AE : 

but  the  triangle  ABC  is  equal  f  to  the     A i>       t  Hyp. 

triangle  DBC;  therefore  also  the  triangle     V^xj7^ 

DBC  is  equal  f  to  the  triangle  EBC,  the      \/SA     f  l  A* 

greater  to  the  less,  which  is  impossible:      jp -^g 

therefore  AE  is  not  parallel  to  BC.     In 
the  same    manner,  it   can  be  demonstrated,    that   no 
other  line  but  AD  is  parallel  to  BC ;   AD  is  therefore 
parallel  to  it.     Wherefore  equal  triangles  upon,  &c. 

Q.  E.  D. 

PROP-  XL.    THEOR. 

Equal  triangles  upon  equal  bases,  in  the  same  straight 
line,  and  towards  the  same  parts,  are  between  the  same 
parallels. 

Let  the  equal  triangles  ABC,DEF 
be  upon  equal  bases  BC,  EF,  in  the 
same  straight  line  BF,  and  towards 
the  same  parts :  they  shall  be  be- 
tween the  same  parallels. 

Join  AD;  AD  shall  be  parallel  to  BC.    For,  if  it  is 
not,  through  A  draw  *  AG  parallel  to  BF,  and  join  •  St.  l. 
GF.     The  triangle  ABC  is  equal  *'  to   the  triangle  *38.  l. 
GEF,  because  they  are  upon  equal  bases  BC,  EF,  and 
between  the  same  parallels  BF,  AG:  but  the  triangle 
ABC  is  equal  f  to  the  triangle  DEF;  therefore  also  the  t  Hyp. 
triangle  DEF  is  equal  f  to  the  triangle  GEF,  the  greater  t  *  A*« 
to  the  less,  which  is  impossible :  therefore  AG  is  not 
parallel  to  BF.     And  in  the  same  manner  it  can  be 
demonstrated,  that  there  is  no  other  parallel  to  it  but 
AD:    AD    is  therefore  parallel  to  BF.    Wherefore 
equal  triangles,  &c.     Q.  E.  D. 

PROP.  XLI.    THEOR- 

If  a  parallelogram  and  a  triangle  be  upon  the  same  base9 
and  between  the  same  parallels,*  the  parallelogram  shall 
be  double  of  the  triangle. 
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*37.  1. 


*34il. 


I>  E 


Let  the  parallelogram  A  BCD  and  the  triangle  EBC 
be  upon  the  same  base  BC,  and  between  the  same 
parallels  BC,  AE:  the  parallelogram 
ABCD  shall  be  double  of  the  triangle 
EBC. 

Join  AC:  then  the  triangle  ABC  is 
equal  *  to  the  triangle  EBC,  because  they 
are  upon  the  same  base  BC,  and  between 
the  same  parallels  BC,  AE:  but  the  parallelogram 
ABCD  is  double  of  the  triangle  ABC,  because  the 
diameter  AC  divides  it  into  two  equal  *  parts ;  where- 
fore ABCD  is  also  double  of  the  triangle  EBC* 
Therefore,  if  a  parallelogram,  &c.     Q.  E.  2>. 


PROP.  XLII.    PROB. 


*  10. 1. 

*  23. 1. 

*  31. 1. 

t  Def.  34. 
1. 

t  Constr. 

*  38.  1. 


*41.  1. 


f6  Ax. 
f  Constr. 


To  describe  a  parallelogram  that  shall  be  equal  to  a  given 
tria?igle9  and  have  one  of  its  angles  equal  to  a  given 
rectilineal  angle. 

Let  ABC  be  a  given  triangle,  and  D  the  given 
rectilineal  angle.  It  is  required  to  describe  a  parallel- 
ogram that  shall  be  equal  to  the  given  triangle  ABC, 
and  have  one  of  its  angles  equal  to  D. 

Bisect *  BC  in  E,  join  AE,  and  at  the  point  E  in  the 
straight  line  EC  make  *  the  angle  CEF  equal  to  D; 
and  through  A  draw*  AFG  parallel  to  EC,  and  through 
C  draw  CG  parallel  to  EF:  therefore  FECG  is  af 
parallelogram.  And  because  BE  is 
equal  f  to  EC,  the  triangle  ABE  is 
equal*  to  the  triangle  AEC,  since  they 
are  upon  equal  bases  BE,  EC,  and 
between  the  same  parallels  BC,  AG ; 
therefore  the  triangle  ABC  is  double 
of  the  triangle  AEC:  but  the  parallel- 
ogram FECG  is  likewise  double*  of  the  triangle  AEC, 
because  they  are  upon  the  same  base  EC,  and  between 
the  same  parallels  EC,  AG:  therefore  the  parallelogram 
FECG  is  equal  f  to  the  triangle  ABC ;  and  it  has  one 
of  its  angles  CEF  equal  f  to  the  given  angle  D:  where- 
fore a  parallelogram  FECG  has  been  described  equal 
to  the  given  triangle  ABC,  having  one  of  its  angles 
CEF  equal  to  the  given  angle  D.  Which  was  to  be 
done. 


AF 
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PROP.  XLIIL    THEOR. 

The  complements  of  the  parallelograms  which  are  about  the 
diameter  of  any  parallelogram,  are  equal  to  one  another.  ■ 

Let  ABCD  be  a  parallelogram,  of 
which  the  diameter  is  AC;  and  EH, 
GF  parallelograms  about  AC,  that  is, 
through  which  AC  passes  j  and  BK,  KD 
the  other  parallelograms  which  make 
up  the  whole  figure  ABCD,  which  are 
therefore  called  the  complements.  The  complement 
BK  shall  be  equal  to  the  complement  KD. 

Because  ABCD  is   a  parallelogram,  and   AC   its 
diameter,  the  triangle  ABC  is  equal  *  to  the  triangle  *  34.  l. 
ADC.     Again,    because  EKHA   is  a  parallelogram, 
the  diameter  of  which  is  AK,  the  triangle  AEK   is 
equal f  to  the  triangle  AHK ;   and  for  the  same  reason,  f  54. 1. 
the   triangle   KGC    is  equal    to   the   triangle  KFC. 
Therefore,  because  the  triangle  AEK  is  equal  to  the 
triangle  AHK,  and  the  triangle  KGC  to  KFC;   the 
triangle   AEK  together   with   the   triangle  KGC  is 
equal  f  to  the  triangle  AHK  together  with  the  triangle  t  *  Ax. 
KFC :   but  the  whole  triangle  ABC  was  proved  equal 
to'  the  whole  ADC ;  therefore  the  remaining  comple- 
ment BK,  is  equal f  to  the  remaining  complement  KD.  I*  Ax. 
Wherefore  the  complements,  &c.     Q.  jz.  D. 

tROP.  XLIV.    PROB. 

To  a  given  straight  line  to  apply  a  parallelogram,  which 
shall  be  equal  to  a  given  triangle,  and  have  one  of  its 
angles  equal  to  a  given  rectilineal  angle. 

Let  AB  be  the  given  straight  line,  and  C  the  given 
triangle,  and  D  the  given  rectilineal  angle.  It  is 
required  to  apply  to  the  straight  line  AB  a  parallel- 
ogram equal  to  the  triangle  C,  and  having  an  angle 
equal  to  D. 

Make  *  the  parallelogram  J  F     E         fc     •  **.  1. 

BEFG  equal  to  the  triangle  '       '         *"* 

C,  ami  having  the  angle  EBG 
equal  to  the  angle  D,  so  that 
BE  be  in  the  same  straight 
line  with  AB;  and  produce 

FG  to  H ;   and  through  A  draw  *  AH  parallel  to  BG  *  3i.  1. 
or  EF,  and  join  HB.    Then,  because  the  straight  line 

d  2 
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•  *9. 1. 


•12  Ax. 


•  43. 1. 
f  Constr. 
1 1  Ax. 

•'15.1. 
t  Constr. 

t  1  Ax. 


SeeN. 


•  4«.  1. 

♦44.1. 

f  Constr. 

flAx. 

t«Ax. 

•  *9. 1. 

,    tlAx. 

HF  falls  upon  the  parallels  AH,  EF,  the  angles  AHF, 
HFE,  are  together  equal  *  to  two  right  angles;  where- 
fore the  angles  BHK,  HFE  are  less  than  two  right 
angles ;  but  straight  lines  which  with  another  straight 
line  make  the  interior  angles  upon  the  same  side  less 
than  two  right  angles,  do  meet*  if  produced  far  enough ; 
therefore  HB,  FE  shall  meet  if  produced :  let  them 
meet  in  K,  and  through  K  draw  KL,  parallel  to  EA 
or  FH,  and  produce  HA,  GB  to  the  points  L,  M: 
then  HLKF  is  a  parallelogram,  of  which  the  diameter 
is  HK,  and  AG,  ME  are  parallelograms  about  HK ; 
and  LB,  BF  are  the  complements:  therefore  LB  is 
equal*  to  BF:  but  BF  is  equal f  to  the  triangle  C: 
wherefore  LB  is  equal  f  to  the  triangle  C:  and  because 
the  angle  GBE  is  equal*  to  the  angle  ABM,  and  like- 
wise f  to  the  angle  D;  the  angle  ABM  is  equal  f  to  the 
angle  D.  Therefore,  to  the  straight  line  AB  the 
parallelogram  LB  is  applied,  equal  to  the  triangle  C, 
and  having  the  angle  ABM  equal  to  the  angle  D. 
Which  was  to  be  done. 

PROP.  XLV.     PROB. 

To  describe  a  parallelogram  equal  to  a  given  rectilineal 
Jigure,  and  having  an  angle  equal  to  a  given  rectilimal 
angle* 

Let  ABCD  be  the  given  rectilineal  figure,  and  E 
the  given  rectilineal  angle.  It  is  required  to  describe 
a  parallelogram  equal  to  ABCD,  and  having  an  angle 
equal  to  E. 

JoinDB;  and  describe*  the  parallelogram  FH  equal 
to  the  triangle  ADB,  and  having  the  angle  FKH  equal 
to  the  angle  E;  and  to  the  straight  line  GH  apply*  the 
parallelogram  GM  equal  to  the  triangle  DBC,  having 
the  angle  GHM  equal  to  the  angle  E:  the  figure 
FKML  shall  be  the  parallelogram  required. 

Because  the  angle  E  is  equal  f  to  each  of  the  angles 
FKH,  GHM,  the  angle  FKH  is  equal  f  to  GHM: 
add  to  each  of  these  the  angle  KHG;  therefore  the 
angles  FKH,  KHG,  are  equal  f 
to  the  angles  KHG,  GHM :  but 
FKH,  KHG  are  equal  *  to  two 
righ  t  angles ;  therefore  also  KHG, 
GHM,  are  equal  f  to  two  right 
angles:  and  because  at  the  point 
H  in  the  straight  line  GH,  the 
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two  straight  lines  KH,  HM  upon  the  opposite  sides 
of  it   make   the    adjacent   angle*  equal  to  two  right 
angles,  KH  is  in  the  same  straight  line*  with  HM:  +14.L 
and  because  the  straight  line  HO  meets  the  parallels 
KM,  FG,  the  alternate   angles   MHG,   HGF#   are  *ta.i. 
equal,  add  to  each  of  these  the  angle  HGL :  therefore 
the    angles    MHG,    HGL,  are  equalf  to  the  angles  it  Ax, 
HGF,    HGL:    but   the   angles    MHG,    HGL,   are 
equal*  to  two  ri^ht  angles;  wherefore  also  the  angles  M9. 1. 
HGF,  HGL  are  equalf  to  two  right  angles,  and  there-  1 1  Ax. 
fore  FG  is  in  the  same  straight  linef  with  GL:  and   t  u.  t. 
because  KF  is  parallel  to  HGf,  and  HG  to  ML;  KF  t  Omtr. 
is    parallel*    to    ML:    and  KM,  FL  aref  parallels;  *3«.  i. 
wherefore  KFLM  i*f  a  parallelogram  :    and  because  J  Def*55. 
the  triangle  ABD  is  equal  to  the  parallelogram  HFf,    l. 
and  the  triangle  DBC  to  the  parallelogram  GM ;  the  t  Coiwt*. 
whole  rectilineal  figure  ABCD  is  equalf  to  the  whole  *  *  Ax* 
parallelogram  KFLM.     Therefore  the  parallelogram 
KFLM  has  been  described  equal  to  the  given  rectili- 
neal figure  ABCD,  having  the  angle  FKM  equal  to 
the  given  angle  £.     Which  was  to  be  done. 

Cor.  From  this  it  is  manifest  how  to  a  given  straight 
line  to  apply  a  parallelogram,  which  shall  have  an  angle 
equal  to  a  given  rectilineal  angle,  and  shall  be  equal  to 
a  given  rectilineal  figure,  viz.  by  applying*  to  the  given  *  44.  u 
straight  line  a  parallelogram  equal  to  the  first  triangle 
ABD,  and  having  an  angle  equal  to  the  given  angle. 

PROP.  XLVI.    PROB. 

To  describe  a  square  upon  a  given  straight  line. 

Let  AB  be  the  given  straight  line ;  it  is  required  to 
describe  a  square  upon  AB. 

From  the  point  A  draw*  AC  at  right  angles  to  AB;  *  11.  i. 
and  make*  AD  equal  to  AB:  through  the  point  D  draw  *  3. 1. 
DE  parallel*  to  AB,  *nd  through  B  draw  BE  parallel  *  31. 1. 
to  AD  ;  therefore  ADEB  is  af  parallelogram :  whence  t  Def.  34. 
AB  is  equal*  to  DE,  and  AD  to  BE:  but  J. 

BA  is  equalf  to  AD;   therefore  the  four      c  f  ^;r# 

straight  lines   BA,  AD,  DE,  EB,  are 

equalf  to  one  another,  and  the  parallel-     1*| : |Js    t  x  Ax. 

ogram    ADEB  is  equilateral:    likewise 
all  its  angles  are  right  angles  5   for,  since 
the  straight  line  AD  meets  the  parallels     j 
AB,  DE,  the  angles  BAD,  ADE  are 
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*  29.  i.  equal*  to  two  right  angles:  but  BAD  is  af  right  angle, 
+  3  Ax!*"  therefore  also  ADE  is  af  right  angle:  but  the  opposite 

*  34.  i*.  angles  of  parallelograms*  are  equal ;  therefore  each  of 
1 1  Ax.  the  opposite  angles  ABE,   BED  is  af  right  angle  ; 

wherefore  the  figure  ADEB  is  rectangular :  and  it  has 
been  demonstrated  that  it  is  equilateral ;  it  is  therefore 
1 30  Def.      af  square,  and  it  is  described  upon  the  given  straight 
line  AB.     Which  was  to  be  done. 

Coe.  Hence  every  parallelogram  that  has  one  right 
angle,  has  all  its  angles  right  angles. 

PROP.  XLVIL    THEOR. 

In  any  right-angled  triangle,  the  square  which  is  described 
upon  ,the  side  subtending  the  right  angle,  is  equal  to  the 
squares  described  upon  the  sides  which  contain  the  right 
angle. 

Let  ABC  be  a  right-angled  triangle,  having  the  right 

angle  BAC :  the  square  described  upon  the  side  BC 

shall  be  equal  to  the  squares  described  upon  B  A,  AC. 

*46.i.  On  BC  describe*  the  square  BDEC,  and  on  BA, 

•si.  i.        AC  the  squares  GB,  HC;  and  through  A  draw*  AL 

parallel  to  BD,  or  CE,  and  join   AD,   FC.     Then, 

t  Hyp.        because  the  angle  BAC  is  af  right  angle,  and  that  the 

*  so  Def.     angle  BAG  is  also  a*  right  angle, 

the  two  straight  lines  AC,  AG  upon 

the  opposite  sides  of  AB,  make  with 

it  at  the  point  A  the  adjacent  angles 

equal  to  two  right  angles:  therefore 
•14.1.        CA  is  in  the  same  straight  line* 

with  AG  :  for  the  same  reason,  AB 

and   AH  are  in  the  same  straight 

line.  And  because  the  angle  DBC 
t  ii  Ax.  is  equalf  to  the  angle  FBA,  each  of 
1 30  Def.     them  being  a  rightf  angle,  add  to  each  the  angle  ABC ; 

*  2  Ax.       therefore  the  whole  angle  DBA  is  equal*  to  the  whole 
t  so  Bef.     FBC :  and  because  the  two  sides  AB,  BD,  are  equalf 

to  the  two  FB,  BC,  each  to  each,  and  the  angle  DBA 
equal  to  the  angle  FBC;  therefore  the  base  AD  is 
equal*  to  the  base  FC,  and  the  triangle  ABD  to  the 

*  41.  l.        triangle  FBC :  now  the  parallelogram  BL  is  double* 

of  the  triangle  ABD,  because  they  are  upon  the  same 
base  BD,  and  between  the  same  parallels  BD,  AL; 
and  the  square  GB  is  double  of  the  triangle  FBC, 
because  these  also  are  upon  the  same  base  FB,  apd 
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between  the  same  parallels  FB,  GC :  but  the  doubles 
of  equals  are  equal*  to  one  another ;  therefore  the  * 6  Al* 
parallelogram  BL  is  equal  to  the  square  GB.  In  the 
same  manner,  by  joining  AE,  BK,  it  can  be  demon- 
strated, that  the  parallelogram  CL  is  equal  to  the 
square  HC:  therefore  the  whole  square  BDEC  is 
equalf  to  the  two  squares  GB,  HC :  and  the  square  t  2  Ax. 
BDEC  is  described  upon  the  straight  line  BC,  and  the 
squares  GB,  HC  upon  BA,  AC ;  therefore  the  square 
upon  the  side  BC  is  equal  to  the  squares  upon  the 
sides  BA,  AC.  Therefore,  in  any  right-angled  trian- 
gle, &c.     Q.  E.  z>. 

PROP.  XLVIIL    THEOR. 

0 

m 

If  the  square  described  upon  one  of  the  sides  of  a  triangle, 
be  equal  to  the  squares  described  upon  the  other  two 
sides  of  it ;  the  angle  contained  by  these  two  sides  is  a 
right  angle. 

Let  the  square  described  upon  BC,  one  of  the  sides 
of  the  triangle  ABC,  be  equal  to  the  squares  upon  the 
other  sides  BA,  AC :  the  angle  BAC  shall  be  a  right 
angle. 

From  the  point  A  draw*  AD  at  right  angles  to  AC,  *  1. 1. 
and  makef  AD  equal  to  BA,  and  join  DC.     Then,  1 3.  l. 
because  DA  is  equal  to  AB,  the  square  of  DA  is  equal 
to  the  square  of  AB :  to  each  of  these  add  the  square  of 
AC ;  therefore  the  squares  of  DA,  AC  are  equalf  to  *  *  Ax* 
the  squares  of  BA,  AC :  but  the  square  of 
DC  is  equal*  to  the  squares  of  DA,  AC,  d         *  4r-  *• 

because  t)AC  is  a+  right  angle;  and  the  /\        tConstr. 

square  of  BC,  by  Hypothesis,  is  equal  to 
the  squares  of  BA,  AC;  therefore  the 
square  of  DC  is  equalf  to  the  square  of     £  ^    1 1  Ax. 

BC;  and  therefore  also  the  side  DC  is 
equal  to  the  side  BC.     And  because  the  side  DA  is 
equalf  to  AB,  and  AC  common  to  the  two  triangles  t  Constr. 
DAC,  BAC,  the  two  DA,  AC  are  equal  to  the  two 
BA,  AC  each  to  each;    and  the  base  DC  has  beeii 
proved  equal  to  the  base  BC;  therefore  the  angle  DAC 
is  equal*  to  the  angle  BAC:    but  DAC  is  a+  right  *8.i. 
angle ;  therefore  also  BAC  is  af  right  angle.     There-  J  ^°^*tr' 
fore,  if  the  square,  &c.     g.  E.  D. 
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BOOK  II. 


DEFINITIONS. 


I. 


Every  right-angled  parallelogram,  or  rectangle,  m  said  to 
be  contained  by  any  two  of  the  straight  lines  which 
contain  one  of  the  right  angles. 

II. 

In  every  parallelogram,  any  of  the  parallelograms  about 
a  diameter,  together  with  the  two 
complements,  is  called  a  Gnomon. 
«  Thus  the  parallelogram  HG,  to- 
'  gether  with  the  complements  AF, 
c  FC,  is  the  gnomon,  which  is  more 
c  briefly  expressed  by  the  letters 
'  AGK,  or  EHC,  which  are  at  the  opposite  angles 
*  of  the  parallelograms  which  make  the  gnomon'. 

PROP.  L    THEOR. 

If  there  be  two  straight  lines,  one  of  which  is  divided  into 
any  number  of  parts;  the  rectangle  contained  by  the  two 
straight  lines,  is  equal  to  the  rectangles  contained  by  the 
undivided  line,  and  the  several  parts  of  the  divided  line. 

Let  A  and  BC  be  two  straight  lines ;  and  let  BC  be 
divided  into  any  parts  in  the  points  D,  E :  the  rectangle 
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•  11.  l. 


contained  by  the  straight  lines  A,  BC 
shall  be  equal  to  the  rectangle  con* 
tained  by  A,  BD,  together  with  that 
contained  by  A,  DE,  and  that  con- 
tained by  A,  EC. 

From  the  point  B  draw*  BF  at 
right  angles  to  BC,  and  make  BG 

equal  *  to  A ;  and  through  G  draw  *  GH  parallel  to  *  Ji  *' 
BC;  and  through  D,  E,  C,  draw*  DK,  EL,  CH  pa-  •si. V. 
rallel  to  BG.     Then  the  rectangle  BH  is  equal  to  the 
rectangles  BK,  DL,  EH:   but  BH  is  contained  by 
A,  BC,  for  it  is  contained  by  GB,  BC,  and  GB  is 
equal  f  to  A;  and  BK  is  contained  by  A,  BD,  for  it  is  t  Constr. 
contained  by  GB,  BD,  of  which  GB  is  equal  to  A;  and 
DL  is  contained  by  A,  DE,  because  DK,  that  is  #  BG,  *  34.  l. 
is  equal  to  A;  and  in  like  manner  the  rectangle  EH  is 
contained* by  A,  EC:  therefore  the  rectangle  contained 
by  A,  BC,  is  equal  to  the  several  rectangles  contained 
by  A,  BD,  and  by  A,  DE,  and  by  A,  EC.    Wherefore, 
if  there  be  two  straight  lines,  &c    Q.  E.  D. 


PROP.  II.     THEOR. 

If  a  straight  line  be  divided  into  any  two  parts,  the  recU 
angles  contained  by  the  whole  and  each  of  the  parts, 
are  together  equal  to  the  square  of  the  whole  line. 

Let  the  straight  line  AB  be  divided  into  any  two 
parts  in  the  point  C:  the  rectangle  contained  by  AB, 
BC,  together  with  the  rectangle  |  AB,  AC  shall  be 
equal  to  the  square  of  AB. 

Upon  AB  describe*  the  square  ADEB,       .  «46.  l. 

and  through  C  draw  *  CF,  parallel  to  AD       | 1 — |      *  31. 1. 

or  BE.  Then  AE  is  equal  to  the  rectan- 
gles AF,  CE :  but  AE  is  the  square  of 
AB;  and  AF  is  the  rectangle  contained 
by  BA,  AC ;  for  it  is  contained  by  DA, 
AC,  of  which  AD  is  equal f  to  AB:  and  CE  is  contained  t  30  Def. 
by  AB,  BC,  for  BE  is  equal  to  AB:  therefore  the  rect- 
angle contained  by  AB,  AC,  together  with  the  recf- 


f  N.  B. — To  avoid  repeating  the  word  contained  too  frequently,  the 
rectangle  contained  by  two  straight  lines  AB,  AC  is  sometimes  simply 
called  the  rectangle  A B,  AC. 
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angle  AB,  BC,  is  equal  to  the  square  of  AB.     If  there- 
fore a  straight  line,  &c.     Q.  E.  D. 

PROP.  III.    THEOR. 

If  a  straight  line  be  divided  into  any  two  parts,  the  rect- 
angle contained  by  the  whole  and  one  of  the  parts,  is 
equal  to  the  rectangle  contained  by  the  two  parts,  toge- 
ther with  the  square  of  the  aforesaid  part. 

Let  the  straight  line  AB  be  divided  into  any  two 
parts  in  the  point  C :  the  rectangle  AB,  BC  shall  be 
equal  to  the  rectangle  AC,  CB,  together  with  the  square 
of  BC. 

*  46.  i.  Upon    BC   describe  #  the   square 

CDEB,  and  produce  ED  to  F,  and 

*  31.  i.        through  A  draw  *  AF  parallel  to  GD 

or  BE.  Then  the  rectangle  AE  is 
equal  to  the  rectangles  AD,  CE :  but 
AE  is  the  rectangle  contained  by  AB, 
BC,  for  it  is  contained  by  AB,  BE,  of  which  BE  is 
fSODef.  equalf  to  BC;  and  AD  is  contained  by-AC,  CB,  for 
CD  is  equal  to  CB;  and  DB  is  the  square  of  BC:  there- 
fore the  rectangle  AB,  BC,  is  equal  to  the  rectangle 
AC,  CB,  together  with  the  square  of  BC.  If  therefore 
a  straight  line,  &c.    Q.  E.  D. 

PROP.  IV.     THEOR. 

If  a  straight  line  be  divided  into  any  two  parts,  the  square 
of  the  whole  line  is  equal  to  the  squares  of  the  twoparts9 
together  with  twice  the  rectangle  contained  by  the  parts. 

Let  the  straight  line  AB  be  divided  into  any  two 
parts  in  C :  the  square  of  AB  shall  be  equal  to  the 
squares  of  AC,  CB,  together  with  twice  the  rectangle 
contained  by  AC,  CB. 

*  46.  l.  Upon  AB  describe  *  the  square  ADEB,  and  join  BD, 

*  31.  l.        and  through  C  draw*  CGF  parallel  to  AD  or  BE,  and 

through  G  draw  HK  parallel  to  AB  or  DE.  And  be- 
f  Cohstr.  cause  CF  is  parallel  f  to  AD,  and  BD  falls  upon  them, 
*29.  l.  the  exterior  angle  BGC  is  equal*  to  the  interior  and 
*5.  l.  opposite  angle  ADB;  but  ADB  is  equal*  to  the  angle 
1 30  Def.      ABD,  because  BA  is  equal  to  ADf,  being  sides  of  a* 
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square;  wherefore  the  angle  CGD   is 

equal  f  to  the  angle  CBG;  and  therefore      A C    B     1 1  Ax. 

the  side  BC  is  equal*  to  the  side  CG:  g7  -   *6,  *' 

but  CB  is  equal*  also  to  GK,  and  CG    H     '/       K  * 34. 1. 
to  BK ;  wherefore  the  figure  CGKB  isf        /  * x  Ax- 

equilateral:    it  is  likewise  rectangular;      j>      fe 
for,  since  CG  is   parallel   to   BK,  and 
CB  meets  them,  therefore  the  angles  KBC,  GCB  are 
equalf  to  two  right  angles:  but  KBC  is  a  fright  angle;  f  29. 1. 
wherefore  GCB  is  af  right  angle:  and  therefore  also  t^jP^ 
the  angles*  CGK,  GKB,  opposite  to  these,  are  right  I34. 1*. 
angles;  and  therefore  CGKB  is  rectangular:  but  it  is  and  1  Ax. 
also  equilateral,  as  was  demonstrated ;  wherefore  it  is 
af  square,  and  it  is  upon  the  side  CB:  for  the  same  fSODef. 
reason  HF  also  is  a  square,  and  it  is  upon  the  side  HG, 
which  is  equal  f  to  AC :  therefore  HF,  CK  are  the  f  34. 1. 
squares  of  AC,  CB  :  and  because  the  complement  AG 
is  equal*  to  the  complement  GE,  and  that  AG  is  the  *4&  1. 
rectangle  contained  by  AC,  CB,  for  GC  is  equal  f  to  +  so  Def. 
CB ;  therefore  GE  is  also  equal  f  to  the  rectangle  AC,  f  1  Ax. 
CB;  wherefore  AG,  GE,  are  equal  to  twice  the  rect- 
angle AC,  CB;  and  HF,  CK,  are  the  squares  of  AC, 
CB;  wherefore  the  four  figures  HF,  CK,  AG,  GE  are 
equal  to  the  squares  of  AC,  CB,  and  to  twice  the  rect- 
angle AC,  CB :  but  HF,  CK,  AG,  GE  moke  up  the 
whole  figure  ADEB,  which  is  the  square  of  AB:  there- 
fore the  square  of  AB  is  equalf  to  the  squares  of  AC,  t  *  A*« 
CB,  and  twice  the  rectangle  AC,  CB.     Wherefore,  if 
a  straight  line,  &c.    Q.  E.  D. 

Cor.  From  the  demonstration,  it  is  manifest,  that 
parallelograms  about  the  diameter  of  a  square  are  like- 
wise squares. 

PROP.  V.    THEOR. 

If  a  straight  line  be  divided  into  two  equal  parts  and  also 
into  two  unequal  parts ;  the  rectangle  contained  by  the 
unequal  parts*  together  with  the  square  of  the  line  between 
the  points  of  section^  is  equal  to  the  square  of  half  the 
line. 

Let  the  straight  line  AB  be  divided  into  two  equal 
parts  in  the  point  C,  and  into  two  unequal  parts  at  the 
point  D :  the  rectangle  AD,  DB,  together  with  the 
square  of  CD,  shall  be  equal  to  the  square  of  CB, 

Upon  CB  describe*  the  square  CEFB,  join  BE,  and  *  46. 1. 
through  D  draw*  DHG  parallel  to  CE  or  BF;  and  *3i.  1. 
through  H  draw  KLM  parallel  to  CB  or  EF;  and  also 
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through  A  draw  AK  parallel  to  CL  or  BM.     And  be* 

*  4&  1.       cause  the  complement  CH  is  equal #  to  the  complement 

HF,  to  each  of  these  add  DM;  therefore  the  whole  CM 
**Ax'  is  equalf  to  the  whole  DF:  but  CM  is  equal*  to  AL> 
t  Hyp.  because  AC  is  equal f  to  CB ;  therefore  also  AL  is  equalf 
1 1  Ax.  to  DF :  to  each  of  these  add  CH, 
t  s  Ax.       and  the  whole  AH  is  equalf  to  DF 

and  CH  :  but  AH  is  the  rectangle 

contained  by  AD,  DB,  for  DH  is 

•Cor. 4. 2.  equal*  to  DB;  and  DF  together  e     GF 

&30Def.    with  CH  i8  the   gnomon    CMG; 

1 1  Ax.        therefore  the  gnomon  CMG  is  rqualf  to  the  rectangle 

*  Cor.  4. 2.  AD,  DB :  to  each  of  these  add  LG,  which  is  equal*  to 
and  34.  i.  the  square  of  CD ;  therefore  the  gnomon  CMG,  toge- 
t  2  Ax.  ther  with  LG  is  equalf  to  the  rectangle  AD,  DB  toge- 
ther with  the  square  of  CD :  but  the  gnomon  CMG 
and  LG  make  up  the  whole  figure  CEFB,  which  is  the 
square  of  CB ;  therefore  the  rectangle  AD,  DBi  toge- 
ther with  the  square  of  CD,  is  equal  to  the  square  of 
CB.     Wherefore,  if  a  straight  line,  &c.    Q.  E.  D. 

From  this  proposition  it  is  manifest,  that  the  differ* 
ence  of  the  squares  of  two  unequal  lines,  AC,  CD,  is 
equal  to  the  rectangle  contained  by  their  sum  and  dif- 
ference. 

PROP.  VI.   THEOR. 

If  a  straight  line  be  bisected,  and  produced  to  any  point ; 
the  rectangle  contained  by  the  whole  line  thus  produced, 
and  the  part  of  it  produced,  together  with  the  square  of 
half  the  line  bisected,  is  equal  to  the  square  of  the 
straight  line  which  is  made  up  of  the  half  and  the  part 
produced. 

Let  the  straight  line  AB  be  bisected  in  C,  and  pro- 
duced to  the  point  D :  the  rectangle  AD,  DB,  together 
with  the  square  of  CB,  shall  be  equal  to  the  square  qf 
CD. 

*  46.  l.  Upon  CD  describe  *  the  square  CEFD,  join  DE, 
•31*1.        an(i  through  B  draw*  BHG  parallel  to  CE  or  DF* 

and  through  H  draw  KLM  parallel  to  AD  or  EF, 
and  also  through  A  draw  AK  pa- 
rallel to  CL  or  DM.    And  because 

t  Hyp.        AC  is  equal  f  to  CB,  the  rectangle 

•36.1.        AL  is  equal*  to  CH;  but  CH  is 

*3. 14.       equal*  to  HF;  therefore  also  AL 

1 1  Ax.       is  equal  f  to  HF:  to  each  of  these 
add  CM ;  therefore  the  whole  AM 
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» 

is  equal  f  to  the  gnomon  CM G :   but  AM  is  the  rect-  t  *  A*« 
angle  contained  by  AD,  DB,  for  DM  is  equal #  to  DB:  *  Cor.  4.  t. 
therefore  the  gtlomon  CMG  is  equal  f  to  the  rectangle  +  ?*!****' 
AD,  DB:  add  to  each  of  these  LG,  which  is  eoualfto  tc©r*4.f. 
the  square  of  CB;  therefore  the  rectangle  AD,  DB,  to-  and  34.  l. 
gether  with  the  square  of  CB,  is  equal  f  to  the  gnomon  t  *  Ax. 
CMG,  and  the  figure  LG:  but  the  gnomon  CMG  and 
LG  make  up  the  whole  figure  CEFD,  which  is  the 
square  of  CD ;  therefore  the  rectangle  AD,  DB,  toge- 
ther with  the  square  of  CB,  is  equal  to  the  square  of 
CD.     Wherefore,  if  a  straight  line,  &c.     Q.  £•  D. 

PROP.  VII.    THEOIL 

If  a  straight  line  be  divided  into  any  two  parts,  the  squares 
of  the  whole  line,  and  of  one  of  the  parts,  are  equal  to 
twice  the  rectangle  contained  by  the  whole  and  that 
part,  together  with  the  square  of  the  other  part. 

Let  the  straight  line  AB  be  divided  into  any  two 
parts  in  the  point  C:  the  squares  of  AB,  BC  shall  be 
equal  to  twice  the  rectangle  AB,  BC,  together  with 
the  square  of  AC. 

Upon  AB  describe  *  the  square  ADEB,  and  con-  *46.  l. 
struct  the  figure  as  in  the  preceding  propositions.  And 
because  AG  is  equal*  to  GE,  add  to  each  of  them  CK ;  *  43.  l. 
therefore  the  whole  AK   is  equal  to  the  whole  CE; 
therefore  AK,  CE,  are  double  of  AK: 
but  AK,  CE,  are  the  gnomon  AKF,  to- 
gether with  the  square  CK;  therefore 
the  gnomon  AKF,    together  with   the 
square  CK,  is  f  double  of  AK:  but  twice  /  x  x  Ax# 

the  rectangle  AB,  BC  is  double  of  AK,     D — -jp — \E 
for  BK  is  equal  *  to  BC ;  therefore  the  *  Cor.  4.  s. 

gnomon  AKF,  together  with  the  square  CK,  is  equal  f  ffJJ^ 
to  twice  the  rectangle  AB,  BC :  to  each  of  these  equals 
add  HF,  which  is  equalf  to  the  square  of  AC :    there-  t  Cor.  4.  t . 
fore  the  gnomon  AKF,  together  with  the  squares  CK,  *  S4,  *" 
HF,  is  eaualf  to  twice  the  rectangle,  AB,  BC,  and  the  t  *  Ax- 
square  of  AC :  but  the  gnomon  AKF,  together  with 
the  squares  CK,  HF,  make  up  the  whole  figure  ADEB 
and  CK,  which  are  the  squares  of  AB  and  BC;  there- 
fore the  squares  of  AB  and  BC  are  equal  to  twice  the 
rectangle  AB,  BC,  together  with  the  square  of  AC. 
Wherefore  if  ft  straight  line,  8cc.     g,  E.  D.    . 
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PROP.  VIII.     THEOR. 

If  a  straight  line  be  divided  into  any  two  parts,  four 
times  the  rectangle  contained  by  the  whole  line,  and  one 
of  the  parts,  together  with  the  square  of  the  other  part, 
is  equal  to  the  square  of  the  straight  line  which  is  made 
up  of  the  whole  and  that  part. 

Let  the  straight  line  AB  be  divided  into  any  two 

parts  in  the  point  C:    four  times  the  rectangle  AB, 

BC,  together  with  the  square  of  AC,  shall  be  equal  to 

the  square  of  the  straight  line  made  up  of  AB  and  BC 

together. 

1 2  Post.  Produce  f  AB  to  D,  so  that  BD  be  equal  f  to  CB, 

1 3.  i.         and  upon  AD  describe f  the  square  AEFD;  and  con- 

t 46*  *•        struct  two  figures  such  as  in  the  preceding.     Because 

*  34.  l.        CB  is  equal  to  BD,  and  that  CB  is  equal  *  to  GK, 
fi  Ax.        and  BD  to  KN;    therefore  GK  is  equal  f  to  KN:  for 

the  same  reason,  PR  is  equal  to  RO:  and  because  CB 

is  equal  to  BD,  and  GK  to  KN,  the  rectangle  CK  is 

•36.1.        equal  *  to  BN,  and  GR  to  RN :   but  CK  is  equal  #  to 

*  43.  l.        RN,  because  they  are  the  complements  of  the  parallel- 
1 1  Ax.        ogram  CO;  therefore  also  BN  is  equal  f  to  GR  :  there- 
fore the  four  rectangles  BN,  CK,  GR,  RN,  are  equal  to 
one  another,  and  so  are  quadruple  of  one  of  them  CK. 
Again,  because  CB  is  equal  to  BD,  and 

•Cor.  4. 2.  that  BD  is  equal  *   to  BK,  that  is  f ,  to 

&  so  Def.  CG,  and  CB  equal  f  to  GK,  that  is  f, 

t  34.'  i!  to  GP>  therefore  CG  is  equal  f  to  GP: 

t  Cor.  4. 2.  and  because  CG  is  equal  to  GP,  and 

&  30  Def.  pR  to  RO,  the  rectangle  AG  is  equal  f       V  ■  I II    J 

\\eX  to  MP,  and  PL  to  RF:  but   MP  is      E      HL* 

*  43.  i.  equal  *  to  PL,  because  they  are  the  complements  of 
1 1  Ax.  the  parallelogram  ML;   wherefore  AG  is  equal  f  'also 

to  RF:  therefore  the  four  rectangles  AG,  MP,  PL, 
RF,  are  equal  to  one  another,  and  so  are  quadruple  of 
one  of  them  AG.  And  it  was  demonstrated  that  the 
four  CK,  BN,  GR,  and  RN  are  quadruple  of  CK : 
therefore  the  eight  rectangles  which  contain  the  gno- 
mon AOH,  are  quadruple  of  AK:  and  because  AKis 
the  rectangle  contained  by  AB,  BC,  for  BK  is  equal  to 
BC;  therefore  four  times  the  rectangle  AB,  BC  is 
quadruple  of  AK:  but  the  gnomon  AOH  was  demon-, 
strated  to  be  quadruple  of  AK ;  therefore  four  times 
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the  rectangle  AB,  BC,  is  equal  f  to  the  gnomon  AOH:  1 i  Ax. 
to  each  of  these  add  XH,  which  is  equal*  to  the  square  *  Cor.  4.  *. 
of  AC;  therefore  four  times  the  rectangle  AB,  BC,  to*  *nd  **•  1. 
gether  with  the  square  of  AC,  is  equal  f  to  the  gnomon  t *  Ax. 
AOH  and  the  square  XH :  but  the  gnomon  AOH  and 
XH  make  up  the  figure  AEFD,  which  is  the  square  of 
AD:  therefore  four  times  the  rectangle  AB,  BC,  to- 
gether with  the  square  of  AC,  is  equal  to  the  square  of 
AD,  that  is,  of  AB  and  BC  added  together  in  one 
straight  line.  Wherefore,  if  a  straight  line,  &c.  Q.  B.  J). 

PROP.  IX.    THEOR. 

If  a  straight  line  be  divided  into  two  equal,  and  also  into 
two  unequal  parts;  the  squares  of  the  two  unequal  parts 
are  together  double  of  the  square  of  half  the  line,  and 
of  the  square  of  the  line  between  the  points  of  section. 

Let  the  straight  line  AB  be  divided  into  two  equal 
parts  at  the  point  C,  and  into  two  unequal  parts  at  the 
point  D :  the  squares  of  AD,  DB,  shall  together  be 
double  of  the  squares  of  AC,  CD. 

From  the  point  C  dnaw  #  CE  at  right  angles  to  AB,  *  n.  1. 
and  make  it  equal  f   to  AC  or  CB,  and  join  EA,  EB ;  1 s.  i. 
through  D  draw  *  DF  parallel  to  CE,  and  through  F  *  si.  u 
draw  FG  parallel  to  BA ;  and  join  AF.    Then,  because 
AC  is  equal  to  CE,  the  angle  EAC  is  equal  *  to  the  •  5.  l. 
angle  AEC :  and  because  the  angle  ACE  is  aright  an-         ( 
gle,  the  two  others  AEC,  EAC,  together  make  one*  *3*.i. 
right  angle ;  and  they  are  equal  to  one  another ;  there- 
fore each  of  them  is  half  of  a  right  angle.     For  the 
same  reason  each  of  the  angles  CEB,  EBC  is  half  a 
right  angle ;   and  therefore  the  whole 
AEB  is  a  right  angle.     And  because 
the  angle  GEF  is  half  a  right  angle, 

and  EGFaright  angle,  for  it  is  equal*         ^^TT\       *  29.  i. 
to  the   interior  and   opposite  angle 
ECB,  the  remaining  angle  EFG  is 
half  a  right  angle :  therefore  the  angle  GEF  is  eqtr&l  to 
the  angle  EFG,  and  the  side  EG  equal  *  to  the  side  *  6.  i. 
GF.  Again,  because  the  angle  at  B  is  half  a  right  angle, 
and  FDB  a  right  angle,  for  it  is  equal  *  to  the  inte-  *  *9.  l. 
rior  and  opposite  angle  ECB,  the  remaining  angle  BFD 
is  half  a  right  angle :  therefore  the  angle  at  B  is  equal 
to  the  angle  BFD,  and  the  side  DF  to  *  the  side  DB.  *d-1* 
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And  because  AC  is  equal  to  CE,  the  square  of  AC  is 
equal  to  the  square  of  CE ;  therefore  the  squares  of  AC, . 

»  CE,  are  double  of  the  square  of  AC:  but  the  square 

•47.  l.  of  AE  is  equal  #  to  the  squares  of  AC,  CE  because 
ACE  is  a  right  angle;  therefore  the  square  of  AE  is 
double  of  the  square  of  AC:  again,  because  EG  is  equal 
to  GF,  the  square  of  EG  is  equal  to  the  square  of  GF; 
therefore  the  squares  of  EG,  GF  are  double  of  the 

1 47.  l.  square  of  GF :  but  the  square  of  EF  is  equal  f  to  the 
squares  of  EG,  GF;  therefore  the  square  of  EF  is  dou- 

•34.1.  ble  of  the  square  of  GF;  and  GF  is  equal*  to  CD; 
therefore  the  square  of  EF  is  double  of  the  square  of 
CD :  but  the  square  of  AE  is  likewise  double  of  the 
square  of  AC;  therefore  the  squares  of  AE,  EF  are 
double  of  the  squares  of  AC,  CD:  but  the  square  of  AF 

•  47.1.        is  equal  *  to  the  squares  of  AE,  EF,  because  AEF  is  a 

right  angle;  therefore  the  square  of  AF  is  double  of  the 
squares  of  AC,  CD:  but  the  squares  of  AD,  DF  ajre 
equal  to  the  square  of  AF,  because  the  angle  ADF  is  a 
right  angle;  therefore  the  squares  of  AD,  DF  are  dou- 
ble of  the  squares  of  AC,  CD:  and  DF  is  equal  toDB; 
therefore  the  squares  of  AD,  DB,  are  double  of  the 
squares  of  AC,  CD*  If  therefore  a  straight  line,  &c. 
Q.  E.  D. 

PROP.  X.     THEOR. 

If  a  straight  line  be  bisected^  and  produced  to  any  point, 
the  square  of  the  whole  line  thus  produced,  and  the 
square  of  the  part  of  it  produced,  are  together  double 
of  the  square  of  half  the  line  bisected,  and  of  iKe  square 
of  the  line  made  up  of  the  half  and  the  part  produced. 

Let  the  straight  line  AB  be  bisected  in  C,  and  pro* 
duced  to  the  point  D:  the  squares  of  AD,  DB  shall  be 
double  of  the  squares  of  AC,  CD. 

•  ii.  l.  From  the  point  C  draw*  CE  at  right  anglesto  AB,and 
f  3.  l.         makef  it  equal  to  AC  or  CB,  and  join  AE,  EB;  through 

•  31.  l.        E  draw  *  EF  parallel  to  AB,  and  through  D  draw  DF 

parallel  to  CE.    And  because  the  straight  line  EF  meets 

•  *9.  l.       the  parallels  EC,  FD,  the  angles  CEF,  EFD  are  equal* 

to  two  right  angles;  and  therefore  the  angles  BEF, 
EFD  are  less  than  two  right  angles :  but  straight  lines 
which  with  another  straight  line  make  the  interior  an- 
gles upon  the  same  side  less  than  two  right  angles  will 

•  it  Ax.      meet  *  if  produced  far  enough ;  therefore  EB,  FD  will 
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•6.1. 


•34.1. 


&  1. 


meet,  if  produced,  towards  B,  D:  let  them  meet  in  G, 
and  join  AG.     Then,  because,  AC  is  equal  to  CE,  the 
angle  CEA  is  equal*  to  the  angle  EAC;  and  the  angle  *  5.  l. 
ACE  is  a  right  angle;  therefore  each  of  the  angles  CEA, 
EAC  is  half*  a  right  angle.  For  the  same  reason,  each  *  3t.  i. 
of  the  angles  CEB,  EBC  is  half  a  right  angle;  there- 
fore AEB  is  a  right  angle.  And  because  EBC  is  half  a 
right  angle,  DBG  is  also*  half  a  right  angle,  for  they  •  15.  t. 
are  vertically  opposite;  but  BDG  is  a  right  angle,  be- 
cause it  is  equal*  to  the  alternate  angle  DCE ;  there-  *  29.  i. 
fore  the  remaining  angle  DGB  is  half  a  right  angle, 
and  is  therefore  equal  to  the  angle  , 

DBG;  wherefore  also  the  side  BD 
is  equal*  to  the  side  DG.  Again, 
because  EGF  is  half  a  right  angle, 
and  that  the  angle  at  F  is  a  right 
angle,  because  it  is  equal*  to  the 
opposite  angle  ECD,  the  remaining 
.angle  FEG  is  half  a  right  angle,  and  therefore  equal 
to  the  angle  EGF;  wherefore  also  the  side  GF  is  equal* 
to  the  side  F&  And  because  EC  is  equal  to  CA,  the 
square  of  EC  is  equal  to  the  square  of  CA ;  therefore 
the  squares  of  EC,  C A  are  double  of  the  square  of  CA: 
but  the  square  of  EA  is  equal*  to  the  squares  of  EC,  *47-  *• 
CA;  therefore  the  square  of  EA  is  double  of  the  square 
of  AC :  again,  because  GF  is  equal  to  FE,  the  square 
of  GF  is  equal  to  the  square  of  FE ;  and  therefore  the 
squares  of  GF,  FE  are  double  of  the  square  of  EF:  hut 
the  square  of  EG  is  equal*  to  the  squares  of  GF,  FE ; 
therefore  the  square  of  EG  is  double  of  the  square  of 
EF ;  and  EF  is  equalf  to  CD ;  wherefore  the  square  of  1 34.  l. 
EG  is  double  of  the  square  of  CD :  but  it  was  demon- 
strated, that  the  square  of  EA  is  double  of  the  square 
of  AC ;  therefore  the  squares  of  AE,  EG  are  double  of 
the  squares  of  AC,  CD :  but  the  square  of  AG  is  equal* 
to  the  squares  of  AE,  EG ;  therefore  the  square  of  AG 
is  double  of  the  squares  of  AC,  CD:  but  the  squares  of 
AD,  GD  are  equal*  to  the  square  of  AG;  therefore  •4r.  i. 
the  squares  of  AD,  DG  are  double  of  the  squares  of 
AC,  CD :  but  DG  is  equal  to  DB;  therefore  the  squares 
of  AD,  DB  are  double  of  the  squares  of  AC,  CD. 
Wherefore,  if  a  straight  line)  &c.    Q.  E.  D. 


•  4r.  i. 


4?.u 
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PROP-  XL    PROB. 

To  divide  a  given  straight  line  into  two  parts,  so  that  the 
rectangle  contained  by  the  whole,  and  one  of  the  parts, 
shall  be  equal  to  the  square  of  the  other  part* 

Let  AB  be  the  given  straight  line ;  it  is  required  to 
divide  ,it  into  two  parts,  so  that  the  rectangle  contained 
by  the  whole,  and  one  of  the  parts,  shall  be  equal  to  the 
square  of  the  other  part 

*  46.  l.  Upon  AB  describe*  the  square  ABDC;  bisect*  AC 

*  10.  l.        in  E,  ahd  join  BE :    produce  CA  to  F,  and  make* 

*  %!'u        ^F  equal  to  EB,  and  upon  AF  describe*  the  square 

FGHA :  AB  shall  be  divided  in  H,  so  that  the  rect- 
angle AB,  BH  is  equal  to  the  square  of  AH. 

Produce  GH  to  K:  and  because  the  straight  line 
AC  is  bisected  in  E,  and  produced  to  the  point  F,  the 
rectangle  CF,  FA,  together  with  the  square  of  AE,  is 

*  £• 2-         equal*  to  the  square  of  EF :  but  EF  is  equalf  to  EB ; 

therefore  the  rectangle  CF,  FA,  together  with  the  square 
of  AE,  is  equal  to  the  square  of  EB :  but 
4r* 1#  the  squares  of  BA,  AE,  are  equal*  to 
the  square  of  EB,  because  the  angle 
EAB  is  a  right  angle;  therefore  the  rect- 
angle CF,  FA,  together  with  the  square 
of  AE,  is  equal  to  the  squares  of  BA, 
AE :  take  away  the  square  of  AE,  which 
is  common  to  both,  therefore  the  remain-  c  K~D 
1 3  Ax.        *ng  rectangle  CF,  FA,  is  equalf  to  the 

square  of  AB  :  but  the  figure  FK  is  the  rectangle  con- 

1 30  Def.     tained  by  CF,  FA,  for  AF  is  equalf  to  FG ;  and  AD 

1 1  Ax.        is  the  square  of  AB;  therefore  FK  is  equalf  to  AD:  take 

away  the  common  part  AK,  and  the  remainder  FH  is 

t  3  Ax.        equalf  to  the  remainder  HD :  but  HD  is  the  rectangle 

t  30  Def.     contained  by  AB,  BH,  for  AB  is  equalf  to  BD ;  and 

FH  is  the  square  of  AH :  therefore  the  rectangle  AB, 

BH  is  equal  to  the  square  of  AH.      Wherefore  the 

straight  line  AB  is  divided  in  H,  so  that  the  rectangle 

AB,  BH  is  equal  to  the  square  of  AH.     Which  was 

to  be  done.  . 

PROP.  XII.    THEOR. 

In  obtuse  angled  triangles,  if  a  perpendicular  be  drawn 
from  either  of  the  acute  angles  to  the  opposite  side  pro- 
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duced,  the  square  of  the  side  subtending  the  obtuse  angle, 
is  greater  than  the  squares  of  the  sides  containing  the 
obtuse  angle9  by  twice  the  rectangle  contained  by  the 
side  upon  which,  when  produced,  the  perpendicular 
falls,  and  the  straight  line  intercepted  without  the  tri- 
angle between  the  perpendicular  and  the  obtuse  angle. 

Let  ABC  be  an  obtuse  angled  triangle,  having  the 
obtuse  angle  ACB,  and  from  the  point  A  let  AD  be 
drawn*  perpendicular  to  BC  produced :  the  square  of  *  it.  i. 
AB  shall  be  greater  than  the  squares  of  AC,  CB  by 
twice  the  rectangle  BC,  CD, 

Because  the  straight  lirie  BD  is  di- 
vided into  two  parts  in  the  points  C,  the 
square  of  BD  is  equal*  to  the  squares  of  y/J\    •  4»f. 

BC,  CD,  and  twice  the  rectangle  BC, 
CD:  to  each  of  these  equals  add  the 
square  of  DA;  therefore  the  squares  of    _  _ 

BjD,  DA,  are  equalf  to  the  squares  of  t  f  Ax. 

BC,  CD,  DA,  and  twice  the  rectangle  BC,  CD :  but 
the  square  of  BA  is  equal*  to  the  squares  of  BD,  DA,  *  47-  *• 
because  the  angle  at  D  is  a  right  angle ;  and  the  square 
of  CA  is  equal*  to  the  squares  of  CD,  DA ;  therefore  •  4T.  1. 
the  square  of  BA  is  equal  to  the  squares  of  BC,  CA, 
and  twice  the  rectangle  BC,  CD ;  that  is,  the  square  of 
BA  is  greater  than  the  squares  of  BC,  CA,  by  twice 
the  rectangle  BC,  CD.  Therefore,  in  obtuse  angled 
triangles,  &c.     Q.  E.  D. 

PROP.  XIII.    THEOR. 

In  every  triangle,  the  square  of  the  side  subtending  either  SeeN. 
of  the  acute  angles,  is  less  than  the  squares  of  the  sides 
containing  that  angle,  by  twice  the  rectangle  contained 
by  either  of  these  sides*  and  the  straight  line  intercepted 
between  the  perpendicular  let  fall  upon  it  from  the  op- 
posite angle,  and  the  acute  angle. 

m 

Let  ABC  be  any  triangle,  and  the  angle  at  B  one  of 
its  acute  angles,  and  upon  BC,  one  of  the  sides  con- 
taining it,  let  fall  the  perpendicular*  AD  from  the  op-  •  if.  1. 
posite  angle :  the  square  of  AC,  opposite  to  the  angle 
B,  shall  be  less  than  the  squares  of  CB,  BA,  by  twice 
the  rectangle  CB,  BD. 

First,  let  AD  fall  within  the  triangle  ABC  t  and  be- 
cause the  straight  line  CB  is  divided  into  two  parts  in 

X  2 
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•  7.  2.         the  point  B,  the  squares  of  CB,  BD  are  equal*  to  twice 

the  rectangle  contained  by  CB,  BD,  and  the  square  of 
DC:  to  each  of  these  equals  add  the 
square  of  AD ;  therefore  the  squares  of 
1 2  Ax.        CB,  BD,  DA,  are  equalf  to  twice  the 
rectangle  CB,  BD,  and  the  squares  of 

•  47.  i.        AD,  DC:  but  the  square  of  AB  is  equal* 

to  the  squares  of  BD,  DA,  because  the 
angle  BDA  is  a  right  angle;  and  the 
square  of  AC  is  equal  to  the  squares  of  AD,  DC;  there- 
fore the  squares  of  CB,  BA  are  equal  to  the  square  of 
AC,  and  twice  the  rectangle  CB,  BD;  that  is,  the 
square  of  AC  alone  is  less  than  the  squares  of  CB, 
BA,  by  twice  the  rectangle  CB,  BD. 

Secondly,  let  AD  fall  without  the 
triangle  ABC :  then,  because  the  angle 
at  D  is  a  right  angle,  the  angle  ACB 

•  16.  i.        is  greater*  than   a  right  angle ;    and 

•  12. 2.        therefore  the  square  of  AB  is  equal*  to 

the  squares  of  AC,  CB,  and  twice  the 
rectangle  BC,  CD :  to  each  of  these  equals  add  the 
square  of  BC ;  therefore  the  squares  of  AB,  BC  are 
f2Ax.  equalf  to  the  square  of  AC,  and  twice  the  square  of 
BC,  and  twice  the  rectangle  BC,  CD :  but  because  BD 
is  divided  into  two  parts  in  C,  the  rectangle  DB,  BC 

•  3. 2.         is  equal*  to  the  rectangle  BC,  CD  and  the  square  of 

BC;  and  the  doubles  of  these  are  equal:  therefore  the 
squares  of  AB,  BC  are  equal  to  the  square  of  AC,  and 
twice  the  rectangle  DB,  BC :  therefore  the  square  of 
AC  alone  is  less  than  the  squares  of  AB,  BC,  by  twice 
the  rectangle  DB,  BC. 

Lastly,  let  the  side  AC  be  perpendicular 
to  BC :  then  BC  is  the  straight  line  between 
the  perpendicular  and  the  acute  angle  at  B: 
and  it  is  manifest  that  the  squares  of  AB, 
*4M.and  BC,  are  equal*  to  the  square  of  AC  and 
twice  the  square  of  BC :  thereforein  every 
triangle,  &c.     q.  e.  d. 

PROP.  XIV.     PROS. 

•SeeN.         To  describe  a  square  that  shall  be  equal  to  a  given  recti- 

linealjigure. 

Let  A  be  the  given  rectilineal  figure:  it  is  required 
to  describe  a  square  that  shall  be  equal  to  A. 
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Describe  *   the  rectangular  parallelogram    BCDE  *  45,  *• 
equal  to  the  rectilineal  figure  A.     Then  if  the  sides  of 
it,  BE,  ED  are  equal  to  one 

another,  it  isf  a  square,   and         y\          ^ — ^H        fSODef. 
what  was  required  is  now  done : 
but  if  they  are  not  equal,  pro- 
duce one  of  them  BE  to  F,  and  

make  f  EF  equal  to  ED,  and  ^  u       1 * 1. 

bisect  f  BF  in  G ;  and  from  the  centre  G,  at  the  dis-  t  *°-  *• 
tance  GB,  or  GF,  describe  the  semicircle  BHF,  and 
produce  DE  to  H.     The  square  described  upon  EH 
shall  be  equal  to  the  given  rectilineal  figure  A. 

Join  GH:  and  because  the  straight  line  BF  is  di- 
vided into  two  equal  parts  in  the  point  G,  and  into  two 
unequal  at  E,  the  rectangle  BE,  EF,  together  with  the 
square  of  EG,  is  equal  *  to  the  square  of  GF :  but  GF  *  5*  *• 
is  equal f  to  GH:  therefore  the  rectangle  BE,  EF,  to-  t l5  De& 
gether  with  the  square  of  EG,  is  equal  to  the  square  of 
GH :  but  the  squares  of  HE,  EG  are  equal*  to  the  **7*1» 
square  of  GH:  therefore  the  rectangle  BE,  EF,  toge- 
ther with  the  square  of  EG,  is  equal f  to  the  squares  of  t  *  A** 
HE,  EG:  take  away  the  square  of  EG,  which  is  com- 
mon to  both ;  and  the  remaining  rectangle  BE,  EF  is 
equal f  to  the  square  of  EH :  but  the  rectangle  con-  f  3  Ax. 
tained  by  BE,  EF  is  the  parallelogram  BD,  because 
EF  is  equal  to  ED;  therefore  BD  is  equal  to  the  square 
of  EH:  but  BD  is  equnlf  to  the  rectilineal  figure  A;  t  Coiwtr. 
therefore  the  rectilineal  figure  A  is  equal  f  to  the  square  f  i  Ax. 
of  EH.     Wherefore  a  square  has  been  made  equal  to 
the  giv^n  rectilineal  figure  A,  viz.  the  square  described 
upon  EH.     Which  was  to  be  done. 
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BOOK  III. 


DEFINITIONS. 

t 

I. 

Equal  circles  are  those  of  which  the  diameters  are 
equal,  or  from  the  centres  of  which  the  straight  lines 
to  the  circumferences  are  equal. 

"  This  is  not  a  definition,  but  a  theorem,  the  truth  of 
which  is  evident;  for,  if  the  circles  be  applied  to  one 
another,  so  that  their  centres  coincide,  the  circles  must 
likewise  coincide,  since  the  straight  lines  from  the  cen- 
tres are  equal." 

II. 

A  straight  line  is  said  to  touch  a  cir- 
cle, when  it  meets  the  circle,  and 
being  produced  does  not  cut  it. 

III. 

Circles  are  said  to  touch  one  another  which  meet,  but 
do  not  cut  one  another. 


IV. 

Straight  lines  are  said  to  be  equally  dis- 
tant from  the  centre  of  a  circle,  when 
the  perpendiculars  drawn  to  them  from 
the  centre  are  equal. 
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V. 

And  the  straight  line  on  which  the  greater  perpendi- 
cular falls,  is  said  to  be  farther  from  the  centre. 

VI. 

A  segment  of  a  circle  is  the  figure  contained 
by  a  straight  line  and  the  circumference 
it  cuts  off. 

VII. 

"  The  angle  of  a  segment  is  that  which  is  contained 
by  the  straight  line  and  the  circumference." 


VIII. 

An  angle  in  a  segment  is  the  angle  con- 
tained by  two  straight  lines  drawn  from 
any  point  in  the  circumference  of  the 
segment  to  the  extremities  of  the  straight 
line  which  is  the  base  of  the  segment. 

IX. 


And  an  angle  is  said  to  insist  or  stand  upon  the  cir- 
cumference intercepted  between  the  straight  lines 
that  contain  the  angle. 


X. 

A  sector  of  a  circle  is  the  figure  contained 
by  two  straight  lines  drawn  from  the  cen- 
tre, and  the  circumference  between  them. 

XI. 


milar  segments  of  circles  are  those  /^~p\  y^<-v 
in  which  the  angles  are  equal,  or  L^  \  /s^ 
which  contain  equalvangles. 
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PROP.  I.     PROB. 

See  N.  To  find  the  centre  of  a  circle. 

Let  ABC  be  the  given  circle;  it  is  required  to  find 
its  centre. 
•10.1.  Draw  within  it  any  straight  line  AB,  and  bisect* 

*  11.  i.        it  in  D ;  from  the  point  D  draw  *  -DC  at  right  angles 

to  AB,  and  produce  it  to  E,  and  bisect  CE  in  F :  the 
point  F  shall  be  the  centre  of  the  circle  ABC. 

For  if  it  be  not,  let,  if  possible,  G  be  the  centre,  and 
join  GA,  GD,  GB :  then,  because  DA 

t  Coostr.  is  equal  f  to  DB,  and  DG  common  to 
the  two  triangles  ADG,  BDG,  the  two 
sides  AD,  DG,  are  equal  to  the  two  BD, 
DG,  each  to  each ;  and  the  base  GA  is 

ti5Def.i.  equal  f  to  the  base  GB,  because  they 
are  drawn  from  the  centre  G%:  there- 

•  8.  l.  fore  the  angle  ADG  is  equal*  to  the  angle  GDB:  but 

when  a  straight  line  standing  upon  another  straight 
line  makes  the  adjacent  angles  equal  to  one  another, 
•lODef.i.   each  of  the  angles  is  a  *  right  angle;  therefore  the 
t  Constr.      angle  GDB  is  a  right  angle :  but  FDB  is  likewise  a  f 
1 1  Ax.        right  angle ;  wherefore  the  angle  FDB  is  equal  f  to 
the  angle  GDB,  the  greater  to  the  less,  which  is  im- 
possible:  therefore  G  is  not  the  centre  of  the  circle 
ABC*    In  the  same  manner  it  can  be  shewn  that  no 
other  point  but  F  is  the  centre;  that  is,  F  is  the  centre 
of  the  circle  ABC.     Which  was  to  be  found. 

Cor.  From  this  it  is  manifest,  that  if  in  a  circle  a 
straight  line  bisect  another  at  right  angles,  the  centre 
of  the  circle  is  in  the  line  which  bisects  the  other. 

£ROP.  II.    THEOR. 

If  any  two  points  be  taken  in  the  circumference  of  a  circle^ 
the  straigltt  line  which  joins  them  shall  fall  within  the 
circle* 

Let  ABC  be  a  circle,  and  A,  B  any  two  points  in  the 
circumference ;  the  straight  line  drawn  from  A  to  B 
shall  fall  within  the  circle. 

J  N.  B. — Whenever  the  expression  "  straight  lines  from  the  cen- 
tre," or  drawn  "  from  the  centre"  occurs,  it  is  to  be  understood  that 
they  are  drawn  to  the  circumference. 


feooK  in.  pftop.  in.  & 

For  if  it  dp  not,  let  it  fell,  if  possible, 
without,  A8  AEB :  find  *  D  the  centre  of  ^  "\  *  1. 3. 
the  circle  ABC;  and  join  DA,  DB;  in  the 
circumference  AB  take  any  point  F,  join 
DF,  and  produce  it  to  E:  then  because  DA 
is  equal  f  to  DB,  the  angle  DAB  is  eqaal #  fi5D«fti* 

to  the  angle  DBA :   and  because  AE,  a  side  of  the  tri-       * u 
angle  DAE,  is  produced  to  B,  the  exterior  angle  DEB 
is  greater*  than  the  angle  DAE:  but  DAE  was  proved  *16.  i. 
equal  to  the  angle  DBE ;   therefore  the  angle  DEB  is 
greater  than  the  angle  DBE :  but  to  the  greater  angle 
the  greater  side  is  *  opposite,  therefore  DB  is  greater  *  19. 1. 
thanDE:  but  DB  is  equalf  to  DF;  wherefore  DF  is   t**D«*i. 
greater  than  DE,  the  less  than  the  greater,  which  it 
impossible:  therefore  the  straight  line  drawn  from  A  to 
B  does  not  fall  without  the  circle*     In  the  same  man- 
ner it  may  be  demonstrated  that  it  does  not  fall  upon 
the  circumference;  therefore  it  falls  within  it.    Where- 
fore, if  any  two  points,  &c»     Q.  E.  D. 

PROP.  III.     THEOR. 

If  a  straight  line  drawn  through  the  centre  of  a  circle  W- 
sect  a  straight  line  in  it  which  does  not  pass  through 
the  centre^  it  shall  cut  it  at  right  angles  :  and  if  it  cut 
it  at  right  angles^  it  shall  bisect  it* 

Let  ABC  be  a  circle;  and  let  CD,  a  straight  line 
drawn  through  the  centre*  bisect  any  straight  line  AB, 
which  does  not  pass  through  the  centre,  in  the  point 
F:  it  shall  cut  AB  at  right  angles. 

Take  *  E  the  centre  of  the  circle,  and  join  EA,  EB.  *  i.  3. 
Then,  because  AF  is  equal  f  to  FB,  and  FE  common  f  Hyp. 
to  the  two  triangles  AFE,  BFE,  there  are  two  sides  in 
the  one  equal  to  two  sides  in  the  other, 

each  to  each;  and  the  base  EA  is  equalf  q  t  i5Dcf.i. 

to  the  base  EB ;  therefore  the  angle  AFE       S      X 
is  equal*  to  the  angle  BFE:  but  when      /    jr        \    •8.1. 
a  straight   line  standing    upon  another 
straight  line  makes  the  adjacent  angles 
equal  to  one  another,  each  of  them  is  a 
right*  angle;  therefore  each  of  the  angles  AFE,  BFE,  *  ioDef.1. 
is  a  right  angle:  wherefore  the  straight  line  CD,  drawn 
through  the  centre*  bisecting  another  AB  that  does  not 
pass  through  the  centre,  cuts  the  same  at  right  angles. 
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But  let  CD  cut  AB  at  right  angles;  CD  shall  also 
bisect  it,  that  is,  AF  shall  be  equal  to  FB. 

The  same  construction  being  made,  because  EA,  EB, 
ti5Def.i.  from  the  centre  are  equal  f  to  one  another,  the  angle 

•  5. 1.         EAF  is  equal  *  to  the  angle  EBF ;  and  the  right  angle 
tioDef.i.  AFE  is  equal  f  to  the  right  angle  BFE:  therefore,  in 

the  two  triangles  EAF,  EBF,  there  are  two  angles  in 
the  one  equal  to  two  angles  in  the  other,  each  to  each ; 
and  the  side  EF,  which  is  opposite  to  one  of  the  equal 
angles  in  each,  is  common  to  both ;  therefore  the  other 
•*6.  t.  gjdeg  are#  equal;  therefore  AF  is  equal  to  FB.  Where- 
fore, if  a  straight  line,  &c.     Q.  E.  D. 

PROP.  IV.    THEOR. 

If  in  a  circle  two  straight  lines  cut  one  another •,  which  do 
not  both  pass  through  the  centre^  they  do  not  bisect  each 
other. 

Let  ABCD  be  a  circle,  and  AC,  BD  two  straight 
lines  in  it  which  cut  one  another  in  the  point  E,  and  do 
not  both  pass  through  the  centre :  AC,  BD  shall  not 
bisect  one  another. 

For,  if  it  be  possible,  let  AE  be  equal  to  EC,  and  BE 
to  ED.  If  one  of  the  lines  pass  through  the  centre,  it 
is  plain  that  it  cannot  be  bisected  by  the 
other  which  does  not  pass  through  the 
centre:    but  if    neither  of  them  pass 

•  l.  3.         through  the  centre,  take  *  F  the  centre 

of  the  circle,  and  join  EF :  and  because 
FE,  a  straight  line  through  the  centre, 
t  Hyp.        bisects  another  f  AC,  which  does  not  pass  through  the 

•  3.  3.         centre,  it  cuts  it  at  right  *  angles :  wherefore  FEA  is  a 

right  angle :  again,  because  the  straight  line  FE   bi- 
f  Hyp.        sects  f  the  straight  line  BD,  which  does  not  pass  through 

•  3. 3.         the  centre,  it  cats  it  at  right  *  angles :   wherefore  FEB 

is  a  right  angle :  but  FEA  was  shewn  to  be  a  right  an- 
1 1  Ax.  gle ;  therefore  FEA  is  equal  f  to  the  angle  Ffife,  the 
less  to  the  greater,  which  is  impossible :  therefore  AC, 
BD  do  not  bisect  one  another.  Wherefore,  if  in  a  cir- 
cle, &c.     Q.  E.  D. 

PROP.  V.     THEOR. 

If  two  circles  cut  one  another^  they  shall  not  have  the 

same  centre. , 
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Let  the  two  circles  ABC,  CDG  cat  one  another  in 
the  points  B,  C ;  they  shall  not  have  the  same  centre. 

For,  if  it  be  possible,  let  E  be  their  centre:  join  EC, 
and  draw  any  straight  line  EFO  meeting  them  in  F 
and  O:  and  because  E  is  the  centre  of 
the  circle  ABC,  EC  is  equal  f  to  EF: 
again,  because  E  is  the  centre  of  the  cir- 
cle CDG,  EC  is  equal  f  to  EG:  but  EC 
was  shewn  to  be  equal  to  EF;  therefore 
EF  is  equal  f  to  EG,  the  less  to  the 

freater,  which  is  impossible.   Therefore 
\  is  not  the  centre  of  the  circles  ABC,  CDO.  Where- 
fore, if  two  circles,  &c.    Q.  B.  D. 


t  is  Dc£  l. 

fl5D«£l. 
fl  Ax. 


PROP.  VI.    THEOR. 

If  two  circles  touch  one  another  internally,  they  shall  not 

have  the  same  centre. 

Let  the  two  circles  ABC,  CDE  touch  one  another 
internally  in  the  point  C :  they  shall  not  have  the  same 
centre. 

For,  if  they  have,  let  it  be  F :  join  FC  and  draw  any 
straight  line  FEB,  meeting  them  in  E 
and  B  :  and  because  F  is  the  centre  of 
the  circle  ABC,  FC  is  equal  f  to  FB ; 
also,  because  F  is  the  centre  of  the  cir- 
cle CDE,  FC  is  equal f  to  FE:  but  FC 
was  shewn  to  be  equal  to  FB;  there- 
fore FE  is  equal  f  to  FB,  the  less  to  the 
greater,  which  is  impossible:  therefore  F  is  not  the 
centre  of  the  circles  ABC,  CDE.    Therefore,  if  two 
circles,  &c.    Q.  m.  D. 


fUDef.l. 


flSDef.l. 


flAz. 


PROP.  VII.    THEOR. 

If  any  point  be  taken  in  the  diameter  of  a  circle  which  is 
not  the  centre,  of  all  the  straight  lines  which  can  be 
drawn  from  it  to  the  circumference,  the  greatest  is  that 
in  which  the  centre  is,  and  the  other  part  of  that  dia- 
meter is  the  leasts  and,  of  any  others,  that  which  is 
nearer  to  the  line  which  passes  through  the  centre  is  al- 
ways greater  than  one  more  remote :  and  from  the  same 
point  there  can  be  drawn  only  two  straight  lines  that 
are  equal  to  one  another,  one  upon  each  side  of  the 
shortest  line. 
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Let  ABCD  be  a  circle,  and  AD  its  diameter,  inr 
which  let  any  point  F  be  taken  which  is  not  the  centre  r 
let  the  centre  be  E:  of  all  the  straight  lines  FB,  FC„ 
FG,  &c.  that  can  be  drawn  from  F  to  the  circum- 
ference, FA  shall  be  the  greatest,  atid  FD,  the  other 
part  of  the  diameter  AD,  shall  be  the  least :  and  of  the 
others  FB  shall  be  greater  tbau  FC,  and  FC  greater 
than  FG. 

Join  BE,  CE,  GE:  and  because  two  sides  of  atrian- 
•26.1.        gle  a>*e  greater  #  than  the  third,  therefore  BE,  EF,  are 
+  i5Def.i.  greater  than  BF:    but  AE  is  equal  f  to 
BE;   therefore  AE,  EF,  that  is  AF,  is 
greater  than  BF :  again,  because  BE  is 
equal  to  CE,  and  FL  common  to  the  tri- 
angles BEF,  CEF,  the  two   sides  BE, 
EF,  are  equal  to  the  two  CE,  EF,  each 
|9Ax.  1.    to  each;  but  the  angle  BEF  is  greater  f 
'    than  the  angle  CEF;  therefore  the  base 

*  24.  l.        BF  is  greater  #  than  the  base  CF:  for  the  same  reason, 

CF  is  greater  than  GF:   again,  because  GF,  FE  are 

*  «o.  l.        greater  #  than  EG,  and  EG  is  equal  to  ED;   therefore 

GF,  FE  are  greater  than  ED :  take  away  the  common 
1 5  Ax.  part  FE,  and  the  remainder  GF  is  greater  f  than  the 
remainder  FD.  Therefore  FA  is  the  greatest,  and  FD 
the  least  of  all  the  straight  lines  from  F  to  the  circum- 
ference; and  BF  is  greater  than  CF,  and  CF  than  GF. 
Also  there  can  be  drawn  only  two  equal  straight  lines 
from  the  point  F  to  the  circumference,  one  upon  each 
side  of  the  shortest  line  FD.     At  the  point  E  in  the 

*  25.  l.        straight  line  EF,  make  *   the  angle  FEH  equal  to  the 
fi5Def.i.  angle  FEG,  and  join  FH:   then  because  GE  is  equal  f 

to  EH,  and  EF  common  to  the  two  triangles  GEF, 

HEF;  the  two  sides  GE,  EF  are  equal  to  the  two  HE, 

t  Constr.      EF,  each  to  each ;  and  the  angle  GEF  is  equal  f  to  the 

*4.i.         angle  HEF;  therefore  the  base  FG  is  equal*  to  the 

base  FH :  but,  besides  FH,  no  other  straight  line  can 

be  drawn  from  F  to  the  circumference  jequal  to  FG : 

for,  if  there  can,  let  it  be  FK:  and  because  FK  is  equal 

1 1  Ax.       to  FG,  and  FG  to  FH,  FK  is  equal  f  to  FH ;   that  is, 

a  line  nearer  to  that  which  passes  through  the  centre,  is 

equal  to  one  which  is  more  remote;  which  has  been 

proved  to  be  impossible.     Therefore,  if  any  point  be 

taken,  &c.    Q.  £.  £>. 
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PROP.  VIII.    THEOR. 

If  any  point  be  taken  without  a  circle,  and  straight  lines 
be  drawn  from  it  to  the  circumference,  whereof  one 
passes  through  the  centre;  of  those  which  fall  upon  the 
concave  circumference,  the  greatest  is  that  which  passes 
through  the  centre,  andqfthe  rest,  that  which  is  nearer 
to  the  one  passing  through  the  centre  is  always  greater 
than  one  more  remote  .-  but  of  those  which  full  upon  the 
convex  circumference,  the  least  is  that  between  the  point 
•without  the  circle  and  the  diameter ;  and  of  the  rest, 
thai  which  is  nearer  to  the  least  is  always  less  than  one 
more  remote:  and  only  two  equal  straight  lines  can  be 
drawn  from  the  same  point  to  the  circumference,  one 
upon  each  side  of  the  least  line.    ■ 

Let  ABC  be  a  circle,  and  D  any  point  without  it, 
from  which  let  the  straight  lines  DA,  DE,  DF,  DC,  be 
drawn  to  the  circumference,  whereof  DA  passes  through 
the  centre.     Of  those  which  fall  upon  the  concave  part 
of  the  circumference  AEFC,  the  greatest  shall  be  DA, 
which  passes  through  the  centre;  and  the  nearer  to  it    . 
shall  be  greater  than  the  more  remote,  viz.  DE  greater 
-than  DF,  and  DF  greater  than  DC:  but  of  those  which 
fall  upon  the  convex  circumference  IILKG,  the  least 
shall  be  DO  between  the  point  D  and  the  diameter 
AG;  and  the  nearer  to  it  sbnll  be  less  than  the  more 
remote,  viz,  DK  less  than  DL,  and  DL  less  than  DH. 
.    Take*  M  the  centre  of  the  circle  ABC,  and  join  •!•* 
ME,  MF,  MC,  MK,  ML,  MH.     And  because  AM  is 
equal  to  ME,  add  MD  to  each,  therefore  AD  is  equal  f  t  s  As. 
to  EM,  MD :  but  EM,  MD  are  greater  *  than  ED ;  •  ».  t. 
therefore  also  AD  is  greater  than  ED.     Again,  because 
ME  is  equal  to  MF,  and  MD  common  to  the  triangles 
EMD,  FMD;  EM,  MD,  are  equal  to 
FM,  MD,  each  to  each:  but  the  angle  d 

EMD  iagreaterf  than  theangle  FMD;  A  +  9  As. 

therefore  the  base  ED  is  greater*  than 
the  base  FD.  In  like  manner  it  may 
be  shewn  that  FD  is  greater  than  CD. 
Therefore  DA  is  the  greatest ;  and 
DE  greater  than  DF,  and  DF  greater 
than  DC.  And  because  MK,  KD  are 
greater*  than  MD,  and  MKisequalf 
:to  MO,  the  remainder  KD  is  greater*  "3As. 
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than  the  remainder  GD,  that  is,  GD  is  less  than  KD  r 
and  because  MLD  is  a  triangle,  and  from  the  points 
M,  D,  the  extremities  of  its  side  MD,  the  straight  lines 
MK,  DK  are  drawn  to  the  point  K  within  the  triangle, 

•  »i.  i.  therefore  MK,  KD,  are  less*  than  ML,  LD:  but  MK 
ti5Def. l.  is  equal f  to  ML;  therefore  the  remainder  DK  is  lessf 
t5  Ax-       than  the  remainder  DL.     In  like  manner  it  may  be 

shewn,  that  DL  is  less  than  DH.  Therefore  DG  is 
the  least,  and  DK  less  than  DL,  and  DL  less  than 
DH.  Also,  there  can  be  drawn  only  two  equal  straight 
lines  from  the  point  D  to  the  circumference,  one  upon 
each  side  of  the  least  line.  At  the  point  M,  in  the 
t  S3*  *•  straight  line  MD,  makef  the  angle  DMB  equal  to  the 
angle  DMK,  and  join  DB:  and  because  MK  is  equal  to 
MB,  and  MD  common  to  the  triangles  KMD,  BMD, 
the  two  sides  KM,  MD  are  equal  to  the  two  BM,  MD, 
t  Constr.  each  to  each ;  and  the  angle  KMD  is  equal  f  to  the 
•4.  i.  angle  BMD ;  therefore  the  base  DK  is  equal*  to  the 
base  DB :  but,  besides  DB,  there  can  be  no  straight 
line  drawn  from  D  to  the  circumference  equal  to  DK: 
for,  if  there  can,  let  it  be  DN:  and  because  DK  is 
equal  to  DN,  and  also  to  DB,  therefore  DB  is  equal 
to  DN;  that  is,  a  line  nearer  to  the  least  is  equal  to  one 
more  remote,  which  has  been  proved  to  be  impossible* 
If  therefore  any  point,  &c.     Q.  E.  z>.    - 

PROP.  IX.    THEOR. 

If  a  point  be  taken  within  a  circle,  from  which  there  fall 
more  than  two  equal  straight  lines  to  the  circumference, 
that  point  is  the  centre  of  the  circle. 

Let  the  point  D  be  taken  within  the  circle  ABC, 
from  which  to  the  circumference  there  fall  more  than 
two  equal  straight  lines,  viz.  DA,  ,DB,  DC :  the  point 
D  shall  be  the  centre  of  the  circle. 

For,  if  not,  let  E  be  the  centre :  join  DE,  and  pro- 
duce it  to  the  circumference  in  F,  G ;  then  FG  is  a 
fi7Def.i.  diameterf  of  the  circle  ABC:  and  be- 
cause in  FG,  the  diameter  of  the  circle 
ABC,  there  is  taken  the  point  D,  which 
is  not  the  centre,  DG  is  the  greatest  line 
from  it  to  the  circumference,  and  DC  is 

•  7.  s.         greater  *  than  DB,  and  DB  greater  than 
t  Hyp.        DA:  but  they  are  likewise f  equal)  which  is  impossible: 
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therefore  £  is  not  the  centre  of  the  circle  ABC.  In 
like  manner  it  may  be  demonstrated,  that  no  other  point 
but  D  is  the  centre;  D  therefore  is  the  centre.  Where- 
fore, if  a  point  be  taken,  &c.     g.  M.  V. 

PROP.  X.    THEOR. 

One  circumference  of  a  circle  cannot  cut  another  in  more 

than  two  points. 

If  it  be  possible,  let  the  circumference 
FAB  cut   the  circumference   DEF  in 
more  than  two  points,  viz.  in  B,  6,  F : 
takef  the  centre  K  of  the  circle  ABC,      dC_J^4     fs.5. 
and  join  KB,  KG,  KF :  then  because  K 
is  the  centre  of  the  circle  ABC,  therefore 
KB,  KG,  KF  are  all  equal f  to  each  other:  and  be-  fi5D«£i. 
cause  within  the  circle  DEF  there  is  taken  the  point  K, 
from  which  to  the  circumference  DEF  fall  more  than 
two  equal  straight  lines  KB,  KG,  KF,  therefore  the 
point  K  is*  the  centre  of  the  circle  DEF:  but  K  is  *9.s. 
also  the  centre f  of  the  circle  ABC;  therefore  the  same  t  Conitr, 
point  is  the  centre  of  two  circles  that  cut  one  another, 
which  is  impossible*.    Therefore  one  circumference  of  *  5.3. 
a  circle  cannot  cut  another  in  more  than  two  points. 

Q.  E.  D. 

PROP.  XI.    THEOR. 

If  two  circles  touch  each  other  internally,  the  straight  line 
which  joins  their  centres  being  produced  shall  pass 
through  the  point  of  contact. 

Let  the  two  circles  ABC,  ADE  touch  each  other  in- 
ternatty  in  the  point  A ;  and,  let  F  be  the  centre  of  the 
circle  ABC,  and  G.  the  centre  of  the  cir- 
cle ADE :  the  straight  line  which  joins 
the  centres  F,  G,  being  produced,  shall 
p£ss  through  the  point  A. 

For,  if  not,  let  it  fall  otherwise,  if  pos- 
sible, as  FGDH,  and  join  AF,  AG.  Then, 
because  two  sides  of  a  triangle  are  toge- 
ther greaterf  than  the  third  side,  therefore  FG,  GA  t  *o.  1. 
are  greater  than  FA:  but  FA  is  equal f  to  FH;  there-  ti5Def.i« 
fore  FG,  GA  are  greater  than  FH:  take  away  the  com- 
mon part  FG;  therefore  the  remainder  AG  is  greaterf  f  5  Ax. 
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tiSDef.  l.  than  the  remainder  GH:  but  AG  is  equal  f  to  GD; 
therefore  GD  is  greater  than  GH,  the  less  than  the 
.greater,  which  is  impossible.  Therefore  the  straight  line 
which  joins  the  points  F,  G,  being  produced,  cannot  fall 
otherwise  than  upon  the  point  A,  that  is,  it  must  pass 
through  it.     Therefore,  if,  two  circles,  &c.     Q.  E.  z>. 

PROP.  XII.    THEOR. 

If  two  circles  touch  each  other  externally,  the  straight  line 
which  joins  their  centres,  shall  pass  through  the  point 
of  contact. 

Let  the  two  circles  ABC,  ADE,  touch  each  other 
externally  in  the  point  A ;  and  let  F  be  the  centre  of 
the  circle  ABC,  and  G  the  centre  of  ADE:  the  straight 
line  which  joins  the  points  F,  G,  shall  pajss  through  the 
point  of  contact  A. 

For,   if  not,  let  it  pass  otherwise,  if  possible,  as 
FCDG,  and  join  FA,  AG.    And  because  F  is  the  cen- 
tre of  the  circle  ABC,  FA  is  equal 
to  FC:  also,  because  G  is  the  centre 
of  the  circle  ADE,  GA  is  equal  to 

1 2  A*.  GD :  therefore  FA,  AG  are  equalf 
:to  FC,  DG;  wherefore  the  whole 
FG  is  greater  than  FA,  AG :  but  it 

*  20.  l.  is  also*  less;  which  is  impossible:  therefore  the  straight 
line  which  joins  the  points  F,  G,  cannot  pass  otherwise 
than  through  the  point  of  contact  A,  that  is,  it  must  pass 
through  it.     Therefore,  if  two  circles,  &c.     Q.  E.  D. 

■ 

PROP.  XIII.    THEOR. 

See  N.        ^ne  cwde  cannot  touch  another  in  more  points  than  one9 

whether  it  touches  it  on  the  inside  or  outside. 

For,  if  it  be  possible,  let  the  circle  EBF  touch  the 
circle  ABC  in  more  points  than  one,  and  first  on  the 


HB 
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Inside*  in  the  points  B,  D:  join  BD,  and' draw  #  GH  *  ">•"• i* 
bisecting  BD  at  right  angles :  therefore,  because  the 
points  B,  D,  are  in  the  circumference  of  each  of  the 
circles,  the  straight  line  BD  falls  within  each  *  of  them  ;**.$♦ 
therefore  their  centres  are*  in  the  straight  line  6H  *Cor.  t.$. 
which  bisects  BD  at  right  angles :  therefore  GH  passes  *  *  tu  x 
through  the.  point  of  contact :    but  it  does  not  pass 
through  it,  because  the  points  B,  D,  are  without  the 
straight  line  GH;  which  is  absurd :  therefore  one  circle 
cannot  touch  another  on  the  iuside  io  more  points  than 
one, 

Nor  can  two  circles  touch  one  another  on  the  outside 
in  more  than  one  point.  For,  if  it  be  possible,  let  the 
circle  ACK  touch  the  circle  ABC  in  the  points  A,  C : 
join  AC :  therefore,  because  the  two  points  A,  C  are  in 
the  circumference  of  the  circle  ACK,  the  straight  line 
AC  which  joins  them  falls  within*  the  circle  ACK:  **•& 
but  the  circle  ACK  is  without +  the  circle  t  H?P* 

ABC;  therefore  the  straight  line  AC  is 
without  this  last  circle :  but  because  the 
points  A,  C  are  in  the  circumference  of 
the  circle  ABC,  the  straight  line  AC  must 
be  within*  the  same  circle,  which  is  ab-       (  ]  *15. 

surd :  therefore  one  circle  cannot  touch 
another  on  the  outside  in  more  than  one 
point :  and  it  has  been  shewn,  that  they  cannot  touch 
on  the  inside  in  more  points  than  one*   Therefore,  one 
circle,  &c.    &  b.  jr. 

PROP.  XIV.    THEOR. 

Equal  straight  lines  in  a  circle  are  equally  distant  from 
the  centre ;  and  those  which  are  equally  distant  from 
the  centre*  are  equal  to  one  another* 

Let  the  straight  lines  AB,  CD,  in  the  circle  ABDC, 
be  equal  to  one  another :  they  shall  be  equally  distant 
from  the  centre. 

Take f  £  the  centre  of  the  circle  ABDC,  and  from  it f  f  1.  3. 
draw  EF,  EG,  perpendiculars  to  AB,  CD,  *  **■  u 

and  join  EA,  EC.  Then,  because  the 
straight  line  EF,  passing  through  the  cen- 
tre, cuts  the  straight  line  AB,  which  does 
not  pass  through  the  centre,  at  right  an- 
gles, it  also  bisects*  it :  therefore  AF  is     B^*-*-*^      •  a*. 
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.  equal  to  FB,  and  AB  double  of  AF  c  for  the  same  rea* 
t  Hyp.  gon  CD  is  double  of  CO :  but  AB  is  equal  f  to  CD  $ 
1 7  Ax.  therefore  AF  is  equal  f  to  CG.  And  because  AE  is 
t  i5Def.i.  equal  f  to  EC,  the  square  of  AE  is  equal  to  the  square 

•  47.  l.        or  EC :  but  the  squares  of  AF,  FE,  are  equal  *  to  the 

square  of  AE,  because  the  angle  AFE  is  a  right  angle; 
and  for  the  like  reason,  the  squares  of  EG,  GC  are 
equal  to  the  square  of  EC ;  therefore  the  squares  of  AF, 
t  l'Ax.  -££,  are  equal +  to  the  squares  of  CG,  GE :  but  the 
square  of  AF  is  equal  to  the  square  of  CG,  because  AF 
is  equal  to  CG ;  therefore  the  remaining  square  of  EF  is 

1 3  Ax.        equal  f  to  the  remaining  square  of  EG,  and  the  straight 

line  EF  is  therefore  tequal  to  EG :  but  straight  lines  in 
a  circle  are  said  to  be  equally  distant  from  the  centre, 
when  the  perpendiculars  drawn  to  them  from  the  centre 

*  4  Def.  3.  are  *  equal :  therefore  AB,  CD  are  equally  distant  from 

the  centre. 

Next,  let  the  straight  lines  AB,  CD  be  equally  dis- 

1 4  Def.  3.  tant  from  the  centre,  that  is  f  let  FE  be  equal  to  EG ; 

AB  shall  be  equal  to  CD.     For,  the  same  construction 
being  made,  it  may,  as  before,  be  demonstrated  that 
AB  is  double  of  AF,  and  CD  double  of  CG,  and  that 
the  squares  of  EF,  FA  are  equal  to  the  squares  of  EG, 
GC:  but  the  square  of  FE  is  equal  to  the  square  of 
t  Hy *.        EG,  because  FE  is  equal  f  to  EG ;  therefore  the  re- 
1 3  Ax.        maining  square  of  AF  is  equal  f  to  the  remaining  square 
of  CG :  and  the  straight  line  AF  is  therefore  equal  to 
CG :  but  AB  was  shewn  to  be  double  of  AF,  and  CD 
1 6  Ax.       double  of  CG ;  wherefore  AB  is  equal  f  to  CD.  There- 
fore equal  straight  lines,  &c.     q.  e.  d. 

PROP.  XV.    THEOR. 

See  N.  The  diameter  is  the  greatest  straight  line  in  a  circle;  and, 
of  all  others,  that  which  is  nearer  to  the  centre  is  always 
greater  than  one  more  remote :  and  the  greater  is  nearer 
to  the  centre  than  the  less. 

Let  ABCD  be  a  circle,  of  which  the  dia- 
meter is  AD,  and  the  centre  E;  and  let 
BC  be  nearer  to  the  centre  than  FG: 
AD  shall  be  greater  than  any  straight  Kne 
BC,  which  is  not  a  diameter,  and  BC  shall 
be  greater  than  FG. 
t  it.  u  From  the  centre  drawf  EH,  EK  perpendiculars  to 


BOOK  III.     PSOP.  XVI.  67 

BC,  FG,  and  join  EB,  EC,  EF :  and  because  AE  is 
equal  +  to  EB,  and  ED  to  EC,  therefore  AD  is  equal  f  \laPttu 
to  EB,  EC :  but  EB,  EC  are  greater  *  than  BC ;  where*  •  lo.il 
fore  also  AD  is  greater  than  BC. 

And,  because  BC  is  nearer  f  to  the  centre  than  FG,  *  H*P* 
EH  is  less*  than  EK:  but,  as  was  demonstrated  in  the  **!>«&  3* 
preceding,  BC  is  double  of  BH,  and  FG  double  of 
FK,  and  the  squares  of  EH,  HB  are  equal  to  the 
squares  EK,  KF :  but  the  square  of  EH  is  less  than  the 
square  of  EK,  because  EH  is  less  than  EK ;  therefore 
the  square  of  BH  is  greater  than  the  square  of  FK,  and 
the  straight  line  BH  greater  than'FK,  and  therefore 
BC  is  greater  than  FG. 

Next,  let  BC  be  greater  than  FG ;  BC  shall  be  nearer 
to  the  centre  than  FG,  that  is  +  the  same  construction  t  *  Def«  3< 
being  made,  EH  shall  be  less  than  EK.     Because  BC 
is  greater  than  FG,  BH  likewise  is  greater  than  KF  :* 
and  the  squares  of  BH,  HE  are  equal  to  the  squares  of 
FK,  KE ;  of  which  the  square  of  BH  is  greater  than 
the  square  of  FK,  because,  BH  is  greater  than  FK : 
therefore  the  square  of  EH  is  less  than  the  square  of 
EK,  and  the  straight  line  EH  less  than  EK :  and  there- 
fore BC  is  nearer  f  to  the  centre  than  FG.   Wherefore  t  5  l>ef.  & 
the  diameter,  &c.     g.  E.  V. 

PROP.  XVL     THEOR. 

The  straight  line  drawn  at  right  angles  to  (he  diameter  of  See  N. 
u  circle9from  the  extremity  of  it,  Jails  without  the  cir- 
cle ;  and  no  straight  line  can  be  drawn  from  the  etlre- 
mity,  between  that  straight  line  and  the  circumference, 
so  as  not  to  cut  the  circle  ;  or,  Which  is  the  same  things 
no  straight  line  can  make  so  great  an  acute  angle  with 
the  diameter  at  its  extremity^  or  so  small  an  angle  with 
the  straight  line  which  is  at  tight  angles  to  it,  as  not  to 
cut  the  circle. 

Let  ABC  be  a  circle,  the  centre  of  which  is  D,  and 
the  diameter  AB :  the  straight  line  drawn  at  right  an- 
gles to  AB  from  its  extremity  A,  shall  fall  without  the 
circle. 

.  For,  if  it  does  not,  let  it  fall,  if  pos- 
sible, within  the  circle,  as  AC;  and  draw 
DC  to  the  point  C,  where  it  meets  the 
circumference.  And  because  DA  is 
equal  f  to  DC,  the  angle  DAC  is  equal*  v — '         *V5  Def.  i. 

f  2  b%  u 
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t  Hyp.  to  the  angle  ACD :  but  DAC  is  a  right  f  angle;  there* 
fore  ACD  is  a  right  angle ;   and  therefore  the  angles 

•  17.  l.  DAC,  ACD  are  equal  to  two  right  angles ;  which  is  * 
impossible :  therefore  the  straight  line  drawn  from  A  at 
right  angles  to  BA  does  not  rail  within  the  circle.  In 
the  same  manner  it  may  be  demonstrated,  that  it  does 
not  fall  upon  the  circumference ;  therefore  it  must  fall 
without  the  circle,  as  AE. 

Also,  between  the  straight  line  AE  and  the  circum- 
ference no  straight  line  can  be  drawn  from  the  point  A 
which  does  not  cut  the  circle.     For,  if  possible,  let  AF 

•12.  l.       be  between  them :  from  the  point  D  draw*  DG  per- 
«  pendicular  to  AF,  and  let  it  meet  the  circumference  in 

•  17.  l.       H.  And  because  AGD  is  a  right  angle,  and  DAG  less  * 

*  19.  l.        than  a  right  angle,  DA  is  greater*  than  DG :  but  DA 
tiSDef.i.  is  equal  f  to   DH;   therefore  DH  is 

greater  than  DG,  the  less  than  the 
greater,  which  is  impossible :  therefore 
no  straight  line  can  be  drawn  from  the 
point  A  between  AE  and  the  circum- 
ference, which  does  not  cut  the  circle : 
or,  which  amounts  to  the  same  thing, 
however  great  an  acute  angle  a  straight  line  makes  with 
the  diameter  at  the  point  A,  or  however  small  an  angle 
it  makes  with  AE,  the  circumference  must  pass  be- 
tween that  straight  line  and  the  perpendicular  AE* 
"  And  this  is  all  that  is  to  be  understood,  when,  in  the 
Greek  text,  and  translations  from  it,  the  angle  of  the 
semicircle  is  said  to  be  greater  than  any  acute  recti- 
lineal angle,  and  the  remaining  angle  less  than  any  rec- 
tilineal angle."     Q.  JS.  D. 

Cor.  From  this  it  is  manifest,  that  the  straight  line 
which  is  drawn  at  right  angles  to  the  diameter  of  a  cir- 

t2  Def.  3.  cle  from  the  extremity  of  it,  touches f  the  circle;  and 
that  it  touches  it  only  in  one  point,  because,  if  it  did 

*  2.  s.  meet  the  circle  in  two,  it  would  fall  *  within  it.  "  Also 
it  is  evident,  that  there  can  be  but  one  straight  line 
which  touches  the  circle  in  the  same  point" 

PROP.  XVII.     PROB. 

To  draw  a  straight  line  from  a  given  point,  either  with- 
out or  in  the  circumference,  which  shall  touch  a  given 
circle. 

First,  let  A  be  a  given  point  without  the  given  circle 
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BCD ;  it  is  required  to  draw  a  straight  line  from  A 
which  shall  touch  the  circle. 

Find  *  the  centre  E  of  the  circle,  and  join  AE ;  and  *  l.  3. 
from  the  centre  E,  at  the  distance  EA,  describe  the 
circle  AFG;  from  the  point  D  draw  *  DE  at  right  an-  •  n.  1. 
gles  to  EA,  and  join  EBF,  AB.     AB  shall  touch  the 
circle  BCD. 

Because  E  is  the  centre  of  the  cir- 
cles BCD,  AFG,  EA  is  equal  f  to  /^Z3$&       ti5Def.  l. 
EF,  and  ED  to  EB;  therefore  the 
two  sides  AE,  EB,  are  equal  to  the 
two  FE,  ED,  each  to  each;  and  they 
contain  the  angle  at  E  common  to  the 
two  triangles  AEB,  FED ;  therefore  the  base  DF  is 
equal #  to  the  base  AB,  and  the  triangle  FED  to  the  •  4. 1. 
triangle  AEB,  and  the  other  angles  to  the  other  angles: 
therefore  the  angle  EBA  is  equal  to  the  angle  EDF : 
but  EDF  is  a  right f  angle,  wherefore  EBA  is  a  rigbtf  lf°J^m 
angles  and   EB   is   drawn  from  the   centre:   but  a 
straight  line  drawn  from  the  extremity  of  a  diameter,  at 
right  angles  to  it,  touches*  the  circle:  therefore  AB  •  Cor.  16.3. 
touches  the  circle;  and  it  is  drawn  from  the  given  point 
A.     Which  was  to  be  done. 

But  if  the  given  point  be  in  the  circumference  of  the 
circle,  as  the  point  D,  draw  DE  to  the  centre  E,  and 
DF  at  right  angles  to  DE:  DF  touches*  the  circle.       •Cor.id.a. 

PROP.  XVIII.    THEOR. 

If  a  straight  line  touches  a  circle,  the  straight  line  drawn 
from  the  centre  to  the  point  of  contact  shall  be  perpen- 
dicular to  the  line  touching  the  circle. 

Let  the  sfraight  line  DE  touch  the  circle  ABC  in  the 
point  C;  takef  the  centre  F,  and  draw  the  straight  line  j  i#  a. 
FC :  FC  shall  be  perpendicular  to  DE. 

For,  if  it  be  not,  from  the  point  F  draw  FBG  per- 
pendicular to  DE :  and  because  FGC  is  a  right  angle, 
GCF  is*  an  acute  angle;  and  to  the  greater  angle  the  •  17. 1. 
greater  *  side  is  opposite :  therefore  FC  ,  •  19. 1. 

is  greater  than  FG:  but  FC  is  equal  f  to  ^u^  1 15 D«f*i. 

FB ;  therefore  FB  is  greater  than  FG, 
the  less  than  the  greater,  which  is  impos- 
sible: therefore  FG  is  not  perpendicular 
to  DE.  In  the  same  manner  it  may  be 
shewn,  that  no  other  is  perpendicular  to 
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it  besides   FC,  that  is,  FC  is  perpendicular  to  DE. 
Therefore,  if  a  straight  line,  &c.     Q.  E*  D. 


•  18. 3. 

t  Hyp. 
f  1  Ax. 


SeeN, 


•5.1. 
*3S.  1. 


PROP.  XIX.    THEOR. 

If  a  straight  line  touches  a  circle  and  from  the  point  of 
contact  a  straight  line  be  drawn  at  right  angles  to  the 
touching  litie>  the  centre  of  the  circle  shall  be  in  that 
line. 

Let  the  straight  line  DE  touch  the  circle  ABC  in  C, 
and  from  C  let  CA  be  drawn  at  right  angles  to  DE:  the 
centre  of  the  circle  shall  be  in  CA. 

For,  if  not,  let  F  be  the  centre,  if  pos- 
sible, and  join  CF.  Because  DE  touches 
the  circle  ABC,  and  FC  is  drawn  from 
the  centre  to  the  point  of  contact,  FC  is 
perpendicular*  to  DE;  therefore  FCE 
is  a  right  angle:  but  ACE  is  also  a 
right  f  angle;  therefore  the  angle  FCE  is  equalf  to  the 
angle  ACE,  the  less  to  the  greater,  which  is  impossible: 
therefore  F  is  not  the  centre  of  the  circle  ABC.  In  the 
same  manner  it  may  be  shewn,  that  no  other  point  whioh 
is  not  in  CA,  is  the  centre;  that  is,  the  centre  is  in  CA. 
Therefore,  if  a  straight  line,  &c.    q.  E.  n. 

PROP.  XX.    THEOR. 

The  angle  at  the  centre  of  a  circle  is  double  of  the  angle 
at  the  circumference  upon  the  same  baseythaf  *>,  upon 
the  same  part  of  the  circumference. 

Let  ABC  be  a  circle,  and  BEC  an  angle  at  the  cen- 
tre, and  BAC  an  angle  at  the  circumference,  which 
have  the  same  circumference  BC  for  their  base  i  the 
angle  BEC  shall  be  double  of  the  angle  BAC. 

Join  AE,  and  produce  it  to  F.  First,  let  the  centre 
of  the  circle  be  within  the  angle  BAC.  Be- 
cause E A  is  equal  to  EB,  the  angle  E A  B 
is  equal*  to  the  angle  EBA;  therefore  the 
angles  EAB,  EBA  are  double  of  the  angle 
EAB;  but  the  angle  BEF  is  equal*  to  the 
angles  EAB,  EBA;  therefore  also  the  an- 
gle BEF  is  double  of  the  angle  EAB :  for  the  same 
reason  the  angle  FEC  is  doijble  of  the  angle  EAC ; 
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therefore  the  whole  angle  BEC  is  double  of  the  whole 
angle  BAC. 

Again,  let  the  centre  of  the  circle  be 
without  the  angle  BAG.  It  may  be  de- 
monstrated, as  in  the  first  case,  that  the 
angle  FEC  is  double  of  the  angle  FAC, 
and  that  FEB,  a  part  of  the  first,  is  dou- 
ble of  FAB,  a  part  of  the  other;  therefore  the  remain- 
ing angle  BEC  is  double  of  the  remaining  angle  BAC. 
Therefore  the  angle  at  the  centre,  &c,    Q.  £.  D* 
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PROP- XXI.    THEOR. 

The  angles  in  the  same  segment  of  a  circle  dreqpudto  S**N. 

one  another. 

Let  ABCD  be  a  circle,  and  BAD, 
BED  angles  in  the  same  segment  B AED : 
the  angles  BAD,  BED  shall  be  equal  to 
one  another. 

First,  let  the  segment  BAED  be 
greater  than  a  semicircle.  Take  f  F, 
die  centre  of  the  circle  ABCD,  and  join  BF,  FD: 
and  because  the  angle  BFD  is  at  the  centre,  and  the 
angle  BAD  at  the  circumference,  and  that  they  have 
the  same  part  of  the  circumference,  viz.  BCD  for  their 
base;  therefore  the  angle  BFD  is  double*  of  the  angle  *  *°*  *• 
BAD :  for  the  same  reason  the  angle  BFD  is  double 
of  the  angle  BED:  therefore  the  angle  BAD  is  equal f  f  r  Ax. 
to  the  angle  BED. 

Next,  let  the  segment  BAED  be  not  greater  than  a 
semicircle.  Draw  AF  to  the  centre,  and 
produce  it  to  C,  and  join  CE :  therefore 
the  segment  BADC  is  greater  than  a 
semicircle ;  and  the  angles  in  it  BAC, 
BEC  are  equal,  by  the  first  case:  for  the 
same  reason,  because  CBED  is  greater 
than  a  semicircle,  the  angles  CAD,  CED, 
are  equal :  therefore  the  whole  angle  BAD  is  equalf  t  s  Ax. 
to  the  whole  angle  BED.   Wherefore  the  angles  in  the 
same  segment,  &c.    Q.  E.  J). 

PROP.  XXII.    THEOR. 

The  opposite  angles  of  any  quadrilateral  figure  inscribed 
in  a  circle*  are  together  equal  to  two  right  angles. 
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Let  ABCD  be  a  quadrilateral  figure  in  the  circle 
ABCD;  any  two  of  its  opposite  angles  shall  together 
be  equal  to  two  right  angles. 

Join  AC*  BD:  and  because  the  three  angles  of  every 

*32. 1,        triangle  are  equal*  to  two  right  angles,  the  three  ati-> 

gles  of  the  triangle  CAB,  viz.  the  angles  CAB,  ABC* 

BCA,  are  equal  to  two  right  angles :  but  the  angle  CAB 

*  21,3,        is  equal*  to  the  angle  CDB,  because  they 

are  in  the  same  segment  CDAB;  and  the 
angle  ACB  is  equal  to  the  angle  ADB, 
because  they  are  in  the  same  segment 
ADCB;  therefore  the  two  angles  CAB* 

t^Ax.        ACB  are  together  equal  f  to  the  whole 

angle  ADC:  to  each  of  these  equals  add  the  angle 
ABC;  therefore  the  three  angles  ABC,  CAB,  BCA  are 

1 9  Ax.  equalf  to  the  two  angles  ABC,  ADC;  but  ABC,  CAB, 
BCA,  are  equal  to  two  right  angles ;  therefore  also  the 

t  *Ax.  angles  ABC,  ADC  are  equalf  to  two  right  angles. 
In  the  same  manner  the  angles  BAD,  DCB  may  be 
shewn  to  be  equal  to  two  right  angles.  Therefore,  the 
opposite  angles,  &c.     q.  je.  n. 

PROP.  XXIII.    THEOR, 

/See  N.  Upon  the  same  straight  line,  and  upon  the  same  side  vf  it, 
there  cannot  be  two  similar  segments  of  circles,  not  co- 
inciding with  one  another* 

If  it  be  possible,  upon  the  same  straight  line  AB,  and 
upon  the  same  side  of  it,  let  there  be  two  similar  seg- 
ments of  circles,  A.CB,  ADB,  not  coinciding  with  one 
another.   Then,  because  the  circle  ACB 
cuts  the  circle  ADB  in  the  two  points 
A,  B,  they  cannot  cut  one  another  in 

*  io  3.       any  other  *point ;  therefore  one  of  the 

segments  must  fall  within  the  other :  let 
ACB  fall  within  APB :  draw  the  straight  line  BCD, 
and  join  CA,  J)A.  And  because  the  segment  ACB  is 
t  Hyp.  similar  f  to  the  segment  ADB*  and  that  similar  seg- 
*nDef.3.  ments  of  circles  contain  *  equal  angles;  therefore  the 
angle  ACB  is  equal  to  the  angle  ADB,  the  exterior  to 

*  16.  l,        the  interior,  which  is  impossible  *.     Therefore  there 

cannot  be  two  similar  segments  of  circles  upon  the  same 
side  of  the  same  line*  which  do  not  coincide,    q.  p.  d. 
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PROP.  XXIV.    THEOR. 

Similar  segments  of  circles  upon  equal  straight  lines  are  8ee  N# 

equal  to  one  another. 

Let  AEB,  CFD  be  similar  segments  of  circles  upon 
the  equal  straight  lines  AB,  CD :  the  segment  AEB 
shall  be  equal  to  the  segment  CFD. 

For  if  the  segment  AEB  be  applied  to  the  segment 
CFD,  so  that  the  point  A  may 
be  on  C,  and  the  straight  line      '  /^*\      /""""^"X 

A  B  upon  CD,  the  point  B  shall      L- -^  £■ -^ 

coincide  with  the  point  D,  be- 
came AB  is  equal  to  CD :   therefore  the  straight  line 
AB  coinciding  with  CD,  the  segment  AEB  must  *  co-  *  «3. 3. 
incide  with  the  segment  CFD,  and  therefore  is  equal  f  \  8  Ax. 
to  it.     Wherefore  similar  segments,  &c.    Q.  E.  D. 

PROP.  XXV.    PROS. 

A  segment  of  a  circle  being  given,  to  describe  the  circle  of  8c®  N# 

which  it  is  the  segment. 

Let  ABC  be  the  given  segment  of  a  circle;  it  is  re- 
quired to  describe  the  circle  of  which  it  is  the  segment. 

Bisect  *  AC  in  D,  and  from  the  point  D  draw  *  DB  at  *  J  J-  *• 
right  angles  to  AC,  and  join  AB.     First,  let  the  angles 
ABD,  BAD  be  equal  f  to  one  another:  then  the  straight  t  See  Fig. 
line  BD  is  equal  *  to  DA,  and  therefore  to  DC :   and  1'6#  u 
because  the  three  straight  lines  DA,  DB,  DC,  are  all 
equal,  D  is  the  centre  of  the  circle*.     From  the  centre  *  9.3. 
D,  at  the  distance  of  any  of  the  three,  DA,  DB,  DC,  de- 
scribe a  circle;  this  shall  pass  through  the  other  points; 
and  the  circle  of  which  ABC  is  a  segment  is  described : 
and  because  the  centre.  D  is  in  AC,  the  segment  ABC, 


A     D 


in  a  semicircle.     But  if  the  angles  ABD,  BAD  are  not 

*qual  f  to  one  another,  at  the  point  A,  in  the  straight  Jt^^f # 
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•*3. 1.  line  AB,  make*  the  angle  BAE  equal  to  the  angle 

f  See  Fig.  ABD,  and  produce  f  BD,  if  necessary,  to  E,  and  join 

*•  EC.     And  because  the  angle  ABE  is  equal  to  the,  an- 

*  «. i.  gle  BAE,  the  straight  line  BE  is  equal  *  to  EA :   and 

because  AD  is  equal  to  DC,  and  DE  common  to  the 
triangles  ADE,  CDE,  the  two  sides  AD,  DE,  are 
equal  to  the  two  CD,  DE,  each  to  each ;  and  the  angle 
ADE  is  equal  to  the  angle  CDE,  for  each  of  them  is  a 

f  Constr.  right  f  angle ;  therefore  the  base  AE  is  equal  *  to  the 
4-  *•         base  EC:  but  AE  was  shewn  to  be  equal  to  EB;  where- 

1 1  Ax.  fore  also  BE  is  equal  f  to  EC ;  and  therefore  the  three, 
straight  lines  AE,  EB,  EC  are  equal  to  one  another : 

*  9. 3.         wherefore  *  E  is  the  centre  of  the  circle.     From  the 

centre  E,  at  the  distance  of  any  of  the  three  AE,  EB, 
EC,  describe  a  circle;  this  shall  pass  through  the  other 
points ;  and  the  circle,  of  which  ABC  is  a  segment,  is 
described.  And  it  is  evident,  that  if  the  angle  ABD  be 
f  See  Fig.  greater  f  than  the  angle  BAD,  the  centre  JE  falls  with- 
*'  out  the  segment  ABC,  which  therefore  is  less  than  a 

t  See  Fig.    semicircle :  but  if  the  angle  ABD  be  less  f  than  BAD, 
3*  the  centre  E  falls  within  the  segment  ABC,  which  is 

therefore  greater  than  a  semicircle.  Wherefore  a  seg- 
ment of  a  circle  being  given,  the  circle  is  described  of 
which  it  is  a  segment.     Which  was  to  be  done. 


PROP.  XXVI.    THEOR. 

In  equal  circles,  equal  angles  stand  upon  equal  circum- 
ferences, whether  they  be  at  the  centres  or  circum- 
ferences.. 

Let  ABC,  DEF  be  equal  circles,  and  let  the  angles 
BGC,  EHF  at  their  centres,  and  BAC,  EDF  at  their 
circumferences  be  equal  to  each  other:    the  circum- 
ference BKC  shall  be  equal  to  the  circumference  ELF. 
Join  BC,  EF :   and  because  the  circles  ABC,  DEF, 
t  lDef.  3.    are  eqUal,  the  straight  lines  drawn  from  their  centres  f 
are  equal :  therefore  the  two  sides  BG,  GC  are  equal 
to  the  two  EH,  HF,  each  to  each  :   and  the  angle  at 
t  HyP*        G  is  equal  f  to  the  angle  at  H ;   therefore  the  base  BC 

*  4.  l.         ;s  equal #  to  the  base  EF.     And  because  the  angle  at 
t  Hyp.        A  is  equal  f  to  the  angle  at  D,  the  segment  BAC  is 

*  n  Def. 3.  similar*  to  the  segment  EDF;  and  they  are  upon  equal 

straight  lines  BC,  EF:  but  similar  segments  of  circles 
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upon  equal  straight  lines  are  equal*  to  one  another,  *sts. 
therefore  the  segment  BAC  is  equal  to  the  segment 
EDF :  but  the  whole  circle  ABC  is  equal  f  to  the  whole  t  Hyp. 
DEF*;  therefore  the  remain- 
ing segment  BKC  is  equal  f 
to    the  remaining  segment  - 
£LF,  and  the  circumference 
BKC  to  the  circumference 
ELF.     Wherefore,  in  equal 
circles,  &c.     Q.  E.  D. 


ts  Ax. 


PROP.  XXVII.    THEOR. 

In  equal  circles^  the  angles  which  stand  upon  equal  cir- 
cumferences are  equal  to  one  another  ,  whether  they  be 
at  the  centres  or  circumferences. 

Let  ABC,  DEF  be  equal  circles,  and  let  the  angles 
BGC,  EHF  at  their  centres,  and  BAC,  EDF  at  their 
circumferences,  stand  upon  the  equal  circumferences, 
BC,  EF :  the  angle  BGC  shall  be  equal  to  the  angle 
EHF,  and  the  angle  BAC  to  the  angle  EDF. 

If  the  angle  BGC  be  equal  to  the  angle  EHF,  it  is 
manifest*  that  the  angle  BAC  is  also  equal  to  EDF.  ]£'*'&7 
But,  if  not,  one  of  them  must  be  greater  than  the  other :     ** 
let  BGC  be  the  greater,  and  at 
the  point  G,  in  the  straight  line 
BG,  make  *  the  angle  BGK 
equal  to  the  angle  EKfF.   Then 
because  the    angle    BGK    is 
equal  to  the  angle  EHF,  and 

that  equal  angles  stand  upon  equal  circumferences*,  **&3. 
when  they  are  at  the  centres ;  therefore  the  -  circum- 
ference BK  is  equal  to  the  circumference  EF :  but  EF 
is  equalf  to  BC ;  therefore. also  BK  is  equal  f  to  BC,  f  Hyp. 
the  less  to  the  greater,  which  is  impossible :   therefore  t 1  A*« 
the  angle  BGC  is  not  unequal  to  the  angle  EHF;. that 
is,  it  is  equal  to  it:   and  the  angle  at  A  is  half  f  of  the  f  *o.3. 
angle  BGC,  and  the  angle  at  D  half  of  the  angle  EHF ; 
'therefore  the  angle  at  A  is  equal  f  to  the  angle  at  D.  f  7  Ax« 
Wherefore,  in  equal  circles,  &c.     Q*  £•  D. 


•ai. 
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PROP.  XXVIII.    THEOR. 

In  equal  circles^  equal  straight  lines  cut  off  equal  circum- 
ferences, the  greater  equal  to  the  greater,  and  the  less  to 
the  less. 

Let  ABC,  DEF  be  equal  circles,  and  BC,  EF  equal 
straight  lines  in  them,  which  cut  off  the  two  greater 
circumferences  BAC,  EDF,  and  the  two  less  BGC, 
EHF :  the  greater  BAC  shall  be  equal  to  the  greater 
EDF,  and  the  less  BGC  to  the  less  EHF. 

•  1.  3.  Take  *  K,  L,  the  centres  of  the  circles,  and  join  BK 

KC,  EL,  LF:  and  because  the  circles  are  equal,  the 

straight  lines  from  their  centres 
fiDef.3.   are f  equal:   therefore  BK,  KC 

are  equal  to  EL,  LF,  each  to 
fHyp.        each:  and  the  base  BC  is  equal  f 

to  the  base  EF;  therefore   the 

•  8.  l.         angle  BKC  is  equal  *  to  the  an- 

gle ELF :  but  equal  angles  stand 

•  26. 3.        upon  equal  *  circumferences,  when  they  are  at  the  cen- 

tres; therefore  the  circumference  BGC  is  equal  to  the 

circumference  EHF :  but  the  whole  circle  ABC  is 
t  Hyp-  equal  f  to  the  whole  EDF ;  therefore  the  remaining 
1 3  Ax.       part  of  the  circumference,  viz.  BAC,  is  equal  f  to  the 

remaining  part  EDF.    Therefore,  in  equal  circles,  &c. 

Q.  E.  D. 

PROP.  XXIX.    THEOR. 

In  equal  circles,  equal  circumferences  are  subtended  by 

equal  straight  lines. 

Let  ABC,  DEF  be  equal  circles,  and  let  the  cir- 
cumferences BGC,  EHF  also  be  equal ;   and  join  BC, 
EF :  the  straight  line  BC  shall  be  equal  to  the  straight 
*    lineEF. 

*  l.  3.  Take*  K,  L,  the  centres  of  the  circles,  and  join  BK, 

KC,  EL,  LF :  and  because  the 
circumference  BGC  is  equal  to 
the  circumference  EHF,  the  an- 

•27.3.  gle  BKC  is  equal*  to  the  an- 
gle ELF :  and  because  the  cir- 
cles ABC,  DEF,  are  equal,  the 
straight  lines  from  their  centres 
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•4.1. 


are  f  equal ;  therefore  BK,  KC,  are  equal  to  EL,  LF,  1 1  Def.  3. 
each  to  each :  arid  they  contain  equal  angles ;  therefore 
the  base  BC  is  equal*  to  the  base  EF.    Therefore  in 

equal  circles,  &c.  -  Q.  E.  D. 

PROP.  XXX.    PROB. 

To  bisect  a  given  circumference,  that  is,  to  divide  it  into 

two  equal  parts. 

Let  ABB  be  the  given  circumference ;  it  is  required 
tb  bisect  it. 

Join  AB,  and  bisect  *  it  in  C ;  from  the  point  C  draw  * 10* t# 
CD  at  right  angles f  to  AB  :  the  circumference  ADB  t11-1* 
shall  be  bisected  in  the  point  D. 

Join  AD,  DB  t  and  because  AC  is  equal  to  CB,  and 
CD  cdmmon  to-the  triangles  ACD,  BCD,  the  two  sides 
AC,  CD  are  equal  to  the  two  BC,  CD,  each  to  each  ; 
and  the  angle  ACD  is  equal  to  the  angle  BCD,  because 
each  of  them  is  a  right  angle :  therefore  the 
base  AD  is  equal*  to  the  base  BD.     But       sJf>>.      *  4* 1# 
equal  straight  lines  cut  off  equal  *  circum-      ^^P^    •  «8. 3. 
ferences,  the  greater  equal  to  the  greater,     A.     C    B 
and  the  less  to  the  less ;  and  AD,  DB  are  each  of  them 
less  than  a  semicircle,  because  DC  *  passes  through  • Cor*  *•  *• 
the  centre :  therefore  the  circumference  AD  is  equal  to 
the  circumference  DB.     Therefore  the  given  circum- 
ference is  bisected  in  D.     Which  was  to  be  done. 

PROP.  XXXI.    THEOR. 

In  a  circle,  the  angle  in  a  semicircle  is  a  right  angle  ;  but 
the  angle  in  a  segment  greater  than  a  semicircle  is  less 
than  a  right  angle ;  and  the  angle  in  a  segment  less 
than  a  semicircle  is  greater  than  a  right  angle* 

Let  ABCD  be  a  circle,  of  which  the  diameter  is  BC, 
and  centre  E ;  and  draw  C A,  dividing  the  circle  into 
the  segments  ABC,  ADC,,  and  join  BA,  AD,  DC :  the 
angle  in  the  semicircle  BAC  shall  be  a  right  angle;  and 
the  angle  in  the  segment  ABC,  which  is  greater  than  a 
semicircle,  shall  be  less  than  a  right  angle;  and  the 
angle  in  the  segment  ADC,  which  is  less  than  a  semi- 
circle, shall  be  greater  than  a  right  angle. 

Join  AE,  and  produce  B  A  to  F :  and  because  BE  is 
equal  f4o  EA,  the  angle  EAB  is  equal*  to  EBA;  also,  t  i5Def.i. 
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because  AE  is  equal  to  EC,  the  angle 

EAC  is  equal  to  ECA  ;  wherefore  the 

t  2  Ax.      whole  angle  BAC  is  equal +  to  the  two 

angles  ABC,  ACB :  but  FAC,  the  exte- 

*  S3,  i.       rior  angle  of  the  triangle  ABC,  is  equal* 

to  the  two  angles  ABC,  ACB;'  therefore 
ti  Ax.       the  angle  BAC  is  equal f  to  the  angle 

FAC ;  and  therefore  each  of  them  is  a  v 

•ioDef.1.  right*   angle:  wherefore  the  angle  BAC  in  a  semi- 
circle is  a  right  angle. 

And  because  the  two  angles  ABC,  BAC  of  the  tri- 

*  it.  i«       angle  ABC  are  together  less  *  than  two  right  angles, 

and  that  BAC  has  been  proved  to  be  a  right  angle ; 
therefore  ABC  must  be  less  than  a  right  angle :  and 
therefore  the  angle  in  a  segment  ABC  greater  than  a 
semicircle,  is  less  than  a  right  angle. 

And  because  ABCD  is  a  quadrilateral  figure  in  a 

*  22. 3.       circle,  any  two  of  its  opposite  angles  are  equal  *  to  two 

right  angles:  therefore  the  angles  ABC,  ADC,  are 
equal  to  two  right  angles :  and  ABC  has  been  proved  to 
be  less  than  a  right  angle ;  wherefore  the  other  ADC 
is  greater  than  a  right  angle. 

Besides,  it  is  manifest,  that  the  circumference  of  the 
greater  segment  ABC  falls  without  the  right  angle  CAB : 
but  the  circumference  of  the  less  segment  ADC  falls 
within  the  right  angle  CAF.  "  And  this  is  all  that  is 
meant,  when  in  the  Greek  text,  and  the  translations 
from  it,  the  angle  of  the  greater  segment  is  said  to  be 

i greater,  and  the  angle  of  the  less  segment  is  said  to  be 
ess,  than  a  right  angle." 

Cor.  From  this  it  is  manifest,  that  if  one  angle  of  a 

triangle  be  equal  to  the  other  two,  it  is  a  right  angle : 

a  f  32. 1*       because  the  angle  adjacent  to  it  is  equal  f  to  the  same 

fioDef.i.  two;  and  when  the  adjacent  angles  are  equal,  they  are  f 

right  angles. 

PROP.  XXXII.    THEOR. 

Jf  a  straight  line  touch  a  circle,  and  from  the  point  of 
contact  a  straight  line  be  drawn  cutting  the  circle  ;  the 
angles  which  this  line  makes  with  the  line  touching  the 
circle,  shall  be  equal  to  the  angles  which  are  in  the  al- 
ternate segments  of  the  circle. 

Let  the  straight  line  EF  touch  the  circle  ABCD  in 
B,  and  from  the  point  B  let  the  straight  line  BD  be 
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drawn,  catting  the  circle :  the  angles  which  BD  makes 
with  the  touching  line  EF  shall  be  equal  to  the  angles 
in  the  alternate  segments  of  the  circle ;  that  is,  the  an- 
gle DBF  shall  be  equal  to  the  angle  which  is  in  the 
segment  DAB,  and  the  angle  DBE  shall  be  equal  to 
the  angle  in  the  segment  DCB. 

From  the  point  B  draw  *  BA  at  right  angles  to  EF,  *  u- u 
and  take  any  point  C  in  the  circumference  DB,  and  . 
join  AD,  DC,  CB :  and  because  the  straight  line  EF 
touches  the  circle  ABCD  in  the  point 
B,  and  BA  is  drawn  at  right  angles  to 
the  touching  line  from  the  point  of  con- 
tact B,  the  centre  of  the  circle  is#  in  BA:        [  /  ^c  * 19-  *• 
therefore  the  angle  ADB  ih  a  semicircle 

is  a  right  *  angle :  and  consequently  the      ^  ^Jfc^  »,   *  Si.  5. 
othertwo  angles  BAD,  A  BD,  are  equal*  *  3*.  l. 

to  a  right  angle :  but  ABF  is  likewise  af  right  angle ;  t  Conttr. 
therefore  the  angle  ABF  is  equal  f  to  the  angles  BAD,  f  l  Ax. 
ABD:  take  from  these  equals  the  common  angle  ABD  : 
therefore  theremaining  angle  DBF  is  equal  f  to  the  angle  t  *  Ax« 
BAD,  which  is  in  the  alternate  segment  of  the  circle. 
And  because  ABCD  is  a  quadrilateral  figure  in  a  circle, 
the  opposite  angles  BAD,  BCD  are  equal*  to  two  right  *  **•  *« 
angles :  but  the  angles  DBF,  DBE  are  likewise  equal  *  *  is.  i, 
to  two  right  angles ;  therefore  the  angles  DBF,  DBE 
are  equal  f  to  the  angles  BAD,  BCD :  and  DBF  has  1 1  Ax. 
been  proved  equal  to  BAD;  therefore  the  remaining 
angle  DBE  is  equal  f  to  the  angle  BCD  in  the  alternate  t  s  Ax. 
segment  of  the  circle.     Wherefore,  if  a  straight  line, 
&c.     Q.  je.  JD. 

PROP.  XXXIII.  PROB. 

Upon  a  given  straight  line  to  describe  a  segment  of  a  cir-  Set  N. 
cle,  which  shall  contain  an  angle  equal  to  a  given  recti" 
lineal  angle* 

Let  AB  be  the  given  straight  line,  and  the  angle  at 
C  the  given  rectilineal  angle;  it  is  required  to  describe 
upon  the  given  straight  line  AB  a  segment  of  a  cirple, 
which  shall  contain  an  angle  equal  to  the  angle  C. 

First,  let  the  angle  at  5  be  a  right 
angle :  bisect  *  AB  in  F,  and  from  the  „      * 10* 1- 

centre  F,  at  the  distance  FB,  describe     ^CT/^Z^\. 
the  semicircle  AHB :  therefore  the  an-     |  L^.     ^_ 
gle  AHB  in  a  semicircle  is  *  equal  to  the      *?    F~  B    •  31.  j. 
right  angle  at  C. 
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But  if  the  angle  C  be  not  a  right  angle ;  at  the  point 
♦23.  l.        A,  in  the  straight  line  AB,  make*  the  angle  BAI> 

•  11.  i.        equal  to  the  angle  C,  and  from  the  point  A  draw  *  AE 

•  10.  l.        at  right  angles  to  AD ;  bisect*  AB  in  F,  and  from    F 

•  n.  l.        draw  *  FG  at  right  angles  to  AB,  and  join  GB.    And 

because  AF  is  equgl  to  FB,  and  FG 
common  to  the  triangles  AFG,  BFG, 
the  two  sides  AF,  FG  are  equal  to 
the  two  BF,  FG,  each  to  each  :  and 
fioDef.i.  the  angle  AFG  is  equal  f  to  the  an- 
gle BFG ;  therefore  the  base  AG  is 

•  *•  *•        equal*  to  the  base  GB ;  and  there- 

fore the  circle  described  from  the  centre  G,  at  the  dis- 
tance GA,  shall  pass  through  the  point  B :  let  this  be 
the  circle  AHB.  The  segment  AHB  shall  contain  an 
angle  equal  to  the  given  rectilineal  angle  C. 

Because  from  the  point  A,  the  ex- 
tremity of  the  diameter  AE,  AD  is 
drawn  at  right  angles  to  AE,  there- 

•  Cor.  16.    fore  AD  *  touches  the  circle:  and  be- 

cause  AB,  drawn  from  the  point  of 

contact  A,  cuts  the  circle,  the  angle 

DAB  is  equal  to  the  angle  in  the  alternate  segment  * 
t  Conatr.     AjjB  .  but  tbe  angje  DAB  is  eqUal+  to  tne  angle  C ; 

t 1  Ax*  therefore  the  angle  C  is  equal  f  to  the  angle  in  the  seg- 
ment AHB.  Wherefore,  upon  the  given  straight  line 
AB  the  segment  AHB  of  a  circle  is  described,  which 
contains  an  angle  equal  to  the  given  angle  at  C.  Which 
was  to  be  done. 

PROP.  XXXIV.    PROB. 

From  a  given  circle  to  cut  off  a  segment,  which  shall  con- 
tain  an  angle  equal  to  a  given  rectilineal  angle. 

Let  ABC  be  the  given  circle,  and  D  the  given  rec- 
tilineal angle ;  it  19  required  to  cut  off  from  the  circle 
ABC  a  segment  that  shall  contain  an  angle  equal  to  the 
given  angle  D. 

•  17. 3.  Draw*  the  straight  line  EF  touching  the  circle  ABC 

in  the  point  B,  and  at  the  point  B, 

•  23.  l.       in  the  straight  line  BF,  make  *  the 

angle  FBC  equal  to  the  angle  D : 
the  segment  BAC  shall  contain  an 
angle  equal  to  the  given  angle  D. 
Because  the  straight    line  EF 


•  S3.  3. 


BOOK  fir.    PROP.  XXXV.  81 

touches  the  circle  ABC;  and  BC  is  drawn  from  the 
point  of  contact  B,  the  angle  FBC  is  equal  *  to  the  an-  •  St.  *• 
gle  in  the  alternate  segment  BAC  of  the  eircle:  but  the 
angle  FBC  is  equal  f  to  the  angle  D ;  therefore  the  an-  t  Conttr. 
gle  in  the  segment  BAC  is  equal  *  to  the  angle  ft.  *  i  As. 
Wherefore  from  the  given  circle  ABC,  the  segment 
BAC  is  cut  off,  containing  an  angle  equal  to  the  given 
angle  D.    Which  was  to  be  done, 

PROP.  XXXV.    THEOR. 

If  two  straight  lines  cut  one  another  within  a  circle f  the  8«sN. 
rectangle  contained  by  the  segments  of  one  qf  them,  is 
equal  to  the  rectangle  contained  by  the  segments  qf  the 
other* 

Let  the  two  straight  lines  AC,  BD,  cut  one  another  in 
the  point  E  within  the  circle  ABCD :  the 
rectangle  contained  by  AE,  EC  shall  be 
equal  to  the  rectangle  contained  by  BE,  ED-     -A 

If  AC,  BD  pass  each  of  them  through 
the  centre,  so  that  E  is  the  centre ;  it  is  evident  that 
AE,  EC,  BE,  ED,  being  allf  equal,  the  rectangle  AE,  1 15  Dtf. 
EC  is  likewise  equal  to  the  rectangle  BE,  ED.  la* 

But  let  one  of  them  BD  pass  through  the  centre,  and 
cut  the  other  AC,  which  does  notpass  through  the  cen- 
tre, at  right  angles,  in  the  point  E;  then,  iFBD  be  bi- 
sected in  F,  F  is  the  centre  of  the  circle  ABCD :  join 
AF :  and  because  BD  which  passes  through  the  centre, 
cuts  the  straight  line  AC,  which  does  not  pass  through 
the  centre,  at  right  angles  in  E,  AE  is 
equal*  to  EC:  and  because  the  straight        /^P\       •$•3. 
line  BD  is  cut  into  two  equal  parts  in  the 
point  F,  and  into  two  unequal  parts  in 
the  point  E,  the  rectangle  BE,  ED,  to- 
gether with  the  square  of  EF,  is  equal*  &  *5.i. 
to  the  square  of  FB;   that. is,  to  the 
square  of  FA :  but  the  squares  of  AE,  EF,  are  equal #  •  tf- 1. 
to  the  square  of  FA ;  therefore  the  rectangle  BE,  ED, 
together  with  the  square  of  EF,   is  equal  f   to  the  t  *  A*« 
squares  of  AE,  EF :  take  away  the  common  square  of 
EF,  and  the  remaining  rectangle  BE,  ED  is  equal  f  to  t  J  Ax* 
the  retraining  square  of  AE ;    that  is»  to  the  rectangle 
AE,  EC. 

Next,  let  BD,  which  passes  through  the  centre,  cut 

a 


*  1*.  1. 

•3.3. 


t2  Ax. 


5.2. 
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the  other  AC)  which  does  not  pass  through. the  centre, 
in  E,  but  not  at  right  angles :  then,  as  before,  if  BD  be 
bisected  in  F,  F  is  the  centre  of  the  circle.  Join  AF, 
and  from  F  draw*  FG  perpendicular  to  AC ;  therefore 
AG  is  equal  *  to  GC ;  wherefore  the  rectangle  AE,  EC, 

*  5.  2.  together  with  the  square  of  EG,  is  equal  *  to  the  square 
of  AG :  to  each  of  these  equals  add  the  square  of  GF; 
therefore  the  rectangle  AE,  EC,  together  with  the 
squares  of  EG,  GF,  is  equalf  to  the 

squares  of  AG,  GF :  but  the  squares  of 

*  47.  i .       eq^  qy9  are  equal  *  to  the  square  of 

EF ;  and  the  squares  of  AG,  GF  are 

equal  to  the  square  of  AF:  therefore 

the  rectangle  AE,  EC,  together  with  the 

square  of  EF,  is  equal  to  the  square  of  AF ;  that  is,  to 

the  square  of  FB :  but  the  square  of  FB  is  equal  *  to 

the  rectangle  BE,  ED,  together  with  the  square  of  EF; 

therefore  the  rectangle  AE,    EC,   together   with   the 

t  i  Ax.  square  of  EF,  is  equal  f  to  the  rectangle  BE,  ED,  to- 
gether with  the  square  of  EF :  take  away  the  common 
square  of  EF,  and  the  remaining  rectangle  AE,  EC,  is 

f  3  Ax.       therefore  equalf  to  the  remaining  rectangle  BE,  ED* 
Lastly,  let  neither  of  the  straight  lines 

t  i.  s.  •  AC,  BD  pass  through  the  centre:  takef 
the  centre  F,  and  through  E,  the  inter- 
section of  the  straight  lines  AC,  DB, 
draw  the  diameter  GEFH :  and  be- 
cause the  rectangle  AE,  EC,  is  equal,  as 
has  been  shewn,  to  the  rectangle  GE,  EH ;  and,  for  the 
same  reason,  the  rectangle  BE,  ED  is  equal  to  the  same 
rectangle  GE,  EH ;  therefore  the  rectangle  AE,  EC  is 

t  t  Ax.  equal  f  to  the  rectangle,  BE,  ED.  Wherefore,  if  two 
straight  lines,  &c.     Q.  E.  D. 

PROP.  XXXVI.    THEOR. 

If  from  any  point  without  a  circle  two  straight  lines  be 
drawn,  one  of  which  cuts  the  circle,  and  the  other  touches 
it  s  the  rectangle  contained  by  the  whole  line  which  aits 
the  circle,  and  the  part  of  it  without  the  circle,  shall  be 
equal  to  the  square  of  the  line  which  touches  it. 

Let  D  be  any  point  without  the  circle  ABC,  and  let 
DCA,  DB  be  two  straight  lines  drawn  from  it,  of  which 
DCA  cuts  the  circle,  and  DB  touches  the  same:  the 
rectangle  AD,  DC  shall  be  equal  to  the  square  of  DB. 
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*  18.  3. 


6.  f. 


Either  DCA  passes  through  the  centre,  or  it  does 
not :  first,  let  it  pass  through  the  centre  E, 
and  join  EB ;  therefore  the  angle  EBD  is 
a  right  *  angle :  and  because  the  straight 
line  AC  is  bisected  in  E,  and  produced  to 
the  point  D,  the  rectangle  AD,  DC,  to- 
gether with  the  square  of  EC,  is  equal # 
to  the  square  of  ED :  but  CE  is  equal  to 
EB ;  therefore  the  rectangle  AD,  DC,  to- 
gether with  the  square  of  EB,  is  equal  to 
the  square  of  ED :  but  the  square  of  ED  is  equal*  to  •47.  l. 
the  squares  of  EB,  BD,  because  EBD  is  a  right  angle: 
therefore  the  rectangle  AD,  DC,   together  with  the 
square  of  EB,  is  equal  f  to  the  squares  of  EB,  BD :  1 1  Ax. 
take  away  the  common  square  of  EB ;  therefore  the  re- 
maining rectangle  AD,  DC  is  equal  f  to  the  square  of  f  3  Ax. 
the  tangent,  DB. 

But  if  DCA  does  not  pass  through  the  centre  of  the 
circle  ABC,  take*  the  centre  E,  and  draw  EF  perpen-  •  l.  3. 
dicular  *  to  AC,  and  join  EB,  EC,  ED.   And  because  *  it.  l. 
the  straight  line  EF,  which  passes  through  the  centre, 
cuts  the  straight  line  AC,  which  does  not 
pass  through  the  centre,  at  right  angles,  it 
also  bisects  *  it ;    therefore  AF  is  equal  to 
FC  :  and  because  the  straight  line  AC  is 
bisected  in  F,  and  produced  to  D,  the  rect- 
angle AD,  DC,  together  with  the  square 
of  FC,  is  equal  *  to  the  square  of  FD :  to 
each  of  these  equals  add  the  square  of  FE ; 
therefore   the  rectangle  AD,  DC,  together  with  the 
squares  of  CF,  FE,  is  equal  f  to  the  squares  of  DF,  t  *  A*- 
FE  :  but  the  square  of  ED  is  equal  *  to  the  squares  of  *4f,  l. 
DF,  FE,  because  EFD  is  a  right  angle ;  and  for  the 
same  reason  the  square  of  EC  is  equal  to  the  squares 
of  CF,  FE ;  therefore  the  rectangle  AD,  DC,  together 
with  the  square  of  EC  is  equal  \ to  the  square  of  ED:  t  *  &*• 
but  CE  is, equal  to  EB;  therefore  the  rectangle  AD, 
DC,  together  with  the  square  of  EB,  is  equal  to  the 
square  of  ED :    but  the  squares  of  EB,  BD  are  equal 
to  the  square  *  of  ED,  because  EBD  is  a  right  angle ;  *  *7.  l. 
therefore  the  rectangle  AD,  DC,  together    with  the 
square  of  EB,  is  equal  to  the  squares  of  EB,  BD  :  take 
away  the  common  square  of  EB;  therefore  the  remain- 
ing rectangle  AD,  DC  is  equal  f  to  the  square  of  DB. 
Wherefore,  if  from  any  point,  &c.     Q.  E.  X>. 
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Cor.  If  from  any  point  without  a  cir* 
cfe,  there  be  drawn  two  straight  lines  cut- 
ting it,  as  AB,  AC,  the  rectangles  con- 
tained by  the  whole  lines  and  the  parts  of 
them  without  the  circle,  are  equal  to  one 
another,  viz.  the  rectangle  BA,  AE,  to  the 
rectangle  CA,  AF :  for  each  of  them  is 
equal  to  the  square  of  the  straight  line 
AD,  which  touches  the  circle. 


PROP.  XXXVII.    THEOR. 

See  N.  If  from  a  point  without  a  circle  there  be  drawn  two  straight 
lines,  one  of  which  cuts  the  circle,  and  the  other  meets 
it ;  if  the  rectangle  contained  by  the  whole  line  which 
cuts  the  circle,  and  the  part  of  it  witJwtti  the  circle,  be 
equal  to  the  square-qf  the  line  which  meets  it,  the  Kne 
which  meets  shall  touch  the  circle. 

Let  any  point  D  be  taken  without  the  circle  ABC, 
and  from  it  let  two  straight  lines  DCA  and  DB  be 
drawn,  of  which  DCA  cuts  the  circle,  and  DB  meets 
it ;  if  the  rectangle  AD,  DC  be  equal  to  the  square  of 
DB,  DB  shall  touch  the  circle. 

Draw*  the  straight  line  t)E,  touching  the  circle 
ABC,  findf  its  centre  F,  and  join  FE,  FB,  FD:  then 
FED  is  a  right  *  angle :  and  because  DE  touches  the 
circle  ABC,  and  DCA  cuts  it,  the  rectangle  AD,  DC, 
is  equal  *  to  the  square  of  DE :  but  the  rectangle  AD, 
DC  is  by  hypothesis  equal  to  the  square  of  DB ;  there- 
fore the  square,  of  DE  is  equal  f  to  the  square  of  DB; 
and  the  straight  line  DE  equal  to  the  straight  line  DB  i 
1 15  Def.i.  and  FE  is  equal  f  to  FB ;  wherefore  DE,  EF  are  equal 
to  DB,  BF,  each  to  each  :  and  the  base 
FD  is  common  to  the  two  triangles  DEF, 
DBF ;  therefore  the  angle  DEF  is  equal* 
to  the  angle  DBF :  but  DEF  was  shewn 
to  be  a  right  angle ;  therefore  also  DBF 
is  f  a  right  angle:  and  BF,  if  produced, 
is  a  diameter ;  and  the  straight  line  which 
is  drawn  at  right  angles  to  a  diameter, 
•  Cor.i6.3.  from  the  extremity  of  it,  touches  *  the  circle :  therefore 
DB  touches  the  circle  ABC.  Wherefore,  if  from  a 
point,  &c.    ft.  E.  D. 


•  17. 3. 

1 1.3. 

•  18. 3. 

•36.3. 
tl  Ax. 


•8.1. 


tl  Ax. 


THE 


ELEMENTS  OF  EUCLID, 


BOOK  IV. 


DEFINITIONS. 


I. 


A  rectilineal  figure  is  said  to  be  inscribed  in  another  S««N. 
rectilineal  figure,  when  all  the  angles  of  the  inscribed 
figure  are  upon  the  sides  of  the  figure  in     [*7V 
which  it  isT  inscribed,  each  upon  each. 


JI. 

In  like  manner  a  figure  is  said  to  be  described  about 
another  figure,  when  all  the  sides  of  the  circumscribed 
figure  pass  through  the  angular  points  of  the  figure 
about  which  it  is  described,  each  through  each. 

HI. 

A  rectilineal  figure  is  said  to  be  inscribed  in 
a  circle,  when  all  the  angles  of  the  in- 
scribed figure  are  upon  the  circumference 
of  the  circle* 

IV. 

A  rectilineal  figure  is  said  to  be  described 
about  a  circle,  when  each  side  of  the  cir*   - 
cumscribed  figure  touches  the  circumfer- 
ence of  the  circle. 

V. 
in  like  manner  a  circle  is  said  to  be  inscribed  in  a  rec- 
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tilineal  figure,  when  the  circumference  of  the  circle 
touches  each  side  of  the  figure. 

VI. 

A  circle  is  said  to  be  described  about  a  rec- 
tilineal figure,  when  the  circumference  of 
the  circle  passes  through  all  the  angular 
points  of  the  figure  about  which  it  is  de- 
»  scribed* 

V1L 

A  straight  line  is  said  to  be  placed  in  a  circle,  when  the 
extremities  of  it  are  in  the  circumference  of  the  cir- 
cle. 

PROP.  I.     PROB. 

;    In  a  given  circle  to  place  a  straight  li?ie,  equal  to  a  given 
straight  line  which  is  not  greater  than  the  diameter  of 
the  circle* 

Let  ABC  be  the  given  circle,  and  Dthe  given  straight 

line,  not  greater  than  the  diameter  of  the  circle :  it  is 

required  to  place  in  the  circle  ABC  a  straight  line  equal 

toD. 

Draw  BC  the  diameter  of  the  circle  ABC;  then,  if 

BC  is  equal  to  D,  the  thing  required  is  done ;  for  in  the 

circle  ABC    a   straight  line  BC  is 

placed  equal  to  D :  but,  if  it  is  not, 
fHyp.  BC  is  greater  f  than  D:  make  CE 
*  3. 1.         equal*  to  D,  and  from  the  centre  C, 

at  the  distance  CE,  describe  the  circle 

AEF,  and  join  CA :    CA  shall   be 

equal  to  J^ 

Because  C  is  the  centre  of  the  circle  AEF,  CA  is 
1 15  Def.  i.  equal f  to  CE :  but  D  is  equal  f  to  CE ;  therefore  D  is 
f  l  Ax.''      eclualt  to.CA-    Wherefore  in  the  circle  ABC,  a  straight 

line  CA  is  placed  equal  to  the  given  straight  line  D, 

which  is  not  greater  than  the  diameter  of  the  circle. 

Which  was  to  be  done, 

PROP.  II    PROB, 

/;*  a  given  circle  to  inscribe  a  triangle  equiangular  to  0 

given  triangle. 
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Let  ABC  be  the  given  circle,  and  DEP  the  given 
triangle;  it  is  required  to  inscribe  in  the  circle  ABC  a 
triangle  equiangular  to  the  triangle  DEF. 

Draw*  the  straight  line  GAH  touching  the  circle  in  *  tr.  3. 
the  point  A,  and  at  the  point  A, 

in  the  straight  line  AH,  make*  Gs^  •ts.i. 

the  angle  HAC  equal  to  the  angle 
DEF ;  and  at  the  point  A,  in  the 
straight  line  AG,  make  the  angle 
GAB  equal  to  the  angle  DFE ; 
and  join  BC :  ABC  shall  be  the 
triangle  required. 

Because  HAG  touches  the  circle  ABC,  and  AC  is 
drawn  from  the  point  of  contact,  the  angle  HAC  is 
equal  *  to  the  angle  ABC  in  the  alternate  segment  of  *  Si.  3. 
the  circle:  but  HAC  is  equal f  to  the  angle  DEF;  tCdostr. 
therefore  also  the  angle  ABC  is  equal f  to  E)EF :  for  t 1  A*. 
the  same  reason,  the  angle  ACB  is  equal  to  the  angle 
DFE :  therefore  the  remaining  angle  B  AC  is  equal  *  to  *  3f.  i«  & 
the  remaining  angle  EDF :  wherefore  the  triangle  ABC  *  Al* 
is  equiangular  to  the  triangle  DEF,  and  it  is  inscribed 
in  the  circle  ABC.     Which  was  to  be  done. 

PROP.  III.    PROB. 

About  a  given  circle  to  describe  a  triangle  equiangular  to 

a  given  triangle* 

Let  ABC  be  the  given  circle,  and  DEF  the  given 
triangle ;  it  is  required  to  describe  a  triangle  about  the 
circle  ABC  equiangular  to  the  triangle  DEF. 

Produce  EF  both  ways  to  the  points  G,  H ;  find  f  1 1. 3. 
the  centre  K  of  the  circle  ABC,  and  from  it  draw  any 
straight  line  KB ;  at  the  point  K  in  the  straight  line 
KB,  make*  the  angle  BKA  equal  to  the  angle  DEG,  •  i3.  l. 
and  the  angle  BKC  equal  to  the  angle  DFH ;    and 
through  the  points  A,  B,  C,  draw  the  straight  lines      ' 
LAM,  MBN,  NCL,  touching*  the  circle  ABC :  LMN  •  w.  3. 
shall  be  the  triangle  required. 

Because  LM,  MN,  NL  touch  the  circle  ABC  in  the 
points  A,  B,  C,  to  which  from  the  centre  are  drawn 
KA,  KB,  KC,  the  angles  at  the  points  A,  B,  C,  are 
right  *  angles :  and  because  the  four  angles  of  the  qua-  * 18#  3* 
{trilateral  figure  AMBK  are  equal  to  four  right  angles, 
for  it  can  be  divided  into  two  triangles ;  and  that  two 
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of  them  KAM,  KBM  are  right  angles,  therefore  the 

t  a  Ax.  other  two  AKB,  AMB  are  equal  f  to  two  right  angles : 
but  the  angles  DEG,  DEF  are 

* ts* 1#       likewise  equal  *  to  two  right  an- 
gles: therefore  the  angles  AKB, 

t  x  Ax.       AMB  are  equal  f  to  the  angles 
DEG,  DEF ;  of  which  AKB  is 

t  Constr.     equal  f  to  DEG ;  wherefore  the 

f  3  Ax.       remaining  angle  AMB  is  equal  f 

to  the  remaining  angle  DEF.    In  like  manner,   the 
angle  LNM  may  be  demonstrated  to  be  equal  to  DFE; 

SA^1"*  a  therefore  the  remaining  angle  MLN  is  equal*  to 
the  remaining  angle  EDF :  therefore  the  triangle 
LMN  is  equiangular  to  the  triangle  DEF :  and  it  is 
described  about  the  circle  ABC.  Which  was  to  be 
done, 

PROP.  IV.    PROB. 

See  W.  To  inscribe  a  circle  in  a  given  triangle. 

Let  the  given  triangle  be  ABC ;  it  is  required  to  in- 
scribe a  circle  in  ABC. 

*  9.  l.  Bisect*  the  angles  ABC,  BCA  by  the  straight  lines 

BD,  CD  meeting  one  another  in  the  point  D,  from 

•  l*.  i.       which  draw  *  DE,  DF,  DG  perpendiculars  to  AB,  BC, 

CA.    And  because  the  angle  EBD  is  - 
equal  to  the  angle  FBD,  for  the  angle 
ABC  is  bisected  by  BD,  and  that  the 

t  ii  Ax.  right  angle  BED  is  equal  f  to  the  right 
angle  BFD ;  therefore  the  two  trian- 
gles EBD,  FBD  have  two  angles  of 
the  one  equal  to  two  angles*  of  the 
other,  each  to  each ;  and  the  side  BD,  which  is  oppo- 
site to  one  of  the  equal  angles  in  each,  is  common  to 
both ;  therefore  their  other  sides  are  equal  * ;  where- 
fore DE  is  equal  to  DF :  for  the  same  reason,  DG  is 

1 1  Ax.  equal  to  DF :  therefore  DE  is  equal  f  to  DG :  therefore 
the  three  straight  lines  DE,  DF,  DG,  are  equal  to  one 
another,  and  the  circle  described  from  the  centre  D,  at 
the  distance  of  any  of  them,  will  pass  through  the  ex- 
tremities of  the  other  two,  and  touch  the  straight  lines 
AB,  BC,  CA,  because  the  angles  at  the  points  E,  F,G, 
are  right  angles,  and  the  straight  line  which  is  drawn 
from  the  extremity  of  a  diameter  at  right  angles  to  it, 

♦  16.  s.        touches*  the  circle :  therefore  the  straight  lines  AB, 


*  26. 1. 
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BC,  CA  do  each  of  them  touch  the  circle,  and  there- 
fore the  circle  EFG  is  inscribed  in  the  triangle  ABC. 
Which  was  to  be  done. 

PROP.  V.    PROB. 
To  describe  a  circle  about  a  given  triangle.  See  N. 

Let  the  given  triangle  be  ABC;  it  is  required  to 
describe  a  circle  about  ABC.   v 

Bisect*  AB,  AC,  in  the  points  D,  E,  and  from  these  *  10.  i. 
points  draw  DF,  EF  at  right  angles*  to  AB,  AC ;  DF,  •  u.  i. 
EF,  produced  meet  one  another:  for,  if  they  do  not 
meet,  they  are  pa- 
rallel,    wherefore         ^_A 
AB,    AC,   which 
are  at  right  angles 
to  them,  are  paral- 
lel;  wliich  is  ab- 
surd: let  them  meet  in  F,  and. join  FA;  also  if  the 
point  F  be  not  in  BC,  join  BF,  CF.    Then,  because 
AD  is  equal  to  DB,  and  DF  common,  and  at  right 
angles  to  AB,  the  base  AF  is  equal*  to  the  base  FB.  •  4.  i. 
In  like  manner,  it  may  be  shewn  that  CF  is  equal  to 
FA ;  and  therefore  BF  is  equalf  to  FC ;  and  FA,  FB,  t  *  A*. 
FC,  are  equal  to  one  another :  wherefore  the  circle  de- 
scribed from  the  centre  F,  at  the  distance  of  one  of 
them,  will  pass  through  the  extremities  of  the  other  two, 
and  be  described  about  the  triangle  ABC     Which  was 
to  be  done. 

Cor.  And  it  is  manifest,  that  when  the  centre  of  the 
circle  falls  within  the  triangle,  each  of  its  angles  is  less 
than  a  right  anglef,  each  of  them  being  in  a  segment  fai.s. 
greater  than  a  semicircle ;  but,  when  the  centre  is  in 
one  of  the  sides  of  the  triangle,  the  angle  opposite  to 
this  side,  being  in  a  semicirclef ,  is  a  right  angle ;  and, 
if  the  centre  falls  without  the  triangle,  the  angle  oppo- 
site to  the  side  beyond  which  it  is,  being  in  a  segment 
less  than  a  semicirclef,  is  greater  than  a  right  angle: 
therefore,  conversely,  if  the  given  triangle  be  acute 
angled,  the  centre  of  the  circle  falls  within  it ;  if  it  be 
a  right  angled  triangle,  the  centre  is  in  the  side  oppo- 
site to  the  right  angle ;  and  if  it  be  an  obtuse  angled 
triangle,  the  centre  falls  without  the  triangle,  beyond 
the  side  opposite  to  the  obtuse  angle. 
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1 1.  3.  and 
11.1. 


*4:i. 


•  31.  3. 


t  30  Def. 
1. 


PROP.  VI.    PROB. 

To  inscribe  a  square  in  a  given  circle. 

Let  ABCD  be  the  given  circle ;  it  is  required  to  in- 
scribe a  square  in  ABCD. 

Draw  the  diameters,  AC,  BDf,  at  right  angles  to 
one  another,  and  join  AB,  BC,  CD,  DA  :  the  figure 
ABCD  shall  be  the  square  required. 

Because  BE  is  equal  to  ED,  for  E  is  the  centre,  and 
that  EA  is  comnqon,  and  at  right  angles  to  BD ;  the 
base  BA  is  equal*  to  the  base  AD:  and  for  the  same 
reason,  BC,  CD  are  each  of  them  equal  to  BA,  or  AD; 
therefore  the  quadrilateral  figure  ABCD  is  equilateral. 
It  is  also  rectangular ;  for  the  straight  line  BD  being 
the  diameter  of  the  circle  ABCD,  BAD  is  a  semicircle; 
wherefore  the  angle  BAD  is  a  right* 
angle :  for  the  same  reason,  each  of  the 
angles  ABC,  BCD,  CDA,  is  a  right 
angle :  therefore  the  quadrilateral  figure 
ABCD  is  rectangular:  and  it  has  been 
shewn  to  be  equilateral ;  therefore  it  is  af 
square ;  and  it  is  inscribed  in  the  circle 
ABCD.     Which  was  to  be  done. 


*  17.  3. 


•  18.  3. 


•  28.  1. 


PROP.  VIL    PROB. 

To  describe  a  square  about  a  given  circle. 

Let  ABCD  be  the  given  circle ;  it  is  required  to 
describe  a  square  about  it. 

Draw  two  diameters  AC,  BD  of  the  circle  ABCD, 
at  right  angles  to  one  another,  and  through  the  points 

A,  B,  C,  D,  draw*  FGj  GH,  HK,  KF  touching  the 
circle :  the  figure  GHKF  shall  be  the  square  required. 

Because  FG  touches  the  cirde  ABCD,  and  EA  is 
drawn  from  the  centime  E  to  the  point  of  contact  A,  the 
angles  at  A  are  right*  angles :  for  the 
same  reason,  the  angles   at  the  points 

B,  C,  D  are  right  angles :  and  because 
the  angle  AEB  is  a  right  angle,  as  like- 
wise is  EBG,  GH  is  parallel*  to  AC : 
for  the  same  reason  AC  is  parallel  to 
FK :  and  in  like  manner  GF,  HK  may 
each  of  them  be  demonstrated  to  be  parallel  to  BED : 
therefore  the  figures  GK,  GC,  AK,  FB,  BK  are  pa- 
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» 

rallelograms;  and  therefore  GF  is  equal*  to  HK,  and  •  34  1. 
OH  to  FK:   and  because  AC  is  equal  to  BD,  and 
that  AC  is  equal  to  each  of  the  two  GH,  FK;  and  BD 
to  each  of  die  two  GF,  HK ;  GH,  FK  are  each  of 
them  equal  to  GF,  or  HK :  therefore  the  quadrilateral 
figure  FGHK  is  equilateral.    It  is  also  rectangular : 
for  GBEA  being  a  parallelogram,  and  AEB  a  right 
angle,  AGB*  is  likewise  a  right  angle :  and  in  the  same  *  34 i. 
manner  it  may  be  shewn  that  the  angles  at  H,  K,  F, 
are  right  angles:    therefore   the  quadrilateral   figure 
FGHK  is  rectangular :  and  it  was  demonstrated  to  be 
equilateral;  therefore  it  is  af  square:   and  it  is  de-  t30Def. l. 
scribed  about  the  circle  ABCD.  Which  was  to  be  done* 


PROP.  VIII.    PROB. 
To  inscribe  a  circle  in  a  given  square. 

§ 

Let  ABCD  be  the  given  square ;  it  is  required  to 
inscribe  a  circle  in  ABCD. 

Bisect*  each  of  the  sides  AB,  AD  in  the  points  F,  *  10.  l. 
E,  and  through  E  drawf  EH  parallel  to  AB  or  DC,  1 31.  l. 
and  through  F  draw  FK  parallel  to  AD  or  BC :  there- 
fore each  of  the  figures  AK,  KB,  AH,  HD,  AG,  GC, 
BG,  GD,  is  a  parallelogram ;  and  their  opposite  sides 
are*  equal :  and  because  AD  is  equalf  to  AB,  and  that  *  34: i. 
AE  is  the  half  of  AD,  and  AFthe  half  of  AB,  AE  is  ^50Def-1- 
equalf  to  AF;  wherefore  the  sides  op-  t7A*. 

ppsite   to   these   are   equal,  viz.  FG  to     AJED 
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GE  :  in  the  same  manner  it  may  be  de- 
monstrated that  GH,  GK  are  each  of    F 
them  equal  to  FG  or  GE:  therefore  the 
four  straight  lines  GE,  GF,  GH,  GK      bT^h^c 
are  equal  to  one  another ;  and  the  circle 
described  from  the  centre  G  at  the  distance  of  one  of 
them,  will  pass  through  the  extremities  of  the  other 
three,  and  touch  the  straight  lines  AB,  BC,  CD,  DA; 
"because  the  angles  at  the  points  E,  F,  H,  K,  are  right*  *  *9.  i.    ■ 
angles,  and  that  the  straight  line  which  is  drawn  from 
the   extremity    of  a   diameter,  at  right  angles  to  it, 
touches*  the  circle :  therefore  each  of  the  straight  lines  *  Cor.  i& 
AB,  BC,  CD,  DA  touches  the  circle,  which  therefore  s# 

is  inscribed  in  the  square  ABCD.    Which  was  to  be 

done, 
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PROP.  IX.     PROB. 

.    To  describe  a  circle  about  a  given  square. 

Let  ABCD  be  the  given  square ;  it  is  required  to 
describe  a  circle  about  ABCD. 

Join  AC,  BD,  cutting  one  another  in  £ :  and  be* 
tsoDef.i.  cause  DA  is  equalf  to  AB,  and  AC  common  to  the 
triangles  DAC,  BAC,  the  two  sides  DA,  AC  are  equal 
to  the  two  BA,  AC,  each  to  each ;  and  the 
base  DC  is  equal  to  the  base  BC;  where- 

*  8.  i.         fore  the  angle  DAC  is  equal*  to  the  angle 

BAC,  and  the  angle  DAB  is  bisected  by 
the  straight  line  AC :  in  the  same  manner, 
jt  may  oe  demonstrated  that  the  angles 
ABC,  BCD,  CD  A  are  severally  bisected  by  the  straight 
lines  BD,  AC :  therefore,  because  the  angle  DAB  is 
t  so  Def.     equalf  to  the  angle  ABC,  and  that  the  angle  £  AB  is 

*  •  the  half  of  DAB,  and  EB A  the  half  of  ABC ;  the  angle 
1 7  Ax.        EAB  is  equalf  to  the  angle  EBA ;  wherefore  the  side 

*  6.  l.         EA  is  equal*  to  the  side  EB :    in  the  same  manner  it 

may  be  demonstrated  that  the  straight  lines  EC,  ED 
are  each  of  them  equal  to  EA,  or  EB :  therefore  the 
four  straight  lines  EA,  EB,  EC,  ED,  are  equal  to 
one  another ;  and  the  circle  described  from  the  centre 
E,  at  the  distance  of  one  of  them,  will  pass  through 
the  extremities  of  the  other  three,  and  be  described 
about  the  square  ABCD.    Which  was  to  be  done. 

PROP.  X.    PROB. 

To  describe  an  isosceles  triangle,  having  each  of  the  angles 
at  the  base  double  of  the  third  angle. 

*  n.  t.  Take  any  straight  line  AB,  and  divide*  it  in'  the 

point  C,  so  that  the  rectangle  AB,  BC  may  be  egual  to 
the  square  of  CA ;  and  from  the  centre  A,  at  the  dis- 
*i.4.  tance  AB,  describe  the  circle  BDE,  in  which  place* 
the  straight  line  BD  equal  to  AC,  which  is  not  greater 
than  the  diameter  of  the  circle  BDE ;  and  join  DA : 
the  triangle  ABD  shall  be  such  as  is  required,  that  is, 
each  of  the  angles  ABD,  ADB  shall  be  double  of  the 
angle  BAD. 

*  5.  4.  Join  DC,  and  about  the  triangle  ADC  describe  * 

the  circle  ACD:  and  because  the  rectangle  AB,  BC  is 
f  Coostr.    equal  to  the  square  of  ACf,  and  -that  AC  is  equal  to 
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» 

BD,  the  rectangle  AB,  BC  is  equal  +  to  the  square  of  1 i  Ax. 
BD :  and  because  from  the  point  B, 
without  the  circle  ACD,  two  straight 
lines  BCA,  BD  are  drawn  to  the  cir- 
cumference, one  of  which  cats,  and  the 
other  meets  the  circle,  and  that  the 
rectangle  AB,  BC,  contained  by  the 
whole  of  the  cutting  line,  and  the  part 
of  it  without  the  circle,  is  equal  to  the  *      *> 

square  of  BD  which  meets   it;    the 
straight  line  BD  touches  *  the  circle  ACD :  and  because  *  St.  $. 
BD  touches  the  circle,  and  DC  is  drawn  from  the  point 
of  contact  D,  the  angle  BDC  is  equal  *  to  the  angle  *  as.  a. 
DAC  in  the  alternate  segment  of  the  circle  :  to  each  of 
these  add  the  angle  CD  A ;  therefore  the  whole  angle 
BD  A  is  equal  f  to  the  two  angles  CD  A,  DAC :  but  the  t  *  Ax. 
exterior  angle  BCD  is  equal  *  to  the  angles  CD  A,  DAC ;  •  »•  1. 
therefore  also  BDA  is  equal  f  to  BCD:  but  BDA  is  t*  Ax. 
equal*  to  the  angle  CBD,  because  the  side  AD  is  equal  *  5.1. 
to  the  side  AB ;  therefore  CBD,  or  DBA,  is  equal  f  to  1 1  Ax. 
BCD ;  and  consequently  the  three  angles  BDA,  DBA, 
BCD,  are  equal  to  one  another :  and  because  the  angle 
DBC  is  equal  to  the  angle  BCD,  the  side  BD  is  eqmvl*  *  * *• 
to  the  side  DC :  but  BD  was  made  equal  to  CA,  mere- 
fore  also  CA  is  equal  f  to  CD,  and  the  angle  CD  A  ti  Ax. 
equal  *  to  the  angle  DAC ;  therefore  the  angles  CD  A,  *  *•  *• 
DAC  together,  are  double  of  the  angle  DAC:  but  BCD 
is  equal  f  to  the  angles  CDA,  DAC ;  therefore  also  ♦ n* 1# 
BCD  is  double  of  DAC :  and  BCD  was  proved  to  be 
equal  to  each  of  the  angles  BDA,  DBA ;  therefore 
each  of  the  angles  BDA,  DBA  is  double  of  the  afigle 
DAB.    Wherefore  an  isosceles  triangle  ABD  is  de- 
scribed, having  each  of  the  angles  at  the  base  double 
of  the  third  angle.     Which  was  to  be  done. 

PROP.  XL     PROB. 

To  inscribe  an  equilateral  and  equiangular  pentagon  in 

a  given  circle. 

Let  ABCDE  be  the  given  circle ;  it  is  required  to 
inscribe  an  equilateral  and  equiangular  pentagon  in  the 
fcircle  ABCDE. 

Describe*  an  isosceles  triangle  FGH,  having  each     10,4* 
of  the  angles  at  G,  H,  double  of  the  angle  at  F ;  and 
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**-4.  in  the  circle  ABCDE  inscribe*  the  triangle  A  CD 
equiangular  to  the  triangle  FGH, 
so  that  the  angle  CAD  may  be 
equal  to  the  angle  at  F,  and  each 
of  the  angles  ACD,  CDA  equal  to 
the  angle  at  G  or  H;  wherefore 
each  of  the  angles  ACD,  CDA  is 

*  9. 1.        double  of  the  angle  CAD.     Bisect* 

the  angles  ACD,  CDA  by  the  straight  lines  CE,  DB  ; 
and  join  AB,  BC,  DE,  EA.  ABCDE  shall  be  the 
pentagon  required. 

Because  each  of  the  angles  ACD,  CDA  is  double 
of  CAD,  and  that  they  are  bisected  by  the  straight  lines 
CE,  DB ;  therefore  the  five  angles  DAC,  ACE,  ECD, 
CDB,  BDA  are  equal  to  one  another:  but  equal 
**6.3.  angles  stand  upon  equal*  circumferences;  therefore 
the  five  circumferences,  AB,  BC,  CD,  DE,  EA  are 
equal  to  one  another:  and  equal  circumferences  are 

*  29. 3.        subtended  by  equal*  straight  lines ;  therefore  the  five 

straight  lines  AB,  BC,  CD,  DE,  EA  are  equal  to  one 
another.  Wherefore  the  pentagon  ABCDE  is  equi- 
lateral. It  is  also  equiangular :  for,  because  the  cir- 
cumference AB  is  equal  to  the  circumference  DE,  if 
f  2  Ax.  to  each  be  added  BCD,  the  whole  ABCD  is  equalf  to 
the  whole  EDCB :  but  the  angle  AED  stands  on  the 
circumference  ABCD,  and  the  angle  BAE  on  the  cir- 

*  27.  s.       cumference  EDCB ;  therefore  the  angle  BAE  is  equal* 

to  the  angle  AED :  for  the  same  reasons  each  of  the 
angles  ABC,  BCD,  CDE  is  equal  to  the  angle  BAE, 
or  AED :  therefore  the  pentagon  ABCDE  is  equi- 
angular :  and  it  has  been  shewn  that  it  is  equilateral : 
wherefore,  in  the  given  circle  an  equilateral  and  equi- 
angular pentagon  has  been  inscribed*  Which  was  to 
be  done. 

PROP.  XII.    PROB. 

To  describe  an  equilateral   and   equiangular  pentagon 

about  a  given  circle. 

Let  ABCDE  be  the  given  circle ;  it  is  required  to 
describe  an  equilateral  and  equiangular  pentagon  about 
the  circle  ABCDE. 

Let  the  angles  of  a  pentagon,  inscribed  in  the  circle, 
by  the  last  proposition,  be  in  the  points  A,  B,  C,  D,  E, 

*  n.  4.       $o  that  the  circumferences  AB,  BC,  CD,  DE,  EA  are* 
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equal ;  and  throagh  the  points  A,  B,  C,  D,  E   draw 
GH,  HK,  KL,  LM,  MG,  touching*  the  circle:  the  *17-3- 
figure  GHKXM  shall  be  the  pentagon  required* 

Take  the  centre  F,  and  join  FB,  FK,  FC,  FL,  FD : 
and  because  the  straight  line  KL  touches  the  circle 
ABODE  in  the  point  C,  to  which  FC  is  drawn  from 
the  centre  F,  FC  is  perpendicular  *  to  KL,  therefore  *  18»  *• 
each  of  the  angles  at  C  is  a  right  angle :  for  the  same 
reason,  the  angles  at  the  points  B,  D  are  right  angles: 
and  because  FCK  is  a  right  angle,  the  square  of  FK 
is  equal*  to  the  squares  of  FC,  CK :  for  the  same  re*-  •  47.  i. 
son,  the  square  of  FK,  is  equal  to  the  squares  of  FB, 
BK:  therefore  the  squares  of  FC,  CK  are  equal  f  to  the  fi  Ax. 
squares  of  FB,  BK ;  of  which  the  square  of  FC  is  equal 
to  the  square  of  FB ;  therefore  the  remaining  square 
of  CK  is  equal  f  to  the  remaining  square  of  BK,  and  t 3  Ax. 
the  straight  line  CK  equal  to  BK :  and  because  FB  is 
equal  to  FC,  and  FK  common  to  the  triangles  BFK, 
CFK,  the  two  BF,  FK  are  equal  to  the  two  CF,  FK, 
each  to  each ;  and  the  base  BK  was  proved  equal  to 
the  base  KC ;  therefore  the  angle  BFK  is  equal*  to  *s.  1. 
the  angle  KFC,  and  the  angle  BKFf  to  FKC :  where-  1 4. 1. 
fore  the  angle  BFC  is  double  of  the  angle  KFC,  and 
BKC  double  of  FKC :  for  the  same  reason  the  angle 
CFD  is  double  of  the  angle  CFL,  and  CLD  double  of 
CLF :  and  because  the  circumference 
BC  is  equal  to  the  circumference  CD, 

the  angle  BFC  is  equal  *  to  the  angle  ^^<^         •  tr.  3. 

CFD;  and  BFC  is  double  of  the 
angle  KFC,  and  CFD  double  of 
CFL;  therefore  the  angle  KFC  is 

equal f  to  the  angle  CFL :  and  the  K^C^L         1 7  Ax. 

right  angle  FCK  is  equal  to  the  right 
angle  FCL ;  therefore  in  the  two  triangles  FKC,  FLC, 
there  are  two  angles  of  the  one  equal  to  two  angles  of 
the  other,  each  to  each ;  and  the  side  FC,  which  is 
adjacent  to  the  equal  angles  iu  each,  is  common  to  both; 
therefore  the  other  sides  are  equal  *  to  the  other  sides,  *  26.  l. 
and  the  third  angle  to  the  third  angle :  therefore  the 
straight  line  KC  is  equal  to  CL,  and  the  angle  FKC 
to  the  angle  FLC :  and  because  KC  is  equal  to  CL, 
KL  is  double  of  KC.  In  the  same  manner  it  may  be 
shewn  that  HK  is  double  of  BK :  and  because  BK  is 
equal  to  KC,  as  was  demonstrated,  and  that  KL  is 
double  of  KC,  and  HK  double  of  BK,  therefore  HK 
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f  6  Ax.  i$  equal f  to  KL :  in  like  manner  it  may  be  shewn  that 
GH,  GM,  ML  are  each  of  them  equal  to  HK,  or  KL : 
therefore  the  pentagon  GHKLM  is  eouilateral.  It  is 
also  equiangular:  for,  since  the  angle  FKC  is  equal  to 
the  angle  FLC,  and  that  the  angle  HKL  is  double  of 
the  angle  FKC,  and   KLM  double  of  FLC,  as  was 

f  6  Ax.  befbredemonstrated,  therefore  the  angle  HKL  is  equalf 
to  KLM :  and  in  like  manner  it  may  be  shewn,  that 
each  of  the  angles  KHG,  HGM,  GML  Is  equal  to  the 
angle  HKLfOr  KLM :  therefore  the  five  angles  GHK, 
HKL,  KLM,  LMG,  MGH,  being  equal  to  one  an- 
other, the  pentagon  GHKLM  is  equiangular :  and  it 
is  equilateral,  as  was  demonstrated  ;  and  it  is  described 
about  the  circle  ABCDE.     Which  was  to  be  done. 

PROP.  XIII.     PROR 

To  inscribe  a  circle  in  a  given  equilateral  and  equiangular 

pentagon. 

Let  ABCDE  be  the  given  equilateral  and  equian- 
gular pentagon ;  it  is  required  to  inscribe  a  circle  in 
the  pentagon  ABCDE. 

•  9.  i.  Bisect  *  the  angles  BCD,  CDE  by  the  straight  lines 

CF,  DF,  and  from  the  point  F,  in  which  they  meet, 
draw  the  straight  lines  FB,  FA,  FE :  therefore  since 

t  Hyp.  BC  is  equal f  to  CD,  and  CF  common  to  the  triangles 
BCF,  DCF,  the  two  sides  BC,  CF  are  equal  to  the 
two  DC,  CF,  each  to  each;  and  the  angle  BCF  is 

t  Constr.     equal  +  to  the  angle  DCF ;  therefore  the  base  BF  is 

•  4.  l.        equal  *  to  the  base  FD,  and  the  other  angles  to  the  other 

angles,  to  which  the  equal  sides  are  opposite ;  therefore 
the  angle  CBF  is  equal  to  the  angle  CDF :  and  be- 
cause the  angle  CDE  is  double  of  CDF, 
and  that  CDE  is  equal  to  CBA,  and 
CDF  to  CBF;  CBA  is  also  double  of 
the  angle  CBF;  therefore  the  angle 
ABFiseqoaltotheangle  CBF;  where- 
fore the  angle  ABC  is  bisected  by  the 
straight  line  BF:  in  the  same  manner  it         C^kTl) 
may  be  demonstrated,  that  the  angles 
BAE,  AED,  are  bisected  by  the  straight  lines  AF,  FE. 

•  12.  l.       From  the  point  F,  draw  *  FG,  FH,  FK,  FL,   FM 

perpendiculars   to  the  straight  lines  AB,  BC,  CD* 
DE,  EA :  and  because  the  angle  HCF  is  equal  to 


BOOK  IV.    PROP.  XIV.  97 

KCF,  and  the  right  angle  FHC  equal  to  the  rfaht 

angle  FK,C;   therefore  in  the  triangles  FHC,   FKC 

there  are  two  angles  of  the  one  equal  to  two  angles 

of  the  other,  each  to  each ;  and  the  side  FC,  which 

is  opposite   to   one  of  the  equal   angles   in  each,  is 

common  to  both ;  therefore  the  other  sides  are  equal*,  *  46.  i. 

each  to  each ;   wherefore   the  perpendicular   FH   is 

equal  to  the  perpendicular  FK :  in  the  same  manner 

it  may  be  demonstrated,  that  FL,  FM,  FG  are  each  of 

them  equal  to  FH,  or  FK :  therefore  the  five  straight 

lines  FG,  FH,  FK,  FL,  FM  are  equal  to  one  another : 

wherefore  the  circle  described  from  the  centre  F,  at 

the  distauce  of  one  of  these  five,  will  pits*-  through  the 

extremities  of  the  other  four,  and  touch  the  straight 

lines  AB,  BC,  CD,  DE,  EA,  because  the  angles  at 

the  points  G,  H,  K,  L,  M  are  right  angles,  and  that 

a  straight  line  drawn  from  the  extremity  of  the  diameter 

of  a  circle  at  right  angles  to  it,  touches*'  the  circle:  •***3-'* 

therefore  each  of  the  straight  lines  AB,  BC,  CD,  DE, 

EA  touches  the  circle :  wherefore  it  is  inscribed  in  the. 

pentagon  ABCDE.     Which  Was  to  be  done. 

PROP.  XIV.    PROB. 

To  describe  a  circle  about  a  given  equilateral  and  equi' 

angular  pentagon* 

-  Let  ABCDE  be  the  given  equilateral  and  equian- 
gular pentagon;  it  is  required  to  describe  a  circle 
about  it. 

Bisect*  the  angles  BCD,  CDE  by  the  straight  lines  •  9. 1. 
CF,  FD,  and  from  the  point  F,  in  which 
they  meet,  draw  the  straight  lines  FB,  FA, 
FE,  to  the  points  B,  A,  JE.  It  may  be  de- 
monstrated, in  the  same  manner  as  in 
the  preceding  proposition,  that  the  angles 
CBA,  BAE,  AED  are  bisected  by  the 
straight  lines  FB,  FA,  FE :  and  because 
the  angle  BCD  is  equal  to  the  angle  CDE,  and  that 
FCD  is  the  half  of  the  angle  BCD,  and  CDF  the  half 
of  CDE;  therefore  the  angle  FCD  is  equalf  to  FDC;  t  *  Ax. 
wherefore  the  side  CF  is  equal*  to  the  side  FD:  in  like  *  6- 1# 
manner  it  may  be  demonstrated  that  FB,  FA,FE,  are 
each  of  them  equal  to  FC  or  FD:  therefore  the  five 
straight  lines  FA,  FB,  FC,  FD,  FE  are  equal  to  one 
another ;  and  the  circle  described  from  the  centre  F, 

H 
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at  the  distance  of  one  of  them,  will  pass  through'  the 
extremities  of  the  other  four,  and  be  described  about 
the  equilateral  and  equiangular  pentagon  ABCDE. 
Which  was  to  be  done. 

PROP.  XV.    PROB. 

See  N.         To  inscribe  an  equilateral  and  equiangular  hexagon  in  a 

given  circle. 

Let  ABCDEF  be  the  given  circle;  it  is  required  to 
inscribe  an  equilateral  and  equiangular  hexagon  in  it. 

1 1.3.  Findf  the  centre  G  of  the  circle  ABCDEF,   and 

draw  the  diameter  AGD ;  and  from  D,  as  a  centre,  at 
the  distance  DG,  describe  the  circle  EGCH,  join  EG, 
CG,  and  produce  them  to  the  points  B,  F ;  and  join 
AB,  BC,  CD,  DE,  EF,  FA :  the  hexagon  ABCDEF 
shall  be  equilateral  and  equiangular. 

Because  G  is  the  centre  of  the  circle  ABCDEF,  GE 
is  equal  to  GD :  and  because  D  is  the  centre  of  the 
circle  EGCH,  DE  is  equal  to  DG :  wherefore  GE  is 

1 1  Ax.        equal  f  to  ED,  and  the  triangle  EGD  is  equilateral : 
and  therefore  its  three  angles  EGD,  GDE,  DEG,   are 

t  Cor.  5.  l.  equal  f  to  one  another:  but  the  three  angles  of  a  triangle 

*  32.  l.        are  equal*  to  two  right  angles;  therefore  the  angle  EGD 

is  the  third  part  of  two  right  angles:  in  the  same  manner 
it  may  be  demonstrated,  that  the  angle  DGC  is  also 
the  third  part  of  two  right  angles:  and  because  the 
straight  line  GC   makes  with   EB  the 

*  13.  l.        adjacent  angles  EGC,  CGB  equal  *  to 

two  right  angles;  the  remaining  angle 
CGB  is  the  third  part  of  two  right  an- 
gles :  therefore  the  angles  EGD,  DGC, 
CGB  are  equal  to  one  another :  and  to 

*  15.  l.        these  are  equal  *   the  vertical  opposite 

angles  BGA,  AGF,  FGE:  therefore 
the  six  angles  EGD,  DGC,  CGB,  BGA, 
AGF,  FGE,  are  equal  to  one  another :  but  equal  angles 
*26. 3.  stand  upon  equal*  circumferences;  therefore  the  six 
circumferences  AB,  BC,  CD,  DE,  FA  are  equal  to 
one  another :  and  equal  circumferences  are  subtended 

*  29.  3.        by  equal  *  straight  lines ;  therefore  the  six  straight  lines 

are  equal  to  one  another,  and  the  hexagon  ABCDEF 
is  equilateral.  It  is  also  equiangular:  for,  since  the 
circumference  AF  is  equal  to  ED,  to  each  of  these  add 
the  circumference  ABCD;   therefore  the  whole   cir- 
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cumference  FABCD  is  equal  to  the  whole  EDCB A  :* 
and  the  angle  FED  stands  upon  the  circumference 
FABCD,  and  the  angle  AFE  upon  EDCB  A;  there- 
fore the  angle  AFE  is  equal +  to  FED:  in  the  same  ttf.s. 
manner  it  may  be  demonstrated  that  the  other  angles 
of  the  hexagon  ABCDEF  are  each  of  them  equal  to 
♦the  angle  AFE  or  FED :  therefore  the  hexagon  is  equi- 
angular; and  it  is  equilateral,  as  was  shewn;  and  it  is 
inscribed  in  the  given  circle  ABCDEF.  Which  was 
to  be  done. 

Cor. — From  this  it  is  manifest,  that  the  side  of  the 
hexagon  is  equal  to  the  straight  line  from  the  centre,' 
that  is,  to  the  semidiameter  of  the  circle. 

And  if  through  the  points  A,  B,  C,  D,  E,  F  there  be 
drawn  straight  Tines  touching  the  circle,  an  equilateral 
and  equiangular  hexagon  will  be  described  about  it, 
which  may  be  demonstrated  from  what  has  been  said  of 
the  pentagon  :  and  likewise  a  circle  may  be  inscribed 
in  a  given  equilateral  and  equiangular  hexagon,  and 
circumscribed  about  it,  by  a  method  like  to  that  used 
for  the  pentagon. 

PROP.  XVI.    PROB.  SeeN. 

To  inscribe  an  equilateral  and  equiangular  quindecagon 

in  a  given  circle. 

Let  ABCD  be  the  given  circle;  it  is  required  to 
inscribe  an  equilateral  and  equiangular  quindecagon  in 
the  circle  ABCD. 

Let  AC  be  the  side  of  an  equilateral  triangle  in- 
scribed *  in  the  circle,  and  AB  the  side  of  an  equilateral  •  s.  4. 
and  equiangular  pentagon  inscribed*  in  *  ti.  4. 

the  same:  therefore,  of  such  equal  parts, 
as  the   whole  circumference   ABCDF 
contains  fifteen,  the  circumference  ABC, 
being  the  third  part  of  the  whole,  con- 
tains five ;  and  the  circumference  AB, 
which  is  tfce  fifth  part  of  the  whole,  con- 
tains three;    therefore  BC,    their  difference,  contains 
two  of  the  same  parts:  bisect*  BC  in  E;  therefore  BE,  *30.s. 
EC  are  each  of  them  the  fifteenth  part  of  the  whole 
circumference  ABCD :  therefore  if  the  straight  lines 
BE,  EC  be  drawn,  and  straight  lines  equal  to  them  be 
placed  round  *  in  the  whole  circle,  an  equilateral  and  *  *•  *• 
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'  equiangular  quindecagon  will  be  inscribed  in  it  Which 
was  to  be  done. 

And  in  the  same  manner  as  was  done  in  the  penta- 
gon, if  through  the  points  of  division  made  by  inscribing 
the  quindecagon,  straight  lines  be  drawn  touching  the 
circle,  an  equilateral  and  equiangular  quindecagon  will 
be  described  about  it;  and  likewise,  as  in  the  pentagon, 
a  circle  may  be  inscribed  in  a  given  equilateral  and 
equiangular  quindecagon,  and  circumscribed  about  it. 
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DEFINITIONS. 


A  less  magnitude  is  said  to  be  a  part  of  a  greater 
magnitude  when  the  less  measures  the  greater ;  that 
is,  ( when  the  less  is  contained  a  certain  number  of 
*  times  exactly  in  the  greater/ 

II. 

A  greater  magnitude  is  said  to  be  a  multiple  of  a  less, 
when  the  greater  is  measured  by  the  less,  that  is, 
'  when  the  greater  contains  the  less  a  certain  number 
'  of  times  exactly.9 

III. 

"  Ratio  is  a  mutual  relation  of  two  magnitudes  of  the  SeeK. 
"  same  kind  to  one  another,  in  respect  of  quantity." 

IV. 

Magnitudes  are  said  to  have  a  ratio  to  one  another, 
when  the  less  can  be  multiplied  so  as  to  exceed  the 
other. 

V. 

The  first  of  four  magnitudes  is  said  to  have  the  same 
ratio  to  the  second,  which  the  third  has  to  die  fourth, 
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when  any  equimultiples  whatsoever  of  the  first  and 
third  being  taken,  and  any  equimultiples  whatsoever 
of  the  second  and  fourth;  if  the  multiple  of  the  first 
be  less  than  that  of  the  second,  the  multiple  of  the 
third  is  also  less  than  that  of  the  fourth :  or,  if  the 
multiple  of  the  first  be  equal  to  that  of  the  second, 
the  multiple  of  the  third  is  also  equal  to  that  of  the 
fourth :  or,  if  the  multiple  of  the  first  be  greater  than 
that  of  the  second,  the  multiple  of  the  third  is  also 
greater  than  that  of  the  fourth* 

VI. 

Magnitudes  which  have  the  same  ratio  are  called  pro- 
portionals. *N.  B.  When  four  magnitudes  are  pro- 
portionals, it  is  usually  expressed  by  saying,  the 
«  first  is  to  the  second,  as  the  third  to  the  fourth/ 

VII. 

When  of  the  equimultiples  of  four  magnitudes  (taken 
as  in  the  fifth  definition),  the  multiple  of  the  first  is 
greater  than  that  of  the  second,  but  the  multiple  of 
the  third  is  not  greater  than  the  multiple  of  tbe  fourth; 
then  the  first  is  said  to  have  to  the  second  a  greater 
ratio  than  the  third  magnitude  has  to  the  fourth :  and, 
on  tbe  contrary,  the  third  is  said  to  have  to  the  fourth 
a  less  ratio  than  the  first  has  to  the  second. 

VIII. 
"  Analogy  or  proportion  is  the  similitude  of  ratios." 

IX. 

Proportion  consists  in  three  terms  at  least. 

X. 

When  three  magnitudes  are  proportionals,  the  first  is 
said  to  have  to  the  third  the  duplicate  ratio  of  that 
which  it  has  to  the  second.  * 

XI. 

See  N.  When  four  magnitudes  are  continual  proportionals,  the 
first  is  said  to  have  to  the  fourth  the  triplicate  ratio 
of  that  which  it  has  to  the  second,  and  so  on,  qua- 
druplicate, &c  increasing  the  denomination  still  by 
unity,  in  any  number  of  proportionals. 
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Definition  A,  to  wit  of  compound  ratio. 

When  there  are  any  number  of  magnitudes  of  the  same 
kind,  the  first  is  said  to  have  to  the  Inst  of  them  the 
ratio  compounded  of  the  ratio  which  the  first  has  to 
the  second,  and  of  the  ratio  which  the  second  has  to 
the  third,  and  of  the  ratio  which  the  third  has  to  the 
fourth,  and  so  on  unto  the  last  magnitude. 

For  example,  if  A,  6,  C,  D  be  four  magnitudes  of  the 
same  kind,  the  first  A  is  said  to  have  to  the  last  D 
the  ratio  compounded  of  the  ratio  of  A  to  B,  and  of 
the  ratio  of  B  to  C,  and  of  the  ratio  of  C  to  D;  or, 
the  ratio  of  A  to  D  is  said  to  be  compounded  of  the 
ratios  of  A  to  B,  B  to  C,  and  C  to  D. 

And  if  A  has  to  B  the  same  ratio  which  E  has  to  F; 

■  and  B  to  C  the  same  ratio  that  G  has  to  H ;  and  C 
to  D  the  same  that  K  has  to  L;  then,  by  this  defini- 
tion, A  is  said  to  have  to  D  the  ratio  compounded  of 
ratios  which  are  the  same  with  the  ratios  of  £  to  F, 
G  to  H,  and  K  to  L.  And  the  same  thing  is  to  be 
understood  when  it  is  more  briefly  expressed  by  say- 
ing, A  has  to  D  the  ratio  compounded  of  the  ratios 
of  E  to  F,  G  to  H,  and  K  to  L. 

In  like  manner,  the  same  things  being  supposed,  if  M 
has  to  N  the  same  ratio  which  A  has  to  D;  then,  for 
shortness  sake,  M  is  said  to  have  to  N  the  ratio  com- 
pounded of  the  ratios  of  E  to  F,  G  to  H,  and  K 
to  L. 

XII. 

In  proportionals,  the  antecedent  terms  are  called  homo- 
logous to  one  another,  as  also  the  consequents  to  one 
another. 

*  Geometers  make  use  of  the  following  technical  words, 

*  to  signify  certain  ways  of  changing  either  the  order 

*  or  magnitude  of  proportionals,  so  that  they  continue 
( still  to  be  proportionals.' 

XIII. 

Permutando,  or  alternando,  by  permutation  or  alter-  See  N. 
nately.     This  word  is  used  when  there  are  four  pro- 
portionals, and  it  is  inferred  that  the  first  has  the  same 
ratio  to  the  third  which  the  second  has  to  the  fourth; 
or  that  the  first  is  to  the  third  as  the  second  to  the 
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fourth :  as  is  shewn  in  the  Kith  Prop,  of  this  fifth 
Book. 

XIV. 

Invertendo,  by  inversion ;  when  there  are  four  propor- 
tionals, and  it  is  inferred,  that  the  second  is  to  the 
first  as  the  fourth  to  the  third.     Prop.  B.  Book  5. 

XV. 

Coroponendo,  by  composition;  when  there  are  four 
proportionals,  and  it  is  inferred  that  the  first  together 
with  the  second,  is  to  the  second,  as  the  third  together 
with  the  fourth,  is  to  the  fourth.    18th  Prop.  Book  5* 

XVI. 

Dividendo,  by  division ;  when  there  are  four  propor- 
tionals, and  it  is  inferred,  that  the  excess  of  the  first 
above  the  second,  is  to  the  second,  as  the  excess  of 
the  third  above  the  fourth,  is  to  the  fourth.  17th 
Prop;  Book  5. 

XVII. 

Convertendo,  by  conversion ;  when  there  are  four  pro- 
portionals, and  it  is  inferred,  that  the  first  is  to  its 
excess  above  the  second,  as  the  third  to  its  excess 
above  the  fourth.     Prop.  E.  Book  5. 

XVIII. 

Ex  isquali  (sc.  distantia),  or  ex  aequo,  from  equality  of 
distance  :  when  there  is  any  number  of  magnitudes 
more  than  two,  and  as  many  others,  such  that  they 
are  proportionals  when  taken  two  and  two  of  each 
rank,  and  it  is  inferred,  that  the  first  is  to  the  last  of 
the  first  rjank  of  magnitudes,  as  the  first  is  to  the  last 
of  the  others :  « Of  this  there  are  the  two  following 
« kinds,  which  arise  from  the  different  order  in  which 
*  the  magnitudes  are  taken,  two  and  two/ 

XIX. 

Ex  aequali,  from  equality.  This  term  is  used  simply  by 
itseH,  when  the  first  magnitude  is  to  the  second  of 
the  first  rank,  as  the  first  to  the  second  of  the  other 
rank ;  and  as  the  second  is  to  the  third  of  the  first 
rank,  so  is  the  second  to  the  third  of  the  other ;  and 
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soon  in  order:  and  the  inference  is  at  mentioned 
in  the  preceding  definition;  whence  this  is  called  or- 
dinate proportion.  It  is  demonstrated  in  the  22d 
Prop*     Book  5. 

XX. 

Ex  aequali  in  proportione  perturbata  seu  inordinate 
from  equality  in  perturbate  or  disorderly  proportion*. 
This  term  is  used  when  the  first  magnitude  is  to  the 
second  of  the  first  rank,  as  the  last  but  one  is  to  the 
last  of  the  second  rank;  and  as  the  second  is  to  the 
third  of  the  first  rank,  so  is  the  last  but  two  to  the  last 
but  one  of  the  second  rank;  and  as  the  third  is  to  the 
fourth  of  the  first  rank,  so  is  the  third  from  the  last 
to  the  last  but  two  of  the  second  rank;  and  so  on  in  a 
cross  order:  and  the  inference  is  as  in  the  18th  de- 
finition. It  is  demonstrated  in  the  23d  Prop,  of 
Book  5. 


AXIOM& 

I. 

Equimultiples  of  the  same,  or  of  equal  magnitudes, 
are  equal  to  one  another. 

II. 

Those  magnitudes,  of  which  the  same  or  equal  magni- 
tudes are  equimultiples,  are  equal  to  one  another. 

III. 

A  multiple  of  a  greater  magnitude  is  greater  than  the 
same  multiple  of  a  less. 

IV. 

That  magnitude,  of  which  a  multiple  is  greater  than 
*he  same  multiple  of  another,  is  greater  than  that 
other  magnitude. 

PROP.  L    THEOR. 

If  any  number  of  magnitudes  be  equimultiples  of  as  many, 
each  of each  $  what  multiple  soever  any  one  of  them  is  of 
its  part,  the  same  multiple  shall  all  the  first  magnitudes 
be  of  all  the  other. 

Let  any  number  of  magnitudes  AB,  CD  be  equimul- 

*  4  Prop,  lib*  2.  JLrMfotd'w  de  Sphaera  et  Cyl+n<*re.         '    * 
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tiples  of  as  many  others  E,  F,  each  of  each:  whatsoever 
multiple  AB  is  of  E,  the  same  multiple  shall  AB  and 
CD  together  be  of  E  and  F  together. 

Because  AB  is  the  same  multiple  of  E  that  CD  is  of 
F,  as  many  magnitudes  as  there  are  in  AB  equal  to 
E,  so  many  are  there  in  CD  equal  to  F.  Di- 
vide AB  into  magnitudes  equal  to  E,  viz.  AG, 
GB;  and  CD  into  CH,  HD  equal  each  of 
them  to  F :  therefore  the  number  of  the  mag- 
nitudes CH,  HD,  shall  be  equal  to  the  num- 
ber of  the  others  AG,  GB:  and  because  AG 
is  equal  to  E,  and  CH  to  F,  therefore  AG  and 
CH  together  are  equal  to  *  E  and  F  together : 
for  the  same  reason,  because  GB  is  equal  to  E, 
and  HD  to  F,  GB  and  HD  together  are  equal  to  E 
and  F  together:  wherefore  as  many  magnitudes  as  there 
are  in  AJB  equal  to  E,  so  many  are  there  in  AB,  CD 
together  equal  to  E  and  F  together :  therefore,  whatso- 
ever multiple  AB  is  of  E,  the  same  multiple  is  AB  and 
CD  together  of  E  and  F  together. 

Therefore,  if  any  magnitudes,  how  many  soever,  be 
equimultiples  of  as  many,  each  of  each ;  whatsoever 
multiple  any  one  of  them  is  of  its  part,  the  same  multiple 
shall  all  the  first  magnitudes  be  of  all  the  others :  '  For 
'  the  same  demonstration  holds  in  any  number  of  mag- 
(  nitudes,  which  was  here  applied  to  two.'     Q.  E.  D. 

PROP.  II.    THEOR. 

If  the  first  magnitude  he  the  same  multiple  of  the  second 
that  the  third  is  of  the  fourth,  and  thejifth  the  same 
multiple  of  the  second  that  the  sixth  is  of  the  fourth; 
then  shall  the  first  together  with  the  fifth  be  the  same 
multiple  of  the  second,  that  the  third  together  with  the 
sixth  is  of  the  fourth.  >» 

Let  AB  the  first  be  the  same  multiple  of  C  the  second, 
that  DE  the  third  is  of  F  the  fourth  ;   and  BG  the  fifth 

le  same  multiple  of  C  the  second,  that 

<H  the  sixth  is  of  F  the  fourth.:  then 
shall  AG,  the  first  together  with  the  fifth, 
be  the  same  multiple  of  C  the  second,  that 
DH,  the  third  together  with  the  sixth,  is 
of  F  the  fourth. 

Because  AB  is  the  same  multiple  of  C  that  DE  is  of 
F;  there  are  as  many  magnitudes  in  AB  equal  to  C,  as 
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there  are  in  DE  equal  to  F :  in  like  manner,  as  many 

as  there  are  in  B6  equal  to  C,  so  many  are  there 

in  EH  equal  to  F :  therefore  as  many  as  there  are  in 

the  whole  AG  equal  to  C,  so  many  are  there  in  the 

whole  DH  equal  to  F:  therefore  AG  is 

the  same  multiple  of  C  that  DH  is  of  F ; 

that  is  AG,  the  first  and  fifth  together,  is 

the  same  multiple  of  the  second  C,  that 

DH,  the  third  and  sixth  together,  is  of  the 

fourth  F.     If,  therefore,   the  first  be  the 

same  multiple,  &c.     q.  e.  d. 

Cob.  '  From  this  it  is  plain,  that  if  any 
number  of  magnitudes  AB,  BG,  GH,  be  multiples  of 
another  C ;  and  as  many  DE,  EK,  KL,  be  the  same 
multiples  of  F,  each  of  each :  then  the  whole  of  the  first, 
viz.  AH,  is  the  same  multiple  of  C,  that  the  whole  of 
the  last,  viz.  DL,  is  of  F. 
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PROP.  III.    THEOR. 

Ifthejirst  be  the  same  multiple  of the  second,  which  the 
third  is  of  the  fourth;  and  if  of  the  first  and  third 
there  be  taken  equimultiples  ;  these  shall  be  equimuUi- 
pleSy  tJie  one  of  the  second,  and  the  other  of  the  fourth. 

Let  A  the  first  be  the  same  multiple  of  B  the  second, 

that  C  the  third  is  of  D  the  fourth ;  and  of  A,  C  let 

equimultiples  EF,  GH  be  taken :  then  EF  shall  be  the 

same  multiple  of  B,  that  GH  is  of  D. 

Because  EF  is  the  same  multiple  of  A,  that  GH  is  of 

C,  there  are  as  many  magnitudes  in 

EF  equal  to  A,  as  there  are  in  GH 

equal  to  C :  let  EF  be  divided  into 

the    magnitudes    EK,    KF,   each 

equal  to  A;    and  GH  into  GL, 

LH,  each  equal  to  C :   therefore 

the  number  of  the  magnitudes  EK, 
KF,  shall  be  equal  to  die  number 
of  the  others,  GL,  LH :  and 
because  A  is  the  same  multiple  of  B,  that  C  is  of  D,  and 
that  EK  is  equal  to  A,  and  GL  equal  to  C ;  therefore 
EK  is  the  same  multiple  of  B,  that  GL  is  of  D :  for  the 
same  reason,  KF  is  the  same  multiple  of  B,  that  LH  is 
of  D :  and  so,  if  there  be  more  parts  in  EF,  GH,  equal 
to  A,  C:  therefore,  because  the  first  EK  is  the  same 
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multiple  of  the  second  B,  which  the  third  OL  is  of  the 
fourth  D,  and  that  the  fifth  KF  is  the  same  multiple  of 
the  second  B,  which  the  sixth  LH  is  of  the  fourth  D ; 
EF,  the  first  together  with  the  fifth,  is  the  same  multi- 

*  *.  5.         pie  #  of  the  second  B,  which  GH,  the  third  together  with 

the  sixth,  is  of  the  fourth  D.  If,  therefore,  the  first,  &c. 

Q.  E.  D. 

PROP.  IV.    THEOR. 

See  N.  If  thejirst  of  four  magnitudes  has  the  same  ratio  to  the 
second  which  the  third  has  to  the  fourth ;  then  any  equi- 
multiples whatever  of  the  first  and  third  shall  have  the 
same  ratio  to  any  equimultiples  of  the  second  and 
fourth,  viz.  *  the  equimultiple  of  the  first  shall  have 
the  same  ratio  to  that  qf  the  second,  which  the  equi- 
multiple of  the  third  has  to  that  of  the  fourth? 

Let  A  the  first  have  to  B  the  second  the  same  ratio 
which  the  third  C  has  to  the  fourth  D ; 
and  of  A  and  C  let  there  be  taken  any 
equimultiples  whatever  E,  F;  and  of  B 
and  D  any  equimultiples  whatever 
G,  H :  then  E  shall  have  the  same 
ratio  to  G  which  F  has  to  H. 

Take  of  E  and  F  any  equimultiples 
whatever,  K,  L,  and  of  G,  H,  any 
equimultiples  whatever,  M,  N:  then 
because  E  is  the  same  multiple  of  A, 
that  F  is  of  C ;  and  of  E  and  F  have 
been  taken  equimultiples,  K,  L ;  there* 

*  3. 5.         f°re  &  *s  the  same  multiple  of  A*,  that 

L  is  of  C:  for  the  same  reason,  M  is  the 
same  multiple  of  B,  that  K  is  of  D. 

*  Hyp.        And  because  *,  as  A  is  to  B,  so  is  C  to  D,  and  of 

A  and  C  have  been  taken  certain  equimultiples  K,  Lj 

and  of  B  and  D  have  been  taken  certain  equimultiples 

M,  N ;  therefore  if  K  be  greater  than  M,  L  is  greater 

*5  Def.  5.  thanN;  and  if  equal,  equal;  if  less,  less*:  but  K,  L  are 

t  Constr.     any  equimultiples  f  whatever  of  E,  F,  and  M,  N,  any 

*  5  Def.  5.   whatever  of  G,  H ;  therefore  as  E  is  to  G,  so  is  *  F  to 

H*     Therefore,  if  the  first,  &c.    Q.  e.  d. 

Cor.  Likewise*  if  the  first  has  the  same  ratio  to  the 
second,  which  the  third  has  to  the  fourth,  then  also 
any  equimultiples  whatever  of  the  first  and  third  shall 
have  the  same  ratio  to  the  second  and  fourth :   and  ia 
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like  ipanner,  the  first  and  the  third  shall  have  the 
same  ratio  to  any  equimultiples  whatever  of  the  second 
and  fourth. 

Let  A  the  first  have  to  B  the  second  the  same  ratio 
which  the  third  C  has  to  the  fourth  D,  and  of  A  and  C 
let  E  and  F  be  any  equimultiples  whatever ;  then  E 
shall  be  to  B  as  F  to  D. 

Take  of  E,  F  any  equimultiples   whatever  K,  L, 
and  of  B,  D  any  equimultiples  whatever  G,  H :  then  it 
may  be  demonstrated,  as  before,  that  K  is  the  same 
multiple  of  A,  that  L  is  of  C :  and  because  +  A  is  to  B  t  Hyp. 
as  C  is  to  D,  and  of  A  and  C  certain  equimultiples  have 
been  taken,  viz.  K  and  L ;  and  of  B  and  D  certain 
equimultiples  G,  H ;  therefore  if  K  be  greater  than  G, 
L  is  greater  than  H ;  and  if  equal,  equal ;  if  less,  less  • :  •  *  Def^k 
but  K,  L,  are  any  f  equimultiples  whatever  of  E,  F,  and  t  Constr. 
G,  H  any  whatever  of  B,  D;  therefore  as  E  is  to 
B  f,  so  is  F  to  D.  And  in  the  same  way  the  other  case  t  *  Dcf*  & 
is  demonstrated. 

PROP.  V.     THEOR. 

If  one  magnitude  be  the  same  multiple  of  another,  which  8ee  **• 
a  magnitude  taken  from  the  first  is  of  a  magnitude 
taken  from  the  other  ;  the  remainder  shall  be  the  same 
multiple  of  the  remainder,  that  the  whole  is  of  the 
whole. 

Let  the  magnitude  AB  be  the  same  multiple  of  CD, 
that  AE  taken  from  the  first  is  of  CF  taken 
from  the  other:  the  remainder  EB  shall  be    < 
the    same   multiple   of  the  remainder  FD, 
that  the  whole  AB  is  of  the  whole  CD.  j 

Take  AG  the  same  multiple  of  FD,  that 
AE  is  of  CF :    therefore  AE  is  *  the  same    ] 
multiple   of  CF,   that  EG  is  of  CD:    but 
AE,  by  the  hypothesis,  is  the  same  multi-      &   j> 
pie  of  CF,  that  AB  is  of  CD ;  therefore  EG  is 
the  same  multiple  of 'CD  that  AB  is  of  CD ;  wherefore 
EG  is  equal #  to  AB:   take  from  each  of  them  the  *iAx.5. 
common  magnitude  AE;    and  the  remainder  AG  is 
equal  to  the  remainder  EB.    Wherefore,  since  AE, 
is  the  same  multiple  of  CF  f>   that  AG  is  of  FD,  t  Con»tr. 
and  that  AG  is^equal  to  EB ;  therefore  AE  is  the  same 
multiple  of  CF>  that  EB  is  of  FD :  but  AE  is  the  same 
multiple  of  CF  f  that  AB  is  of  CD ;-  therefore  EB  t  Hyp. 
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is  the  same  multiple  of  FD,  that  AB  is  of  CD.  There- 
fore, if  one  magnitude,  &c.     Q.  E.  J). 


PROP.  VI.    THEOR. 


fHyp. 


a* 
c 
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See  N.        If  two  magnitudes  be  equimultiples  of  two  others,  and  if 
equimultiples  of  these  be  taken  from  the  first  two  ;  the 
remainders  are  either  equal  to  these  others,  or  equimtd- 
tiplis  of  them. 

Let  the  two  magnitudes  AB,  CD  be  equimultiples 
of  the  two  E,  F,  and  let  AG,  CH  taken  from  the  first 
two  be  equimultiples  of  the  same  E,  F  :  the  remainders 
GB,  HD  shall  be  either  equal  to  E,  F,  or  equimul- 
tiples of  them. 

First,  let  GB  be  equal  to  E :  HD  shall 
be  equal  to  F.  Make  CK  equal  to  F: 
and  because  AG  is  the  same  multiple  of 
Ef ,  that  CH  is  of  F,  and  that  GB  is  equal 
to  E,  and  CK  to  F ;  therefore  AB  is  the 
same  multiple  of  E,  that  KH  is  of  F :  but 
AB,  by  the  hypothesis,  is  the  same  mul- 
tiple of  E,  that  CD  is  of  F ;  therefore  KH  is  the  same 
multiple  of  F,  that  CD  is  of  F:  wherefore  KH  is 
*iAx.5.  equal #  to  CD:  take  away  the  common  magnitude 
CH,  then  the  remainder  KC  is  equal  to  the  remainder 
HD :  but  KC  is  equal  f  to  F ;  therefore  HD  is  equal 
to  F.        .        ► 

Next,  let  GB  be  a  multiple  of  E;  HD  shall  be  the 
same  multiple  of  F.  Make  CK  the  same 
multiple  of  F,  that  GB  is  of  E:  and  be- 
cause AG  is  the  same  multiple  of  Ef,  that 
CH  is  of  F;  and  GB  the  same  multiple 
of  E,  that  CK  is  of  F ;  therefore  AB  is  the 
same  multiple.  of.E  #,  that  KH  is  of  F: 
but  AB  is  the  same  multiple  of  Ef,  that 
CD  is  of  F;  therefore  KH  is  the  same 
multiple  of  F,  that  CD  is  of  F ;  wherefore  KH  is 
equal*  to  CD :  take  away  CH  from  both;  therefore 
the  remainder  KC  is  equal  to  the  remainder  HD :  and 
because  GB  is  the  same  multiple  of  E  f ,  that  KC  is  of 
F,  and  that  KC  is  equal  to  HD;  therefore  HD  is  the 
same  multiple  of  F,  that  GB  is  of  E.  If,  therefore, 
two  magnitudes,  &c.     Q.  E.D. 
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PROP.  A.    THEOR. 

If  the^first  of  four  magnitudes  has  the  same  ratio  to  the  See  N. 
second  which  the  third  has  to  the  fourth ;  then,  if  the 
Jirst  be  greater  than  the  second  the  third  is  also  greater 
than  the  fourth ;  and  if  equal,  equal ;  if  less,  less. 

Take  any  equimultiples  of  each  of  them,  as  the 
doubles  of  each  :  then,  by  def.  5th  of  this  book,  if  the 
double  of  the  first  be  greater  than  the  double  of  the 
second,  the  double  of  the  third  is  greater  than  the 
double  of  the  fourth :  but  if  the  first  be  greater  than 
the  second,  the  double  of  the  first  is  greater  than  the 
double  of  the  second ;  wherefore  also  the  double  of  the 
third  is  greater  than  the  double  of  the  fourth ;  there- 
fore the  third  is  greater  than  the  fourth :  in  like 
manner,  if  the  first  be  equal  to  the  second,  or  less  than 
it,  the  third  can  be  proved  to  be  equal  to  the  fourth, 
or  less  than  it     Therefore  if  the  first,  &c.    Q.  B*  D. 


PROP.  B.    THEOR. 

If  four  magnitudes  are  proportionals,  they  are  propor-  See  N. 
tionals  also  when  taken  inversely. 

Let  A  be  to  B,  as  C  is  to  D :  then  also  inversely  B 
shall  be  to  A,  as  D  to  C. 

Take  of  B  and  D  any  equimultiples  whatever  E  and 
F ;  and  of  A  and  C  any  equimultiples  whatever  G  and 
H.     First,  let  E  be  greater  than  G,  then  G  is  less  than 
E  :  and  because  f  A  is  to  B  as  C  is  to  D,  and  of  A  and  t  Hyp. 
C  the  first  and  third,  G  and  H  are  equimul- 
tiples; and  of  B  and  E>  the  second  and  fourth, 
E  and   F  are  equimultiples ;  and  that  G  is 
less  than  E,  therefore  H  is*  less  than  F; 
that  is,   F  is  greater  than   H;  if,  therefore, 
E  be  greater  than  G,  F  is  greater  than  H : 
in  like  manner,  if  E  be  equal  to  G,  F  may 
be  shewn  to  be  equal  to  H  ;  and  if  less,  less ; 
but  E,  F  are  any  equimultiples  f  whatever 
of.B  and  D,  and  G,  H  any  whatever  of  A  and  C; 
thereforef  as  B  is  to  A,  so  is  D  to  C.     Therefore,  if  1 5  Def.  5. 
four  magnitudes,  &c.     Q.  £.  jo. 
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tHyp. 
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PROP.  C.    THEOR. 

See  N.  Iftheforsl  be  the  same  multiple  of  the  second,  or  the  same 
part  of  it,  that  the  third  is  of  the  fourth ;  the  Jirst  is 
to  the  second,  as  the  third  is  to  the  fourth. 

Let  the  first  A  be  the  same  multiple  of 
the  second  B,  that  the  third  C  is  of  the 
fourth  D :  A  shall  be  to  B  as  C  is  to  D. 

Take  of  A  and  C  any  equimultiples  what* 
ever,  E  and  F ;  and  of  B  and  D  any  equi- 
multiples whatever,  G  and  H :  then,  because 
A  is  the  same  t  multiple  of  B  that  C  is  of  D; 
and  that  E  is  the  same  f  multiple  of  A  that 
F  is  of  C ;  therefore  £  is  the  same  multiple 
of  B  '*,  that  F  is  of  D ;  that  is,  E  and  F  are 
equimultiples  of  B  and  D  :  but  G  and  H  are 
equimultiplesf  of  B  and  D  ;  therefore,  if  E  be  a 
greater  multiple  of  B  than  G  is  of  B,  F  is  a  greater 
multiple  of  D  than  H  is  of  D ;  that  is,  if  E  be  greater 
than  G,  F  is  greater  than  H:  in  like  manner,  if  E  be 
equal  to  G,  or  less  than  it,  F  may  be  shewn  to  be  equal 
to  H,  or  less  than  it :  but  E,  F  are  equimultiples  f ,  any 
whatever,  of  A,  C;  and  G,  H  any  equimultiples  what- 
t  5  Def.  5.  ever  of  B,  D;  therefore  f  A  is  to  B,  as  C  is  to  D. 

Next,  let- die  first  A  be  the  same  part  of  the  second 
B,  that  the  third  C  is  of  the  fourth  D :  A 
shall  be  to  B,  as  C  is  to  D. 

For  since  A  is  the  same  part  of  B  that 
C  is  of  D,  therefore  B  is  the  same  multiple 
of  A,  that  D  is  of  C  :  wherefore,  by  the 
preceding  case,  B  is  to  A,  as  D  is  to  C ; 
and  therefore  inversely*  A  is  to  B,  as  C  is  to  D« 
Therefore,  if  the  first  be  the  same  multiple,  Sac. 
Q.  E.  D. 
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PROP.  D.    THEOR. 

Se«  N.        If  the  first  be  to  the  second  as  the  third  to  the  fourth, 
and  if  the  Jirst  be  a  multiple,  or  a  part  of  the  second; 
the  third  is  the  same  multiple,  or  the  same  part  of  the 
fourth. 

Let  A  be  to  B  as  C  is  to  D  :  and  first  let  A  bet 
multiple  of  B :  C  shall  be  the  same  multiple  of  D. 
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Take  £  equal  to  A,  and  whatever  mul- 
tiple A  or  E  is  of  B,  make  F  the  same 
multiple  of  D:  then,  because f  A  is  to  B,  as 
C  is  to  D ;  and  of  B  the  second,  and  D  the 
fourth,  equimultiples  have  been  taken,  E 
and  F  * ;  therefore  A  is  to  E,  as  C  to  F : 
but  A  is  equal  f  to  E,  therefore  C  is  equal* 
to  F:  and  F  is  the  samef  multiple  of  D, 
that  A  is  of  B.  Wherefore  C  is  the  same 
multiple  of  D  that  A  is  of  B. 

Next  let  A  be  a  part  of  B :  C  shall  be  the  same  part 
of  D. 

Becausef  A  is  to  B,  as  C  is  to  D ;  then  inversely,  B 
is*  to  A,  as  D  to  C:  but  A  is  a  partf  of  B,  that  is,  B  is 
a  multiple  of  A;  therefore,  by  the  preceding  case,  D  is 
the  same  multiple  of  C  ;  that  is,  C  is  the  same  part  of 

D,  that  A  is  of  B.    Therefore,  if  the  first,  &c.   Q.  E.  V* 

PROP.  VII.    THEOR. 

Equal  magnitudes  have  the  same  ratio  to  the  same  mag* 
s   nitude:    and  the  same  has  the  same  ratio  to  equal 
magnitudes. 

Let  A  and  B  be  equal  magnitudes,  and  C  any  other. 
A  and  B  shall  each  of  them  nave  the  same  ratio  to  C: 
and  C  shall  have  the  same  ratio  to  each  of  the  magni- 
tudes A  and  B. 

Take  of  A  and  B  any  equimultiples  whatever  D  and 

E,  and  of  C  any  multiple  whatever  F:  then, 
because  D  is  the  samef  multiple  of  A,  that 
E  is  of  B,  and  that  A  is  equalf  to  B:  there- 
fore D  is  *  equal  to  E :  therefore,  if  D  be 
greater  than  F,  E  is  greater  than  F ;  and  if 
equal,  equal ;  if  less,  less ;  but  D,  E  are  any 
equimultiples  of  A,  Bf,  and  F  is  any  multi- 
ple of  C ;  therefore  #,  as  A  is  to  C,  so  is  B 
toC. 

Likewise  C  shall  have  the  same  ratio  to 
A,  that  it  has  to  B.     For,  having  made  the  same  con- 
struction, D  may  in  like  manner  be  shewn  to  be  equal 
to  E :  therefore,  if  F  be  greater  than  D,  it  is  likewise 

freater  than  E ;  and  if  equal,  equal ;  if  less,  less :  but 
'  is  any  multiple  whatever  of  C,  and  D,  E,  are  any 
equimultiples  whatever  of  A,  B;  therefore*,  C  is  to  A  *5Pef.5 
as  C  is   to   B.     Therefore,  equal    magnitudes,    &c. 
Q,E.  Z>. 
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PROP.  VIII.    THEOIL 

Of  two  unequal  magnitudes  the  greater  has  a  greater 

ratio  to  any  other  magnitude  than  the  less  has :  and  the 

same  magnitude  has  a  greater  ratio  to  the  less  of  two 

other  magnitudes,  than  it  has  to  the  greater. 

Let  AB,  BC,  be  two  unequal  magnitudes,  of  which 

AB  is  the  greater,  and  let  D  be  any  other 

magnitude.    AB  shall  have  a  greater  ratio 

to  D  than  BC  has  to  D :  and  D  shall  have 

a  greater  ratio  to  BC  than  it  has  to  AB. 

If  the  magnitude  which  is  not  the  greater 

of  the  two  AC,  CB,  be  not  less  than  D, 

take  EF,  FG,  the  doubles  of  AC,  CB,  as 

in  Fig.  1.     But  if  that  which  is  not  the 

freater  of  the  two  AC,  CB,  be  less  than 
)  (as  in  Fig.  2. and  3.),  this  magnitude  can 
be  multiplied,  so  as  to  become  greater  than  D,  whether 
it  be  AC  or  CB.  Let  it  be  multiplied  until  it  become 
greater  than  D,  and  let  the  other  be  multiplied  as  often ; 
and  let  EF  be  the  multiple  thus  taken  of  AC,  and  FG  the 
same  multiple  of  CB:  therefore  EF  and  FG  are  each  of 
them  greater  than  D:  and  in  every  one  of  the  cases,  take 
H  the  double  of  D,  K  its  triple,  and  so  on,  till  the  mul- 
tiple of  D  be  that  which  first  becomes  greater  than  FG : 
let  L  be  that  multiple  of  D  which  is  first  greater  than 
FG,  and  K  the  multiple  of  D  which  is  next  less  than  L. 
Then,  because  L  is  the  multiple  of  D  which  is  the 
first  that  becomes  greater  than  FG,  the  next  preceding 
multiple  K  is  not  greater  than  FG;  that  is,  FG  is  not 
less  than  K :  and  since  EF  is  the  same  multiple  of  ACf, 
that  FG  is  of  CB;  therefore  FG  is  the  same  multiple 
of  CB*,  that  EG  is  of  AB;  that  is,  EG  and  FG  are 
equimultiples  of  AB  and  CB  :  and  since  it  was  shewn, 
that  FG  is  not  less  than  K,  and, 
by  the  construction,  EF  is 
greater  than  D;  therefore  the 
whole  EG  is  greater  than  K 
and  D  together :  but  K  together 
with  D  is  equal  f  to  L ;  there- 
fore EG  is  greater  than  L :  but 
FG  is  not  greaterf  than  L :  and 
EG,  FG  were  proved  to  be 
equimultiples  of  AB,  BC;  and 
L  is  af  multiple  of  D;  there- 
*  7  Def.  5.  foi-e*  AB  has  to  D  a  greater  ra- 
tio than  BC  has  to  D. 
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Also,  D  shall  have  to  BC  a  greater  ratio  than  it  has 
to  AB.  For  having  made  the  same  construction,  it 
may  be  shewn,  in  like  manner,  that  L  is  greater  than 
FG,  but  lhat  it  is  not  greater  than  EG :  and  L  is  a  +  t  Comtr. 
multiple  of  D ;  and  FG,  EG  were  proved  to  be  equi- 
multiples of  CB,  AB;  therefore  D  has  to  CB.a  greater 
ratio  #  than  it  has  to  AB.  Wherefore,  of  two  unequal  *  r  *>•£  5. 
magnitudes,  &c.     q.  E.  D. 

PROP.  IX.    THEOR. 

Magnitudes  which  have  the  same  ratio  to  the  same  mag"  See  N. 
nitude  are  equal  to  one  another :  and  those  to  which 
the  same  magnitude  has  the  same  ratio  are  equal  to  one 
another. 

Let  A,  B  have  each  of  them  the  same  ratio  to  C :  A 
shall  be  equal  to  B. 

For,  if  they  are  not  equal,  one  of  them  must  be 
greater  than  the  other:  let  A  be  the  greater:  then,  by 
what  was  shewn  in  the  preceding  proposition,  there  are 
some  equimultiples  of  A  and  B,  and  some  multiple  of  C 
such,  that  the  multiple  of  A  is  greater  than  the  multi- 
ple of  C,  but  the  multiple  of  B  is  not  greater  than 
that  of  C.  Let  these  multiples  be  taken ;  and  let  D,  E 
be  the  equimultiples  of  A,  B,  and  F  the  multiple  of  C, 
such  that  D  may  be  greater  than  F,  but  E  not  greater 
than  F:  then,  because  A  is  to  C  asf  B  is  to  C,  t  HJP« 

and  of  A,  B  are  taken  equimultiples  D,  E,  -J 

and  of  C  is  taken  a  multiple  F ;  and  that       I 
D  is  greater  than  F;  therefore  E  is  also       '        '  jJ 

fyeater*  than  F:  but  Eis  notf  greater  than        C|    .    |  *  *  Def.  *• 
^;  which  is  impossible:  therefore  A  and  B    B|        I       t  Canto. 
are  not  unequal ;  that  is,  they  are  equal.  ™ 

Next,  let  C  have  the  same  ratio  to  each 
of  the  magnitudes  A  and  B :  A  shall  be  equal  to  B. 

For,  if  they  are  not  equal,  one  of  them  must  be 
greater  then  the  other :  let  A  be  the  greater :  therefore, 
as  was  shewn  in  Prop.  8th,  there  is  some  multiple  F  of 
C,  and  some  equimultiples  E  and  D,  of  B  and  A  such, 
that  F  is  greater  than  E,  but  not  greater  than  D :  and 
because  C  is  to  Bf,  as  C  is  to  A,  and  that  F  the  multi-  t  Hyp. 
pie  of  the  first  is  greater  than  E  the  multiple  of  the 
second*;  therefore  F  the  multiple  of  the  third  is  *5Def. 5. 
greater  than  D  the  multiple  of  the  fourth :  but  F  is 
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t  Constr.     notf  greater  than  D ;  which  is  impossible.     Therefore 
A  is  equal  to  B.     Wherefore,  magnitudes  which,  &c. 

Q.  E.  D. 

PROP.  X.    THEOR. 

See  tf.  That  magnitude  which  has  a  greater  ratio  than  another 
has  unto  the  same  magnitude,  is  the  greater  of  the 
two:  and  that  magnitude  to  which  the  same  has  a 
greater  ratio  than  it  has  unto  another  magnitude, 
is  the  lesser  of  the  two. 

Let  A  have  to  C  a  greater  ratio  than  B  has  to  C : 
A  shall  be  greater  than  B. 

For,  because  A  has  a  greater  ratio  to  C,  than  B  has 

*  7  Def.  5.  f0  Q9  there  are  *  some  equimultiples  of  A  and  B,  and 

some  multiple  of  C  such,  that  the  multiple  of  A  is 
greater  than  the  multiple  of  C,  but  the  multiple  of  B 
is  not  greater  than  it :  let  them  be  taken ;  and  let  D, 
E  be  the  equimultiples  of  A,  B,  and  F  the 
multiple  of  C  such,  that  D  is  greater  than  .-J 

F,  but  E  is  not  greater  than  F :  therefore  .      i        j 
D  is  greater  than  E:  and,  because  Dand  En        I J 
are  equimultiples  of  A  and  B,  and  that  D         c|     *] 
*4Ax. 5.    is  greater  than  E ;  therefore  A  is*  greater     B|        I 
than  B.  El 

Kext,  let  C  have  a  greater  ratio  to  B  than 
it  has  to  A:  B  shall  be  less  than  A. 

*  7  Def.  5.       For*  there  is  some  multiple  F  of  C,  and  some  equi- 

multiples E  and  D  of  B  and  A  such,  that  F  is  greater 
than  %  but  not  greater  than  D :  therefore  E  is  less 
than  D :  and  because  E  and  D  are  equimultiples  of  B 

*  4  Ax.  5.    and  A,  and  that  E  is  less  than  D,  therefore  B  ?s  *  less 

than  A.     Therefore,  that  magnitude,  &c.     £.  E.  D. 


PROP.  XL    THEOR. 

Ratios  that  are  the  same  to  the  same  ratio,  afe  the  same 

to  one  another. 

Let  A  be  to  B  as  C  is  to  D ;  and  as  C  to  D,  so  let 
E  be  to  F :  A  shall  be  to  B,  as  E  to  F. 

Take  of  A,  C,  E,  any  equimultiples  whatever  G,  H, 
K ;  and  of  B,  D,  F,  any  equimultiples  whatever  L,  M, 
N.  Therefore,  since  A  is  to  B  as  C  to  D,  and  G,  H 
are  taken  equimultiples  of  A,  C,  and  L,  M,  of  B,  D; 
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if  G  be  greater  than  L,  H  is  greater  than  M ;  and  if 

equal,  equal;  and  if  less,  less*.     Again,  because  C  is  *5  Def.  5. 

to  D,  as  E  is  to  F,  and  H,  K  are  taken  equimultiples 

of  C,  £ ;  and  M,  N,  of  D,  F;  if  H  be  greater  than  M, 

K   is  greater  than  N; 

and  if  equal,  equal;  and     G H K 

if  less,  less :  but  if  G  be     \ c £ 

greater    than  L,  it  has     b D p 

been  shewn   that  H   is     j> m IT 

greater  than  M ;  and  if 

equal,  equal;  and  if  less,  less:  therefore  if  G  be  greater 

than  L,  K  is  greater  than  N ;  and  if  equal,  equal ;  and 

if  less,  less :  and  G,  K  are  any  equimultiples  whatever 

of  A,  E ;  and  L,  N  any  whatever  of  B,  F :  therefore  #  *  *  D*f-  & 

as  A  is  to  B,  so  is  E  to  F.     Wherefore,  ratios  that,  &c. 

Q.  E.  D. 

PROP.  XII.    THEOR. 

If  any  number  of  magnitudes  be  proportionals^  as  one  of 
the  antecedents  is  to  its  consequent,  so  shall  all  the 
antecedents  taken  together  be  to  all  the  consequents. 

Let  any  number  of  magnitudes  A,  B,  C,  D,  E,  F, 
be  proportionals ;  that  is,  as  A  is  to  B,  so  C  to  D,  and 
E  to  F :  as  A  is  to  B,  so  shall  A,  C,  E  together  be  to 
B,  D,  F  together. 

Take  of  A,  C,  E  any     g H K 

equimultiples    whatever     ^ C E 

G,   H,  K;   and  of  B,     3 —       D f- 


D,  F  any  equimultiples     l M W— — 

whatever,  L,  M,  N:  then, 

because  A  is  to  B,  as  C  is  to  D,  and  as  E  to  F;  and  that 

G,  H,  K  are  equimultiples  of  A,  C,  E,  and  L,  M,  N, 

equimultiples  of  B,  D,  F;  if  G  be  greater  than  L,  H  is 

greater  than  M,  and  K  greater  than  N ;  and  if  equal, 

equal  ;  and  if  le»s,  less*:  wherefore  if  G  be  greater  *  5  Def.  5. 

than  L,  then  G,  H,  K  together  are  greater  than  L,  M,  N 

together;  and  if  equal,  equal ;  and  if  less,  less :  but  G, 

and  G,  H,  K  together  are  any  equimultiples  of  A,  and 

A,  C,  E  together;  because  if  there  be  any  number  of 

magnitudes  equimultiples  of  as  many,  each  of  each, 

whatever  multiple  one  of  them  is  of  its  part,  the  same 

multiple  is  the  whole  of  the  whole*:  for  the  same  reason  *  1. 5. 

E,  and  L,  M,  N  are  any  equimultiples  of  B,  and  B,  D, 

F :  therefore  as  A  is  to  B  f»  so  are  A,  C,  E,  together  1 5  Def.  5. 

to  B,  D,  F  together.    Wherefore,  if  any  number,  &c. 

Q.JB.  D. 
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PROP.  XIII.    THEOR. 

SecN.        If  the  first  has'  to  the  second  the  same  ratio  Hxhich  the 

third  has  to  the  fourth,  but  the  third  to  the  fourth  a 

greater  ratio  than  the  fifth  has  to  the  sixth  ;  the  first 

shall  also  have  to  the  second  a  greater  ratio  than  the 

fifth  has  to  the  sixth. 

Let  A  the  first  bave  the  same  ratio  to  B  the  second 
which  C  the  third  has  to  D  the  fourth,  but  C  the  third 
a  greater  ratio  to  D  the  fourth,  than  £  the  fifth  has  to 
F  the  sixth :  also  the  first  A  shall  have  to  the  second 
B  a  greater  ratio  than  the  fifth  E  has  to  the  sixth  F. 

Because  C  has  a  greater  ratio  to  D,  than  E  to  F, 
there  are  some  equimultiples  of  C  and  E,  and  some  of 
D  and  F  such,  that  the  multiple  of  C  is  greater  than 
the  multiple  of  D,  but 
the  multiple  of  E  is  not     M  G  H 


greater  than  the  multi-      B_ .      D F 

♦rDef.5.    pie  of  F#:  let  these  be      w K L 

taken,  and  let  G,  H  be 

equimultiples  of  C,  E,  and  K,  L  equimultiples  of  D,  F, 
such  that  G  may  be  greater  than  K,  but  H  not  greater 
than  L :  and  whatever  multiple  G  is  of  C,  take  M  the 
same  multiple  of  A ;  and  whatever  multiple  K  is  of  D, 

t  Hyp.  take  N  the  same  multiple  of  B:  then,  because  A  is  to  Bf, 
as  C  to  D,  and  of  A  and  C,  M  and  G  are  equimulti- 
ples ;  and  of  B  and  D,  N  and  K  are  equimultiples ;  if 
M  be  greater  than  N,  G  is  greater  than  K;  and  if  equal, 

•5Def.5.    equal;  and  if  less,  less*:  but  G  is  greaterf  than  K; 

♦  Comix  tnerefore  M  is  greater  than  N:  but  H  is  not  f  greater 
than  L:  and  M,  H  are  equimultiples  of  A,  E;  and 
N,  L  equimultiples  of  B,  F ;  therefore  A  has  a  greater 

•7  Def.5.    ratio  to  B,  than  E  has  to  F*.     Wherefore,  if  the  first, 

&C.      Q.  E.  D. 

Cor.  And  if  the  first  have  a  greater  ratio  to  the 
second,  than  the  third  has  to  the  fourth,  but  the  third 
the  same  ratio  to  the  fourth,  which  the  fifth  has  to  the 
sixth ;  it  may  be  demonstrated,  in  like  manner,  that 
the  first  has  a  greater  ratio  to  the  second,  than  the  fifth 
has  to  the  sixth. 

PROP.  XIV.    THEOR. 

SeeN.  Zf  the  first  have  the  same  ratio  to  the  second  which  the 
third  has  to  the  fourth;  then,  if  the  first  be  greater  than 
the  thira\  the  second  shall  be  greater  than  the  fourth  s 
and  if  equal)  equal ,-  and  ifless9  less. 
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Let  the  first  A  have  the  same  ratio  to  the  second  B 
which  the  third  C  has  to  the  fourth  D:  if  A  be  greater 
than  C,  B  shall  be  greater  than  D. 

Because  A  is  greater  than  C,  and  B  is  any  other 
magnitude,  A  has  to  B  a  . 
greater  ratio  than  C  has 
to  B  * :  but,  as  A  is  to 
Bf ,  so  is  C  to  D ;  there- 
fore also  C  has  to  D  a 
greater  ratio  than  C  has 
to  B  #:  but  of  two  magnitudes,  that  to  which  the  same  •  i».  5. 
has  the  greater  ratio  is  the  lesser  * :  therefore  D  is  less  •  10. 5. 
than  B  ;  that  is9  B  is  greater  than  D. 

Secondly,  if  A  be  equal  to  C,  B  shall  be  equal  to  D. 
For  A  is  to  B,  as  C,  that  is,  A  to  D :  therefore  B  is 
equal  to  D#. 

Thirdly,  if  A  be  less  than  C,  B  shall  be  less  than  D. 
Eor  C  is  greater  than  A ;  and  because  C  is  to  D,  as 
A  is  to  B,  therefore  D  is  greater  than  B,  by  the  first 
case;  that  is,  B  is  less  than  D.  Therefore,  if  the  first, 
Stc.      Q.  E.  J). 


•9.5. 


PROP.  XV.    THEOR. 

Magnitudes  have  the  same  ratio  to  one  another  which  their 

equimultiples  have. 

Let  AB  be  the  6ame  multiple  of  C,  that  BE  is  of  F: 
C  shall  be  to  F,  as  AB  to  DE. 

Because  AB  is  the  same  multiple  of  C,  that  DE  is 
of  F,  there  are  as  many  magnitudes  in  AB 
equal  to  C,  as  there  are  in  DE  equal  to 
F :  let  AB  be  divided  into  magnitudes, 
each  equal  to  C,  viz.  AG,  GH,  HB ;  and 
DE  into  magnitudes,  each  equal  to  F,  viz. 
DK,  KL,  LE :   then  the  number  of  the 
first  AG,  GH,  HB,  is  equal  to  the  number 
of  the  last  DK,  KL,  LE:  and  because  AG,  GH,  HB 
are  all  equal,  and  that  DK,  KL,  LE,  are  also  equal 
to  one  another ;  therefore  *  AG  is  to  DK  as  GH  to  *  7. 5. 
KL,  and  as  HB  to  LE :  but  as  one  of  the  antecedents 
to  its  consequent  *,  so  are  all  the  antecedents  together  •  if.  5. 
to  all  the  consequents  together ;  wherefore,  as  AG  is 
to  DK,  so  is  A  B  to  DE :  but  AG  is  equal  to  C,  and 
DK  to  F ;  therefore,  as  C  is  to  F,  so  is  AB  to  DE. 
Therefore  magnitudes,  &c.     q.  e.  V. 
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PROP.  XVI.    THEOR. 

If  four  magnitudes  of  the  same  kind  be  proportionals, 
they  shall  also  be  proportionals  when  taken  alternately. 

Let  A,  B,  C,  D  be  four  magnitudes  of  the  same  kind, 
which  are  proportionals,  viz.  as  A  to  B,  so  C  to  D: 
they  shall  also  be  proportionals  when  taken  alternately; 
that  is,  A  shall  be  to  C,  as  B  to  D. 

Take  of  A  and  B  any  equimultiples  whatever  E  and 
F:  and  of  C  and  D  take  any  equimultiples  whatever 
O  and  H :  and  because  £  is  the  same  multiple  of  A, 
that  F  is  of  B,  and  that  magnitudes  have  the  same 

•  15. 5.        ratio  to  one  another  #  which  their  equimultiples  have ; 
f  Hyp.        therefore  A  is  to  B,  as  £  is  to  F:  but  as  A  is  to  B  so f 

is  C  to  D;  wherefore  as  C  is  to 
•n.5.       D,  so*  is  E  to  F:  again,  be-     E G J 

cause  G,  H  are  equimultiples  of    ^  ^ 

C,  D,  therefore  as  C  is  to  D,     F ~: 

•15.5.        so*  is  G  to  H:  but  it  was  proved 

that  as  C  is  to  D,  so  is  E  to  F;  therefore,  as  E  is 

•  n.5.        to  F,  so*  is  G  to  H.     But  when  four  magnitudes  are 

•  14. 5.        proportionals  *,  if  the  first  be  greater  than  the  third, 

the  second  is  greater  than  the  fourth ;  and  if  equal, 

equal ;  if  less,  less ;  therefore  if  E  be  greater  than  G, 

F  likewise  is  greater  than  H ;  and  if  equal,  equal ;  if 

t  Constr.     less,  less :  and  E,  F  are  anyf  equimultiples  whatever 

•  5  Def.  5.   of  A,  B ;  and  G,  H  any  whatever  of  C,  D :  therefore  * 

A  is  to  C  as  B  to  D.     If,  then,  four  magnitudes,  &c. 

Q.  E.  Z>. 

PROP.  XVII.    THEOR. 

Sec  N.  jf  magnitudes,  taken  jointly,  be  proportionals,  they  shall 
also  be  proportionals  'when  taken  separately ;  that  is, 
if  two  magnitudes  together  have  to  one  of  them  the 
same  ratio  which  two  others  have  to  one  of  these,  the 
remaining  one  of  the  first  two  shall  have  to  the  other 
'  the  same  ratio  which  the  remaining  one  of  the  last  two 
has  to  the  other  of  these. 

Let  AB,  BE,  CD,  DF  be  the  magnitudes  taken 
jointly  which  are  proportionals;  that  is,  as  AB  to  BE, 
so  let  CD  be  to  DF :  they  shall  also  be  proportionals 
taken  separately,  viz.  as  A  E  to  EB,  so  shall  CF  be  to 
FD. 


1.5. 
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Take  of  AE,  EB,  CF,  FD  any  equimultiples  what* 
ever  GH,  HK,  LM,  MN;  and  again,  of  EB,  FD 
take  any  equimultiples  whatever  KX,  NP:  and  be* 
cause  GH  is  the  same  multiple  of  AE,  that  HK  is  of 
EB,  therefore  GH  is  the  same  multiple*  of  AE,  that  *  *• 5' 
GK  is  of  AB:  but  GH  is  the  same  multiple  of  AE, 
that  LM  is  of  CF;  therefore  GK  is  the  same  multiple 
of  AB,  that  LM  is  of  CF.  Again,  because  LM  is  the 
same  multiple  of  CF,  that  MN  is  of  FD;  therefore 
LM  is  the  same  multiple*  of  CF,  that  LN  is  of  CD: 
but  LM  was  shewn  to  be  the  same  multiple 
of  CF,  that  GK  is  of  AB ;  therefore  GK 
is  the  same  multiple  of  AB,  that  LN  is  of 
CD;  that  is,  GK,  LN  are  equimultiples  of 
AB,  CP.  Next,  because  HK  is  the  same 
multiple  of  EB,  that  MN  is  of  FD;  and 
that  KX  is  also  the  same  multiple  of  EB, 
that  NP  is  of  FD ;  therefore  HX  is  the 
same  multiple*  of  EB,  that  MP  is  of  FD.  G  A  C  L  •  *,  s# 
And  because  AB  is  to  BEf  ,  as  CD  is  to  t  Hyp. 

DF,  and  that  of  AB  and  CD,  GK  and  LN  are  equi- 
multiples, and  of  EB  and  FD,  HX  and  MP  are  equi- 
multiples*; therefore  if  GK  be  greater  than  HX,  then  *5Def.5. 
LN  is  greater  than  MP ;  and  if  equal,  equal ;  and  if 
less,  less :  but  if  GH  be  greater  than  Ka,  then,  by 
adding  the  common  part  HK  to  both,  GK  is  greaterf  1 4  Ax.  i. 
than  HX;  wherefore  also  LN  is  greater  than  MP;  and 
by  taking  away  MN  from  both,  LM  is  greaterf  than  1 5  Ax.  l. 
NP :  therefore,  if  GH  be  greater  than  KX,  LM  is 
greater  than  NP.     In  like  manner  it  may  be  demon- 
strated, that  if  GH  be  equal  to  KX,  LM  is  equal  to 
NP;   and  if  less,  less:   but  GH,  LM  are  any  equi- 
multiples whatever  of  AE,  CFf,  and  KX,  NP  are  any  t  Con»tr. 
whatever  of  EB,  FD:  therefore*,  as  AE  is  to  EB,  so  *5Dcf.5. 
is  CF  to  FD.     If  then,  magnitudes,  &c.     Q.  E.  B. 
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PROP.  XVIII.    THEOR. 

If  magnitudes,  taken  separately,  be  proportionals,  they  See  N. 
shall  also  be  proportionals  when  taken  jointly :  that  is, 
if  the  first  be  to  the  second,  as  the  third  to  the  fourth, 
thefrst  and  second  together  shall  be  to  the  second,  as 
the  third  and  fourth  together  to  the  fourth. 

Let  AE,  J£B,  CF,  Ft)  be  proportionals ;  that  is,  as 
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'  AE  to  EB,  so  let  CF  be  to  FD :  they  shall  also  be 

Sroportionals  when  taken  jointly;  that  is,  as  AB  to 
IE,  so  shall  CD  be  to  DF. 

Take  of  AB,  BE,  CD,  DF  any  equimultiples  whatr 
ever  GH,  HK,  LM,  MN;  and  again,  of  BE,  DF, 
take  any  equimultiples  whatever  KO,  NP :  and  be- 
cause KO,  NP  are  equimultiples  of  BE,  DF,  and  that 
KH,  NM  are  likewise  equimultiples  of  BE,  DF;  there- 
fore if  KO,  the  multiple  of  BE,  be  greater  than  KH, 
which  is  a  multiple  of  the  same  BE,  then  NP,  the  mul- 
tiple of  DF,  is  also  greater  than  NM,  the  multiple  of 
the  same  DF ;  and  if  KO  be  equal  to  KH,  NP  is  equal 
to  NM ;  and  if  less,  less.  \ 

First,  let  KO  be  not  greater  than  KH;  therefore 
NP  is  not  greater  than  N  M  :and  be- 
cause GH,  HK,are  equimultiples  of  AB, 
BE,  and  that  AB  is  greater  than  BE, 
•3  Ax.  5.  therefore  GH  is  greater*  than  HK;  but 
KO  is  not  greater  than  KH :  therefore 
GH  is  greater  than  KO.  In  like  manner 
it  may  be  shewn,  that  LM  is  greater 
than  NP.  Therefore,  if  KO  be  not  greater 
than  KH,  then  GH,  the  multiple  of  AB, 
is  always  greater  than  KO,  the  multiple 
of  BE;  and  likewise  LM,  the  multiple  of  CD,  is 
greater  than  NP,  the  multiple  of  DF. 

Next,  let  KO  be  greater  than  KH ;  therefore,  as  has 
been  shewn,  NP  is  greater  than  NM :  and  because  the 
whole  GH  is  the  same  multiple  of  the  whole  AB,  that 
HK  is  of  BE,  therefore  the  remainder  GK  is  the  same 
multiple  of  the  remainder  AE*  that  GH 
is  of  AB ;  which  is  the  same  that  LM  is 
of  CD.  In  like  manner,  because  LM  is 
the  same  multiple  of  CD,  that  MN  is  of 
DF,  therefore  the  remainder  LN  is  the 
same  multiple  of  the  remainder  CF*,  that 
the  whole  LM  is  of  the  whole  CD :  but 
it  was  shewn  that  LMisthe  same  multiple 
of  CD,  that  GK  is  of  AE;  therefore  GK 
is  the  same  multiple  of  AE,  that  LN  is  of  CF ;  that  is, 
GK,  LN  are  equimultiples  of  AE,  CF.  And  because 
KO,  NP,  are  equimultiples  of  BE,  DF,  therefore  if 
from  KO,  NP  there  be  taken  KH,  NM,  which  are 
likewise  equimultiples  of  BE,  DF,  the  remainders  HO, 
MP  are  either  equal  to  BE,  DF,  or  equimultiples  of 
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them*     First,  let  HO,  MP  be  equal  to  BE,  DF:  then  •  «•  *• 
becausef  AE  is  to  EB,  as  CF  to  FD,  and  that  GK,  t  Hyp. 
LN  are  equimultiples  of  AE,  CF;  therefore  OK  is  to 
EB*  as  LN  to  FD :  but  HO  is  equal  to  EB,  and  MP  *Cor.4.5. 
w  FD;  wherefore  GK  is  to  HO,  as  LN  taMP :  there- 
fore if  GK  be  greater  than  HO,  LN  is  greater  than*  *  A.  5. 
MP;  and  if  equal,  equal ;  and  if  less,  less. 

But  let  HO,  MP  be  equimultiples  of  EB,  FD:  thenf  t  Hyp. 
because  AE  is  to  EB,  as  CF  to  FD,  and  that  of  AE, 
CF  are  taken  equimultiples  GK,  LN;  and  of  EB,  FD, 
the  equimultiples  HO,  MP;  if  GK  be  greater  than  HO, 
LN  is  greater  than  MP;  and  if  equal,  equal:  and  if  less, 
less*;   which  was  likewise  shewn  in  the      n.  •5Dsf.5. 

preceding  case.     But  if  GH  be  greater 
than  KO,  taking  KH  from  both,  GK 

is  greaterf  than  HO ;    wherefore  also      ~|  ^    1 5  Aa.  1. 

LN  is  greater  than    MP;    and   conse- 
quently adding   NM   to   both,  LM   is 

greaterf  than  NP :  therefore,  if  GH  be  *J  ¥f    |    1 4  A*,  i. 

greater  than  KO,  LM  is  greater  than 
NP.  In  like  manner  it  may  be  shewn, 
that  if  GH  be  equal  to  KO,  LM  is  equal  to  NP ;  and 
if  less,  less.  And  in  the  case  in  which  KO  is  not 
greater  than  KH,  it  has  been  shewn  that  GH  is  al- 
ways greater  than  KO,  and  likewise  LM  greater  than 
NP:  but  GH,  LM  are  any  equimultiples  whatever  of 
AB,  CDf,  and  KO,  NP  are  any  whatever  of  BE,  t  Conitr. 
DF ;  therefore*,  as  AB  is  to  BE,  so  is  CD  to  DF.  If  •  5  Def.5. 
then  magnitudes,  &c.     Q.  E.  D. 

PROP.  XIX.    THEOR. 

If  a  whole  magnitude  be  to  a  whole,  as  a  magnitude  taken  8m  N. 
from  thefrst  is  to  a  magnitude  taken  from  the  other; 
the  remainder  shall  be  to  the  remainder  as  the  whole  to 
the  whole. 

Let  the  whole  AB  be  to  the  whole  CD,  as  AE  a 
magnitude  taken  from  AB  is  to  CF  a  magnitude  taken 
from  CD :  the  remainder  EB  shall  be  to  the  remainder 
FD,  as  the  whole  AB  to  the  whole  CD. 

Because  AB  is  to  CD,  as  AE  to   CF;   therefore 
alternately*,  BA  is  to  AE,  as  DC  to  CF :  and  because  *  i&  5- 
if  magnitudes  taken  jointly  be  proportionals,  they  are 
also  proportionals*,  when  taken  separately ;  therefore,  •  ir« 5- 
as  BE  is  to  EA,  so  is  DF  to  FC ;  and  alternately,  as 
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BE  is  to  DF,  so  is  EA  to  FC :  but  as  AE  to 
CF,  so,  by  the  hypothesis,  is    AB    to    CD; 
therefore  also  BF  the  remainder  is  to  the  re-     gj 
til. 5.        mainder  DFf,  as  the  whole  AB  to  the  whole       1  F 
CD.     Wherefore,  if  the  whole,  &c.     Q.  E.  D. 

Cor.'  If  the  whole  be  to  the  whole,  as  a  mag-      &  i) 
nitude  taken  from  the  first,  is  to  a  magnitude 
taken  from  the  other ;  the  remainder  shall  likewise  be 
to  the  remainder,  as  the  magnitude  taken  from  the  first 
to  that  taken  from  the  other.     The  demonstration  is 
contained  in  the  preceding. 

PROP.  E.    THEOR. 

If  four  magnitudes  be  proportionals,  they  are  also  pro- 
portionals by  conversion:  that  is,  the  first  is  to  its 
excess  above  the  secona\  as  the  third  to  its  excess  above 
the  fourth. 

Let  AB  be  to  BE,  as  CD  to  DF :  then  BA       A 
shall  be  to  AE,  as  DC  to  CF. 

Because  AB  is  to  BE,  as  CD  to  DF,  .there-      E 

•  17.5.       fore  by  division*,  AE  is  to  EB,  as  CF  to  FD; 

•  B.  5.        and  by  inversion*,  BE  is  to  EA,  as  DF  to  FC ; 

•  1,8. 5.        wherefore,  by  composition*,  BA  is  to  AE,  as 

DC  is  to  CF.     If  therefore  four,  &c.     Q.  E.  d. 

PROP.  XX.    THEOR. 

See  N.  If  there  be  three  magnitudes,  and  other  three,  which,  taken 
two  and  two,  have  the  same  ratio;  then  if  the  first  be 
greater  than  the  third,  the  fourth  shall  be  greater  than 
the  sixth;  and  if  equal,  equal;  and  if  less,  less. 

Let  A,  B,  C  be  three  magnitudes,  and  D,  E,  F  other 
three,  which  taken  two  and  two  have  the  same  ratio, 
viz.  as  A  is  to  B,  so  is  D  to  E ;  and  as  B  to  C,  so  is  E 
to  F.  If  A  be  greater  than  C,  D  shall  be  greater  than 
F;  and  if  equal,  equal;  and  if  less,  less. 

Because  A  is  greater  than  C,  and  B  is  any 
other  magnitude,  and  that  the  greater  has  to 

•  8. 5.         the  same  magnitude  a  greater*  ratio  than  the 

less  has  to  it ;  therefore  A  has  to  B  a  greater      •    R  c 
t  Hyp.        ratio  than  C  has  to  B :  but  as  D  is  to  Ef ,  so     DFr 

•  is.  5.        is  A  to  B ;  therefore*  D  has  to  E  a  greater 

ratio  than  C  to  B :  and  because  B  is  to  C,  as 
t  B.5.        E  to  F,  by  inversionf,  C  is  to  B,  as  F  is  to  E; 
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•7.5. 

tHyp. 

t  Hyp.  * 

B5. 

•11.5. 

•9.5. 


and  D  was  shewn  to  have  to  E  a  greater  ratio  than  C 
to  B :  therefore  D  has  to  E  a  greater  *  ratio  than  F  to  •  Cor.  13, 
E :  but  the  magnitude  which  has  a  greater  ratio  than  5* 
another  to  the  same  magnitude,  is  the  greater  *  of  the  *  10»  & 
two ;  therefore  D  is  greater  than  F. 

Secondly,  let  A  be  equal  to  C;  D  shall  be  equal  to  F. 
Because  A  and  C  are  equal  to  one  an- 
other, A  is  to  B,  as  C  is  to  B*:  butf  A 
is  to  B,  as  D  to  E ;  and  f  C  is  to  B, 
as  F  to  E;  wherefore  D  is  to  E,  as  Fto 
E  * ;  and  therefore  D  is  equal  to  F  *. 

Next,  let  A  be  less  than  C ;   D  shall 
be  less  than  F.     For  C  is  greater  than 
A ;  and,  as  was  shewn  in  the  first  case, 
C  is  to  B,  as  F  to  E,  and  in  like  manner,  B  is  to  A,  as 
E  to  D ;  therefore  F  is  greater  than  D,  by  the  first  case ; 
that  is,  D  is  less  than  F.     Therefore,  if  there  be  three, 
&c.     Q.  e.  D. 

PROP.  XXL    THEOR. 

If  there  be  three  magnitudes,  and  other  three,  which  have  Sec  N 
the  same  ratio  taken  two  and  two,  but  in  a  cross  order  ; 
then  if  the  first  magnitude  be  greater  than  the  third,  the 
fourth  shall  be  greater  than  the  sixth ;  and  if  equal, 
equal ;  and  if  less,  less. 

Let  A,  B,  C  be  three  magnitudes,   and  D,  E,  F 
other  three,  which  have  the  same  ratio,  taken  two  and 
two,  but  in  a  cross  order,  viz.  as  A  is  to  B,  so  is  E  to  F, 
and  as  B  is  to  C,  so  is  D  to  E.  If  A  be  greater 
than  C,  D  shall  be  greater  than  F;   and  if 
equal,  equal ;  and  if  less,  less. 

Because  A  is  greater  than  C,  and  B  is  any 
other  magnitude,  A  has  to  B  a  greater  ratio  * 
than  C  has  to  B :  butf  as  E  to  F,  so  is  A  to 
B :   therefore  #  E  has  to  F  a  greater  ratio  than 
C  to  B :  and  because  f  B  is  to  C,  as  D  to  E, 
by  inversion,  C  is  to  B,  as  E  to  D:  and  E  was 
shewn  to  have  to  F  a  greater  ratio  than  C  has  to  B ; 
therefore  E  has  to  F  a  greater  ratio  than  E  has  to  *  D: 
but  the  magnitude  to  which  the  same  has  a  greater 
ratio  than  it  has  to  another,  is  the  lesser  *  of  the  two :  * 10* 5# 
therefore    F   is  less    than    D;    that  is,    D  is  greater 
than  F. 

Secondly,  let  A  be  equal  to  C ;  D  shall    be  equal  to 
F.    Because  A  and  C  are  equal,  A  is  *  to  B,  as  C  is  to 
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B :  but  A  is  to  B  f,  as  E  to  F;  and 
C  is  to  B,  as  £  to  D ;   wherefore  E 
is  to  F*,  as  E  to  D;  and  therefore  D     ^ 
is  equal  *  to  F.  D 

Next,  let  A  be  less  than  C:  D  shall 
be  less  than  F.  ,  For  C  is  greater 
than  A;  and,  as  was  shewn,  Cis  to  B, 
as  E  to  D,  and  in  like  manner  B  is  to  A,  as  F  to  E; 
therefore  F  is  greater  than  D,  by  case  first ;  that  is,  D 
is  less  than  F.     Therefore,  if  there  be  three,  &c.v 
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PROP.  XXII.    THEOR. 

If  there  be  any  number  of  magnitude^  and  as  many 
others,  which  taken  two  arid  two  in  order  have  the  same 
ratio;  thejirst  shall  ham  to  the  last  of  the  first  magni- 
tudes the  same  ratio  which  thejirst  has  to  the  last  of  the 
others.  N.  B.  This  is  usually  cited  by  the  words 
"  ex  aequali,"  or,    "  ex  aequo." 


i 


ABC    DE 
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First,  let  there  be  three  magnitudes  A,  B,  C,  and  as 
many  others  D,  E,  F,  which  taken  two  and  two  have 
the  same  ratio,  that  is,,  such  that  A  is  to  B  as  D  to  E  ; 
and  as  B  is  to  C,  so  is  E  to  F :  A  shall  be  to  C,  as  D 
toF. 

Take  of  A  and  D  any  equimultiples  whatever  G  and 
H;  and  of  B  and  Eany  equimultiples 
whatever  K  and  L;  and  of  C  and  F 
any  whatever  M  and  N :  then  because 
A  is  to  B,  as  D  to  E,  and  that  G,  H 
are  equimultiples  of  A,  D,  and  K,  L 
equimultiples  of  B,  E;  therefore  as  G 
is  to  K,  so  is  *  H  to  L :  for  the  same 
reason,  K  is  to  M  as  L  to  N :  aife 
because  there  are  three  magnitudes  G, 
K,  M,  and  other  three  H,  L,  N,  which  two  and  two 
have  the  same  ratio*  ;  therefore  if  G  be  greater  than 
M,  H  is  greater  than  N ;  and  if  equal,  equal ;  and  if 
less,  less :  but  G,  H,  are  any  equimultiples  whatever  of 
A,  D  f,  and  M,  N  are  any  equimultiples  whatever  of  C, 
*5Def.  5.    F;   therefore  *,  as  A  is  to  C,  so  is  D  to  F. 

Next,  let  there  be  four  magnitudes,  A,  B,  C, 
D,  and  other  four  E,  F,  GJ  H,  which  two  and     fXEEn 
two  have  the  same  ratio,  viz.  as  A  is  to  B,  so  is 
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£  to  F;  and  as  B  to  C,  so  F  to  G;  and  as  C  to  D, 

so  G  to  H:  A  shall  be  to  D,  as  E  to  H. 

Because  A,  B,  C,  are  three  magnitudes,  and  E,  F,  G9 
other  three,  which  taken  two  and  two  have  the  same 
ratio ;  therefore,  by  the  foregoing  case,  A  is  to  C,  as 
£  to  G:  but  C  is  to  D,  as  G  is  to  H ;  wherefore  again, 
by  the  first  case,  A  is  to  D,  as  E  to  H:  and  so  on, 
whatever  be  the  number  of  magnitudes.  Therefore,  if 
there  be  any  number,  &c     Q.  E.  D. 

PROP.  XXIII.    THEOR. 

If  there  be  any  number  of  magnitudes,  and  as  many  others,  See  N. 

which  taken  two  and  two  in  a  cross  order  have  the 

same  ratio ;   the  first  shall  have  to  the  last  of  thejlrst 

magnitudes  the  same  ratio  which  thejlrst  has  to  the 

last  of  the  others.    N.  B.  This  is  usually  cited  by  the 

words  "ex  aequali  in  proportione  perturbata " ;  or 

"  ex  aequo  perturbato." 

• 

First,  let  there  be  three  magnitudes  A,  B,  C,  and 

other  three,  D,  E,  F,  which  taken  two  and  two  in  a 

cross  order  have  the  same  ratio,  that  is,  such  that  A  is 

to  B,  as  E  to  F ;  and  as  B  is  to  C,  so  is  D  to  E :   A 

shall  be  to  C,  as  D  to  F. 

Take  of  A,  B,  D  any  equimultiples  whatever  G,  H, 

K ;  and  of  C,  E,  F  any  equimultiples  whatever  L,  M, 

N:  and  because  G,  H  are  equimultiples 

of  A,  B,  and  that  magnitudes  have  the 

same  ratio  *  which  their  equimultiples 

have ;    therefore  as  A  is  to  B,  so  is  G 

to  H :  and  for  the  same  reason,  as  E  is 

to  F,  so  is  M  to  N :  but  +  as  A  is  to  B, 

so  is  £  to  F ;  therefore  as  G  is  to  H#, 

so  is  M  to  N :  and  because f  as  B  is  to 

C,  so  is  D  to  E,  and  that  H,  K,  are 

equimultiples  of  B,  D,  and  L,  M  of 

C,  E ;    therefore  as  H  is  to  L,  so  is  *  KtoM:  and  it  •  4.5. 

has  been  shewn  that  G  is  to  H,  as  M  to  N :   therefore 

because  there  are  three  magnitudes  G,  H,  L,  and  other 

three  K,  M,  N,  which  have  the  same  ratio  taken  two 

and  two  in  a  cross  order ;  if  G  \>e  greater  than  L,  K  is 

greater  than  N :  and  if  equal,  equal ;  and  if  less,  less  *  :  •  si.  5. 

but  G,  K  are  any  equimultiplesf  whatever  of  A,  D ;  and  t  Comtr. 

L,  N  any  whatever  of  C,  F ;  therefore  as  A  is  to  C+,  so  is  +  5Def.  5. 

D  to  F. 
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Next,  let  there  be  four  magnitudes  A,  B,  C,  D,  mid 
other  four  E,  F,  G,  H,  which  taken  two  and 
two  in  a  cross  order  have  the  same  ratio,  viz. 
A  to  B,  as  G  to  H;  B  to  C,  as  F  to  G ;  and  C 
to  D,  as  E  to  F:    A  shall  be  to  D,  as  E  to  H. 

Because  A,  B,  C,  are  three  magnitudes,  and  F,  G, 
H  other  three,  which  taken  two  and  two  in  a  cross  order 
have  the  same  ratio ;  by  the  first  case,  A  is  to  C,  as  F 
to  H :  but  C  is  to  D,  as  E  is  to  F ;  wherefore  again,  by 
the  first  case,  A  is  to  D,  as  E  to  H :  and  so  on,  what- 
ever be  the  number  of  magnitudes.  Therefore,  if  there 
be  any  number,  &c.     Q.  E.  D. 

PROP.  XXIV.    THEOR. 

See  N.        If  the  first  has  to  the  second  the  same  ratio  which  the  third 

has  to  the  fourth  ;   and  the  fifth  to  the  second,  the  same 

x       ratio  which  the  sixth  has  to  the  fourth  ;   the  first  and 

fifth  together  shall  have  to  the  second,  the  same  ratio 

which  the  third  and  sixth  together  have  to  the  fourth. 


Let  AB  the  first  have  to  C  the  second 
the  same  ratio   which    DE   the  third  has 


H 


to  F   the  fourth;   and  let   BG   the   fifth 

have  to   C   the    second,   the   same    ratio     B 

which  EH  the  sixth,  has  to.F  the  fourth  : 

AG,     the  first   and   fifth   together,   shall 

have  to   C    the   second,   the   same    ratio 

which  DH,  the  third  and  sixth  together,       A  c:  D  F 

has  to  F  the  fourth. 

t  B.  5.  Because  BG  is  to  C,  as  EH  to  F ;  by  inversion  f,  C 

t  Hyp.        is  to  BG,  as  F  to  EH :   and  because,  as  AB  is  to  C  f, 

so  is  BE  to  F;  and  as  C  to  BG,  so  F  to  EH;  ex 

•j«.5.       aequali*,  AB  is  to  BG,  as  DE  to  EH:  and 'because 

these  magnitudes  are  proportionals,  they  are  likewise 

*  18.  5.       proportionals  when  taken  *  jointly ;  therefore  as  AG  is 
t  Hyp.        to  GB,  so  is  DH  to  HE:  but  +  as  GB  to  C,  so  is  HE  to 

*  *«.  5.        F ;  therefore  ex  sequali  *  as  AG  is  to  C,  so  is  DH  to 

F.     Wherefore,  if  the  first,  &c.     Q.  E.  D. 

Cor.1.  If  the  same  hypothesis  be  made  as  in  the 
proposition,  the  excess  of  the  first  and  fifth  shall  be  to 
the  second,  as  the  excess  of  the  third  and  sixth  to  the 
fourth.  The  demonstration  of  this  is  the  same  with 
that  of  the  proposition,  if  division  be  used  instead  of 
composition. 
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Con.  2.  The  proposition  holds  true  of  two  ranks  of 
magnitudes,  whatever  be  their  number,  of  which  each} 
of  the  first  rank  has  to  the  second  magnitude  the  same 
ratio  that  the  corresponding  one  of  the  second  rank  has 
to  a  fourth  magnitude;  as  is  manifest. 


PROP.  XXV.    THEOR. 

If  four  magnitudes  of  the  same  kind  are  proportionals,  the  See  N. 
greatest  and  least  of  them  together  are  greater  than  the 
other  two  together. 

4 

Let  the  four  magnitudes  AB,  CD,  E,  F  be  propor- 
tionals, viz.  AB  to  CD,  as  E  to  F;  and  let  AB  be  the 
greatest  of  them,  and  consequently  F  the  least*.    AB  *  A*  *  u% 
together  with  F  shall  be  greater  than  CD  together    ' 
with  E, 

Take  AG  equal  to  E  and  CH  equal  to  F  :  then  be- 
cause as  AB  is  to  CD,  so  is  E  to  F,  and 
that  AG  is  equal  to  E,  and  CH  equal  to  F, 
therefore  AB  is  to  CDf,  as  AG  to  CH: 
and  because  AB  the  whole,  js  to  the  whole 
CD,  as  AG  is  to  CH,  likewise  the  remain- 
der GB  is  to  the  remainder  HD,  as  the 
whole  AB  is  to- the  whole*  CD;  but  AB 
is  greater +   than  CD  \  therefore  *  GB  is 

freater  than  HD :  and  because  AG  is  equal  to  E»  and 
JH  to  F;  AG  and  F  together  are  equal  f  to  CH  and  t*A*.i. 
E  together:  therefore  if  to  the  unequal  magnitudes 
GB,  HD,  of  which  GB  is  the  greater,  there  be  added 
equal  magnitudes,  viz.  to  GB  the  two  AG  and  F,  and 
CH  And  E  to  HD;  AB  and  F  together  are  greater f  1 4  Ax.  t, 
than  CD  and  E.     Therefore,  if  "four  magnitudes,  &e. 

Q.  Jfc\  7>. 
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PROP.  F.    THEOR. 
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Ratios  which  are  compounded  of  the  same  ratio*,  are  the  See  N. 

same  to  one  another. 


Let  A  be  to  B,  as  D  to  E ;  and  B  to  C,  as  £  to  F: 
the  ratio  which  is  compounded  of  the 
ratios  of  A  to  B,  and  B  to  C,  which,  by 
the  definition  of  compound  ratio,  is  the 
ratio  of  A  to  C,  shall  be  the  same  with  the 
ratio  of  D  to  F,  which,   by  the  same 
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<3e£njtiop,  is  copipomn^d  of  the  wtio*  of  D  to  &*nd 

Because  tljeare  are  thr$e  naagmtudes,  4*  B,.  C,  and 
thi<ee  others  D,  E,  F,  which,  taken  two  and  two,  in 
order,  have  the  samerajjp;  ex  aequali  A  is  to  C*>as  D 

*  2«.  5.       to  F  #. 

Next,  let  A  J?e  to  B*  as  E  to  F,  and,  B.to  C,  as  D  to 

*  23. 5.  E :  therefore  ffr  Squall  in  proportion  perturbatd  *,  A 
h  ,tp  C*-ft8  D  jto  F ;  ittmt  i$,  the  ratio  of  A 
to  C,  which  *s  compouoded  of  the,  ratios 
of  A  to  B,  and  B  to  C,  is  the  same^with 
the  ratio  of  D  to  F,  which  is  compounded 
of  dhe  ratios  of  JD  to  E,  and  E  to  F.  And  . 
Mftlike  banner  the  proposition  jiiay  he  demonstrated, 
whatever,  be  the  number  of  ratios  in  either  cafee. 

PROP.  G.    THEOR. 

■  i  • 

Se«  N.        If  several  ratimbe.  ih&  serine  to  several  ratios,  each  to  each  ; 

the  ratio  tyhiah:  fa, compounded  of.  ratios  which  are  the 

t .  '  . a       same  to  thejlrst  ratios,,  each  to  each?  shall  be  the  same 

i  to  the  ratio^cofttpomdedrofratibs  whickidre  the  same,  i* 

.  the  other  ratiosi  each  iQ^ach*\    ..   •         i    )'.        i 

.  ^^  * 

'     i         Let  A  be;to  B,  as  JE  to  F ;  and  C  Jo  D>  a$  G  to  Hj 

and  let  A  be  to  B,  as  K  to  L ;  and  P  tp  D,  as, X*  to  M: 

th<m  3fre  ratio  of  K  to  M  by  :  .; 

•  -!  |hp  definition  of  compound  ? 
patipi  is  cpmppuA^cd  of  the 
rajCios  of.  K,  tp  L*  and  L  to  M, ,\ 
which,  afre,  the,  same.  >vith  the; 
.  t  .  r  rajie^of  A  to  B,  and  Q  tp,D,  Again*  m  E  to  F,  so 
l?t  N  be,  to  O  ;  and,  as  Q  tp,  H,  so  let  Q  b§  to<  P :  then 
the  ratio  of  N  to  P  is  compounded  of  the  ratios  of  N 
to  O,  and  O  to  P,  which  are  the  same  with  the  ratios 
of  E  to  F,  and  G  tp  H :.  and  it  is  to  be  shewn  that  the 
ratio  of  K  to  M,  is  the  same  with  the  ratio  of  N  to  P; 
/  ..    w,  th*};  K  i*  to.^  ^  N  to  P.  ., 

Because  K  is  to  L,  as  (A  tp  B,  that  is,  as  E  to  F, 
that  is,  as)  N  to  O ;  and  as  L  to  M,  so  is  (C  to  D,  and 

tt.  5.        sp  is.  G  to  H  j  end  so  ia) .  Q  to  P :  ex  aequali;*.  K  is  to 
M,  as  N  to  P.    Therefore^  if  several  ratios,  &c*  Q»  E.  Xk 


A.B.jCt). :  KX.M. 

e.f.g.h:  n,op. 
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PROP.  H.    THEOR. 

If  a  ratio  "which  is  compounded  of  several  ratios  be  the  *•*  N« 
same  to  a  ratio  which  is  compounded  of  several  other 
ratios  ;  and  if  one  of  the  first  ratios*  or  the  ratio  which 
is  compounded  of  several  of  them,  be  the  same  to  one  of 
the  last  ratios,  or  to  the  ratio  which  is  compounded  of 
several  of  them  ;  then  the  remaining  ratio  of  the  first, 
<"Y  if  there  be  more  than  one,  the  ratio  compounded  of 
the  remaining,  ratios,  shall  be  the  same  to  the  remainhig    \ 
ratio  of  the  last,  or,  if  there  be  more  than  one,  to  the 
ratio  compounded  of  these  remaining  ratios. 

Let  the  first  ratios  be  those  of  A  to  B,  B  to  C,  C  to 
D,  D  to  E,  and  E  to  F ;  and  let  the  other  ratios  be  those 
of  G  to  H,  H  to  K,  K  to  L,  and  L  to  M:  also  let  the 
ratio  of  A  to  F,  which  is  compounded  of*  the  first  *  Ddtai- 
ratios,  be  the  same  with  the  ratio  <  ownpoaiid 


A.B.CDE.F. 
G.H.K.L.M. 


of  G  to  M,  which  is  compounded  .  «  ^  ^  ^T^  ratio. 
of  the  other  ratios;  and  besides, 
let  the  ratio  of  A  to  D,  which  is 
compounded  of  the  ratios  of  A  to 
B*  B  to  C,  C  to  D,  be  die  same  with  the  ratio  of  G  to 
K,  which  is  compounded  of  the  ratios  of  G  to  H,  and 
H  to  K :  then  the  ratio  compounded  of  the*  remaining 
first  ratios,  to  wit,  of  the  ratios  of  D  to  E,  and  E  to  F, 
which  compounded  ratio  is  the  ratio  of  D  to  F,  shall 
be  the  same  with  the  ratio  of  K  to  M,  which  is  com- 
pounded of  the  remaining  ratios  of  K  to  L,  and  L  to  M 
of  the  other  ratios* 

Because,  by  the  hypothesis,  A  is  to  D  as  G  to  K, 
by  inversion  *,  D  is  to  A,  as  K  to  G ;  and  f  as  A  is  to  #b.  5. 
F,  so  is  G  to  M ;  therefore  #  ex  aequali,  D  is  to  F,  as  t  Hyp. 
K  to  M.    If  therefore  a  ratio  which  is,  &c.   Q,  E.  D.      *  **• 5# 
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SeeN. 


PROP.  K.    THEOR. 

If  there  he  any  number  of  ratios*  and  any  number  of  other 
ratios  such*  that  the  ratio  which  is  compounded  of  ratios 
which  are  the  same  to  thejirst  ratios*  each  to  each*  is  the 
same  to  the  ratio  which  is  compounded  of  ratios  which 
are  the  same,  each  to  each*  to  the  last  ratios  ;  and  if  one 
of  the  first  ratios,  or  the  ratio  which  is  compounded  or 
ratios  which  are  the  same  to  several  of  the  first  ratios 
each  to  each*  be  the  same  to  one  of  the  last  ratios*  or  to 
the  ratio  which  is  compounded  of  ratios  which  are  the 
same,  each  to  each*  to  several  of  the  last  ratios  ;  then 
the  remaining  ratio  of  the  first*  or*  if  there  be  more  than 
one*  the  ratio  which  is  compounded  of  ratios  which  are 
the  same,  each  to  each,  to  the  remaining  ratios  of  the 
first,  shall  be  the  same  to  the  remaining  ratio  of  the  last, 
or,  if  there  be  more  than  one*  to  the  ratio  which  is  com- 
pounded  of  ratios  which  arc  the  same  each  to  each  to 
these  remaining  ratios. 

Let  the  ratios  of  A  to  B,  C  to  D,  E  to  F,  be  the 
first  ratios ;  and  the  ratios  of  G  to  H,  K  to  L,  M  to 
N,  O  to  P,  Q  to  R,  be  the  other  ratios :  and  let  A  be 
to  B,  as  S  to  T ;  and  C  to  D,  as  T  to  V ;  and  E  to 
F,  as  V  to  X :  therefore,  by  the  definition  of  com- 
pound ratio,  the  ratio  of  S  to  X  is  compounded  of  the 


h,  k,-L 
A,  B;  C,D;  E,  F.  S,  T,  V,  X. 

G,  H;  K,  L;  M,  N;  O,  P;  Q,  R.     Y,  Z,a,  b,c,d, 
e,  f,  g.  m,  n,  o,  p. 


ratios  of  S  to  T,  T  to  V,  and  V  to  X,  which  are  the 
same  to  the  ratios  of  A  to  B,  C  to  D,  E  to  F,  each  to 
each.  Also,  as  G  to  H,  so  let  Y  be  to  Z ;  and  K  to 
L,  as  Z  to  a ;  M  to  N,  as  a  to  b ;  O  to  P,  as  b  to  c ; 
and  Q  to  R,  as  c  to  d:  therefore,  by^&e  same  defini- 
tion, the  ratio  Y  to  d  is  compounded  of  the  ratios  of 
Y  to  Z,  Z  to  a,  a  to  b,  b  to  c,  and  c  to  d,  which  are 
the  same,  each  to  each,  to  the  ratios  of  G  to  H,  K  to 
L,  M  to  N,  O  to  P,  and  Q  to  R :  therefore,  by  the 
hypothesis,  S  is  to  X,  as  Y  to  d.  Also,  let  the  ratio  of  A 
to  B,  that  is,  the  ratio  of  S  to  T,  which  is  one  of  the  first 
ratios,  be  the  same  to  the  ratio  of  e  to  g,  which  is  com- 
pounded of  the  ratios  of  e  to  f,  and  f  to  g,  which  by  the 
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hypothesis,  are  the  same  to  the  ratios  of  G  to  H,  and 
K  to  L,  two  of  the  other  ratios ;  and  let  the  ratio  of  h 
to  1  be  that  which  is  compounded  of  the  ratios  of  h  to 
k,  and  k  to  1,  which  are  the  same  to  the  remaining  first 
ratios,  viz.  of  C  to  D,  and  E  to  F;  also,  let  the  ratio  of 
m  to  p,  be  that  which  is  compounded  of  the  ratios  of 
m  to  n,  n  to  o,  and  o  to  p,  which  are  the  same,  each  to 
each,. to  the  remaining  other  ratios,  viz.  of  M  to  N,  O 
to  P,  and  Q  to  R :  then  the  ratio  of  h  to  1  shall  be  the 
same  to  the  ratio  of  m  to  p ;  or  h  shall  be  to  1,  as  m 
to  p. 

Because  e  is  to  f,  as  (G  to  H,  that  is,  as)  Y  to  Z ; 
and  f  is  to  g,  as  (K  to  L,  that  is,  as)  Z  to  a;  there- 
fore f  ex  aequali,  e  is  to   g,  as  Y  to  a:  and  by  the  f  t9 . 5. 
hypothesis,  A  is  to  B,  that  is,  S  to  T,  as  e  to  g;  where- 
foref,  S  is  to  T,  as  Y  to  a;   and,  by  inversionf,  T  t{l1-5' 
is  to  S,  as  a  to  Y :  but  S  is  to  Xf,  as  Y  to  d ;   there-  {  Hyp# 
fore  ex  aequali,  T  is  to  X,  as  a  to  d ;  also  f ,  because  h  t  Hyp. 
is  to  k  as  (C  to  D,  that  is,  as)  T  to  V ;  and  k  is  to  1  as 
(E  to  F,  that  is,  as)  V  to  X ;  therefore,  ex  flequali,  h  is 
to  1,  as  T  to  X :  in  like  manner,  it  am  be  demon- 
strated, that  m  is  to  p,  as  a  to  d;   and  it  has  been 
shewn,  that  T  is  to  X,  as  a  to  d ;  therefore*  h  is  to  1,  *  "• 5* 
as  m  to  p.     q.  E.  D. 

The  propositions  G  and  K  are  usually,  for  the  sake 
of  brevity,  expressed  in  the  same  terms  with  proposi- 
tions F  and  H :  and  therefore  it  was  proper  to  shew 
the  true  meaning  of  them  when  they  are  so  expressed ; 
especially  since  they  are  very  frequently  made  use  of 
by  geometers. 


THE 
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BOOK    VI. 


DEFINITIONS. 

I. 

Similar  rectilineal  figures  are  those 
.  which    have   their   several   angles  >» 

equal,  each  to  each,  and  the  sides      /^    \     ^s\^ 
about  the  equal  angles  proportionals. 

II. 

r  ' 

t 

See  N.  "  Reciprocal  figures,  viz.  triangles  and  parallelograms, 
"  are  such  as  have  their  sides  about  two  ot  their 
"  angles  proportionals  in  such  a  manner,  that  a  side 
"  of  the  first  figure  is  to  a  side  of  the  other,  as  the 
"  remaining  side  of  this  other  is  to  the  remaining 
"  side  of  the  first." 

III. 

A  straight  line  is  said  to  be  cut  in  extreme  and  mean 
ratio,  when  the  whole  is  to  the  greater  segment,  as 
the  greater  segment  is  to  the  less. 


IV. 
The  altitude  of  any  figure  is  the  straight 


A 
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PROP.  I.    THEO&. 


'  t 


Triangles  and  parallelograms  of  the  same  altitude  are  Se«  N. 

one  to  another  as  their  bases* 

.  Let  the  tnairgfes  ABC,  ACD,  and  the  parallelogram* 
EC,  CF,  have  the  same  altitude,  viz.  the  perpendicular 
drawn  from  the' point  A  to  BD :  as  tW  base  BC,  is  16 
the  base  CD,  so  shall  the  triangle  ABC  be  td  the  tri- 
angle ACD,  in^  the  parallelogram  l£C  to  the  parallel- 
ogram CF.  * 

Produce  tfD  bdth  ways1  to  the  points  H,  L,  afcdf  t  «•  *• 
take  any  number  of  straight  Bries  BG,  Gfi,  each  equal 
to  the  base  BC;  and  DK,  KL,  any  number  oP  them, 
each  equal  to  the  base  CD;  and  join  A&,  AH*  AKy 
A!L;  tneri,  because  CB,  BG,  GH,  are  all-  equa*.  thfe 
triangles  AHG,  AGft,  ABC,  are  all*  tqnalc  ttie**4  •*.!. 
fore,  whatever  jtftHifjile  the.  .base  HC  is  of   the  base 
BQ,  the  saine  multiply  is  the  tri- 
angle AHC  of  the  triangle  ABQ: 
for  the  same  reason^  whatever  mul- 
tiple the  h>a$e  X<G  U  of  the  base 
CX),  the  same  multiple  is  the  tri- 
angle ALC  of  the  triangle  ADC: 
and  if  the  faase  HC  be  equal  tp  the  base  CL,  the  triangle 
AI?C  is  also  equal*  to  the  triangle  AI;C :   arid  W  the  *  38. 1. 
base  HC  be  greater  thari  the  ba*fc-  CL,  likewise  the  frU 
an^Je  AHC  i^  greater  tlnm  the  triangle  ALC;  andSMfcss,        '    •  * 
les$\  therefore,  rfhee  thdre  are  -four  magnitudes,  v?i.  the 
two  bases  BC,  CD,  and  tie  two  triangles'  ABC.  A  CD1; 
and  of  the  base  fiC,  and  the  triangle  ABC,  tHe  fir*t  and 
third,  any  equimultiples,  whatever  have  beet!  taken,  vfe. 
the  base  1$C  and  the  triangle  AH6;  and  of  the  base  CD 
and  the  triangle  ACD,  the  second  and  fourth,  have  'been 
taken  any  equinrukiples  whatever,  viz:  the  base  CL/irid 
the  triangle4  ALC ;  arid  since  it  has  been  shewn,  that,  If 
the  base  tiC  be  greater  than  the  base  CL,  (he-  triangle 
A#C  is  greater  than  the  tr?angle  ALG;  ftud  if  eqtitil, 
eqtral;  arid  if  less,  less:  therefore*,  asTtH$ba^&GJ  Ur  to  *5Def.5. 
the  base  CD,  so  is  the  triangle  ABC  to  the  triato^le'ACD. 
And  because  the  paraltelograrri  CKfe'donble'bfthe 
triangle  ABC#,  and  the  .paralklograia  CF  tfoAbte  fef  *".i. 
the  triangle  ACt),  and  that  magnitude  have  the  sfaMe 
ratio*  which  their  equimultiples  have;  as  the  triangfe  *i5. 5. 
ABC  is  to  the  triangle  ACD,  so  is  the  paralfelograrn  EC 
to  the  parallelogram  CF:  and  because  it  has  befeh^hefww, 
that,-  as  the  base  BG  U  to  the  base  CD,  so  rt  the  triangle 
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ABC  to  the  triangle  A  CD;  and  as  the  triangle  ABC 
is  to  the  triangle  A  CD,  so  is  the  parallelogram  EC  to 
the  parallelogram  CF ;  therefore,  as  the  base  BC  is  to 

*  ii.5.        the  base  CD,  so  is#  the  parallelogram  EC  to  the  pa- 

rallelogram CF*     Wherefore,  triangles,  &c.   Q.  E.  jh 
-.  Cor*  From  this  it  is  plain,  that  triangles  and  paral* 
lelograio$  that  have  equal  altitudes  are  one  to  another, 
as  their  bases.    . 

. ;  Let  the  figures  be  placed  so  as  to  have  their  bases  in 
the  same  straight  line;  and  having  drawn  perpendi- 
culars from  the  vertices  of  the  triangles  to  the  bases, 
the  straight  line  whiph  join*  the  vertices  is  parallel  to 

*  33.  t.       that  in  which  their  bases  are*,  because   the  perpen- 
f  28.  l,       diculars  are  both  equal  and  parallelf  to  one  another. 

Then,  if  the  same  construction  be  made  as  in  the  pro* 
position,  the  demonstration  will  be  the  saro^ 

PROP.  II.    THEOR* 

Bee  N.        y  a  straight  line  be  dra*mn  parallel  to  one  of  the  sides  of 

a  triangle,  it  shall  cut  the  other  sides,  or  these  produced, 

proportionally :  and  if  the  sides,  or  the  sides  produced, 

be  cut  proportionally,  the  straight  line  which  joins  the 

■  points  of  section  shall  be  parallel  to  the  remaining,  side 

.  of  Hie  triangle. 

.[',■}  ■-  .,   Let  DE  be  drawn  parallel  to  BC,  one  of  the  sides  of 
lip  triangle  ABC :  BD  shall  be  to  DA,  as  CE  to  EA. 
*37,i.  Jpin  BE,  CD;  then  the  triangle. BDE  is  equal*  to 

the  triangle  CDE,  because  they, are  on  the  same  base 
GPtEj/and  between  the  same  parallels  DE,  BC:  ADE 
£s  another  triangle;  arid  equal  magnitudes  have  to  the 

*  7«  5.         sapie*  the  same  ratio ;  therefore,  as  the  triangle  BDE 

«s  $o  the  triangle  ADE,  so  is  the  triangle  CDE  to  the 
triangle  ADE;  but  as  the  triangle, BDE  to  the  triangle 

•*•£.  jADE  so  is*  BD  to  DA,  because,  having  the  same 
altitude,  viz.  the  perpendicular  drawn  from  the  point 
E  to  AB,  they  are  to  one  another  as  their  bases ;  and 
for  the  same  reason,  as  the  triangle  CDE  to  the  tri- 

.'  :»■ '   *  ;    <a»ngle  ADE,  so  is  CE  to  EA :  therefore,  as  BD  to  DA> 

*".*«       spi^CEtoEA*.   , 

i .  j  Next,  let  the  sides  AB,      A  A  E     n 

i.'t*  tAQof  the  triangle  ABC, 
p*  these  sides  produced, 
. .. . .  i  -    be  cut  proportionally  in 
thp  points  D,  E,  that  is, 
.&o,that  BD  may  be  to  DA 

.•ajGEtoEA;  and  join  DE;  DE  shall  be  parallel  to  BC. 
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:  The  same  construction  being  made  because  as  BD  to 
DA,  so  is  CE  to  E A ;  and  as  BD  to  DA,  so  is  the 
triangle  BDE  to  the  triangle  ADE  # :   and  as  CE  to  •  i.  6. 
EA,  so  is  the  triangle  CDE  to  the  triangle  ADE; 
therefore  f  the  triangle  BDE  is  to  the  triangle  ADE,  t  "•*• 
as  the  triangle  CDE  to  the  triangle  ADE;  that  is,  the 
triangles  BDE,  CDE  have  the  same  ratio  to  the  tri- 
angle ADE :  therefore  *  the  triangle  BDE  is  equal  to  *  9-  *• 
the  triangle  CDE :  and  they  are  on  the  same  base  DE : 
but  equal  triangles  on  tlie  same  base  are  between  the 
same  parallels*  therefore  DE  is  parallel  to  BC.   Where-  *  "a  la 
fore,  if  a  straight  line,  &c.     Q.  JE.  J). 

» 

PROP.  III.    THEOR. 

If  the  angle  of  a  triangle  be  divided  into  two  equal  angles,  &**  N- 
by  a  straight  line  which  also  cuts  the  base,  the  segments 
of  the  base  shall  have  the  same  ratio  which  the  other 

.  sides  of  the  triangle  have  to  one  another:  and  if  the 
segments  of  the  base  have  the  same  ratio  which  the  other 
sides  of  the  triangle  have  to  one  another,  the  straight 
line  drawn  from  the  vertex  to  the  point  of  sett  ion  divides 
the  vertical  angle  into  two  equal  angles. 

Let  ABC  be  a  triangle,  and  let  the  angle  BAC  be 
divided  into  two  equal  angles  by  the  straight  line  AD : 
BD  shall  be  to  DC,  as  BA  to  AC. 

Through  the  point  C  draw  CE  parallel  •  to  DA,  * 51*  *• 
and  let  BA  produced  meet  CE  in  E.     Because  the 
straight  line  AC  meets  the  parallels  AD,  EC,  the  angle 
ACE  is  equal*  to  the  alternate  angle  CAD:  but  CAD,  •  »• *• 
by  the  hypothesis,  is  equal  to  the  angle  BAD ;  where- 
fore BAD  is  equal  f  to  the  angle  ACE.    Again,  be-  f  1  Ai. 
cause  the  straight  line  BAE  meets 
the  parallels  AD,  EC,  the  outward 

angle  BAD  is  equal  f  to  the  inward  ,  k  ^f    t  «9, 1. 

and  opposite  angle  AEC :  but  the 
angle  ACE  has  l>een  proved  equal 
to  the  angle  BAD ;   therefore  also 

ACE  is  equal  f   to  the  angle  AEC,      "*  w  1 1  Ax. 

and  consequently  the  side  AE  is  equal  *  to  the  side  AC:  *  6. 1. 
and  because  AD  is  drawn  parallel  to  one  of  the  sides 
of  the  triangle  BCE,  viz.  to  EC,  therefore  *  BD  is  to  *  *•  «• 
DC,  as  BA  to  AE:  but  AE  is  equal  to  AC;  therefore*,  •  r.  5. 
as  BD  to  DC,  so  U  BA  to  AC. 
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Next,  let  BD  be  to  DC,  as  BA  to  AC,  and  join  At) : 
the  angle  BAC  shall  be  divided  into  two  equal  angles 
by  the  straight  line  AD. 

The  same  construction  being  made;  because,  as  BD 

to  DC,  so  is  BA  to  AC;  and  as  BD  to  DC,  so  is  BA 

•2.6.         to  AE*,  because  AD  is  parallel  to  EC;   therefore* 

*  9I 50,       BA  is  to  AC,  as  BA  to  AE:  consequently  AC  is  equal* 
•5.  1!         to  AE,  and  therefore  the  angle  A  EC 'is  equal*  to  the 

angle  ACE;    but  the  angle  AEC  is  equal  to  the  out- 
ward and  opposite  angle  BAD;  and  the  angle  ACE  is 

*  29. 1.       equal  to  the  alternate  angle  CAD* :  wherefore  also  the 
t  l  Ax.        angle  BAD  is  equal  f  to  the  angle  CAD;   that  is,  the 

angle  BAC  is  cut  into  two  equal  angles  by  the  straight 
line  AD.     Therefore,  if  the  angle,  j&c.     Q.  E.  J). 

PROP.  A.    THEOR. 

'.  , 

If  the  outward  angle  of  a  triangle  made  by  producing  one 
of  its  sides,  be  divided  into  two  equal  angles,  by  a 
straight  line  which  also  cuts  the  base  produced;  t%e 
segments  between  the  dividing  line  and  the  extremities 
of  the  base  have  the  same  ratio  which  the  other  sides  of 
the  triangle  have  to  one  another :  and  if  the  segments 
of  the  base  produced  have  the  sajne  ratio  which  the  other 
sides  of  the  triangle  have,  the  straight  line  drawn  from, 
the  vertex  to  the  point  of  section  divides  the  outward 
angle  of  the  triangle  into  two  equal  angles.  . 

Let  ABC  be  a  triangle,  and  let  dne  of  its  sides  BA 
be  produced  to  E ;  and  let  the  outward  angle  CAE  be 
divided  into  two  equal  angles  by  the  straight  lrhe*  AD 
which  meets  the  base  produced  in  D;  BD  shall  be  to 
DC,  as  B  A  to  AC. 

•31.1.  Through  C  draw*  CF parallel  to  AD:  and  because 

tbe  straight  line  AC  meets  the  parallels  AD,  FC,  the 

•29. 1.        angle  ACF  is  equal  *  to  the  alternate  angle  CAD:  but 

*  Hyp.  ^     CAD  is  equal*  to  the  angle  DAE ;  therefore  also  DAE 
1 1  Ax.       ^  equal  f  to  the  angle   ACF.     Again,    because   the 

straight  line  FAE  meets  the  parallels  AD,  FC,  the 
|J9. 1.    *    outward  angle  DAE   is   equal  f    to 
the  inward  and  opposite  angle  CFA : 
but  the  angle  ACF  has  been  proved 
equal  to  the  angle  DAE ;  therefore 

*  1  Ax.        also  tbe  angle  ACF  is  equal  f  to  the 

angle  CFA;   and   consequently  the 
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side  AF  is  equal  *  to  the  side  AC:  and  because  AD  *  6.1. 
is  parallel  to  FC,  a  side  of  the  triangle  BCF,  there* 
fore*  BD  is  to  DC,  as  BA  to  AF:  bat  AF  is  equal  * «.  fi. 
to  AC;  therefore  as  BD  is  to  DCf,  so  is  BA  to  AC.  1 7.  *. 

Next,  let  BD  be  to  DC,  as  BA  to  AC,  and  join  AD : 
the  angle  CAD  shall  be  equal  to  the  angle  DAE. 

The  same  construction,  being  made,  because  BD  it 
to  DC,  as  BA  to  AC;  and  that  BD  is  also  to  DC#,  a*  *  *• 6- 
BA  to  AF;  therefore*  BA  is  to  AC,  as  BA  to  AF;  •"•*• 
wherefore  AC  is  equal*  to  AF,  and  the  angle  AFC  #9-5- 
equal  *  to  the  angle  ACF :  but  the  angle  AFC  is  equal  "  5- *• ' 
to  the  outward  angle  £  AD  f,  and  the  angle  ACF  to  the  ♦ v9- *• 
alternate  angle  CAD ;  therefore  also  EAD  is  equal  f  1 1  A*, 
to  the  angle  CAD.     Wherefore,  if  the  outward,  &c« 
4*.  E.  D. 

PROP.  IV.    THEOR. 

The  sides  about  the  equal  angles  of  equiangular  trian- 
gles are  proportionals*  and  those  which  are  opposite 
to  the  equal  angles  are  homologous  sides*  that  is>  are 
the  antecedents  or  consequents  of  the  ratios* 

JLet  ABC,  DCE  be  equiangular  triangles  having 
the  angle  ABC  equal  to  the  angle  DCE,  and  the 
angle  ACB  to  the  angle  DEC;  and  consequently  *  the  *  **• 1#  * 
Angle  BAC  equal  tQ  the  angle  CDE.  The  sides  3Ax* 
about  the  equal  angles  of  the  triangles  ABC,  DCE 
shall  be  proportionals;  and  three  shall  be  the  homolo- 
gous sides,  which  are  opposite  to  the  equal  angles. 

Let  the  triangle  DCE  be  placed  *,  so  that  its  aide  ***•*• 
CE  may  be  contiguous  to  BC,  and  in  the  same  straight 
line  with  it;  then,  because  the  angle  BCA  is  equjil  f  t  Hyp. 
to  the  angle  CED :  add.  u>  each  the  angle  ABC ;  there- 
fore the  two  angles  ABC>  BCA  are  equal  f    to  the  t*Ax. 
two  angles  ABC,  CED :  but  the  angle*  ABC,  BCA 
are  together  less  *    than  two  right  angles;  therefore  *  it.  1. 
the  angles  ABC,  CED  are  also  less  than  two  right  an- 
gles: wherefore  BAi  ED  if  produced  will  meet  *:  let  #,f  Al>,# 
them  be  produced  and   meet  in   the 
point  If ;  .  ttneji  treatise  the  angle  ABC      p 
is  qquaj  to  the  angje  DCE,  BF  is  pa-       tV 
railed  *  to  CD  j  ;$nd  because  the  angle     AiO\j)  *8'  *" 

ACB  is  equal  to  the  angle  DEC,  AC        1    NjV 
is  parallel  to  FE  * :  therefore  FACD  is  .    ]$ — TTT:      *  *8' lm 
a  parallelogram ;    and   consequently  *  :   *  34.  1. 

AF  is  equal  to  CD,  and  AC  to  FD:  and  because  AC 
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is  parallel  to  FE,  one  of  the  sides  of  the  triangle  FBE, 

•  «.  6.  BA  is  to  AF*,  as  BC  to  CE:  but  AF  is  equal  to  CD; 
♦7.5,  therefore*  as  BA  to  CD,  so  is  BC  to  CE;  and  alter- 
fi6.5.  natelyf,  as  AB  toBC,  so  is  DC  to  CE:  again,  be- 
•2.6.  cause  CD  is  parallel  to  BF,  as  BC  to  CE  *,  so  is  FD 
t  r.  5.  to  DE :  but  FD  is  equal  to  AC ;  therefore  f,  as  BC  to 
1 16. 5.  CE,  so  is  AC  to  DE;  and  alternately  f,  as  BC  to  CA, 

so  CE  to  ED :   therefore,  because  it  has  beea  proved 
that  AB  is  to  BC,  as  DC  to  CE,  and  as  BC  to  CA,  so 

•  22. 5.       CE  to  ED,  ex  sequali  *,  BA  is  to  AC,  as  CD  to  DE. 

Therefore  the  sides,  Sec.     Q.  E.  D. 

PROP.  V.    THEOR. 

If  the  sides  of  two  triangles,  about  each  of  their  angles, 
be  proportionals,  the  triangles  shall  be  equiangular  ; 
and  the  equal  angles  shall  be  those  which  are  opposite 
to  the  homologous  sides. 

Let  the  triangles  ABC,  DEF  have  their  sides  pro- 
portionals, so  that  AB  is  to  BC,  as  DE  to  EF ;  and  BC 
to  CA,  as  EF  to  FD ;  and  consequently,  ex  sequali, 
BA  to  AC,  as  ED  to  DF :  the  triangle  ABC  shall  be 
equiangular  to  the  triangle  DEF,  and  the  angles  which 
are  opposite  to  the  homologous  sides  shall  be  equal,  viz. 
the  angle  ABC  equal  to  the  angle  DEF,  and  BCA  to 
EFD,  and  also  BAC  to  EDF. 

•  23.  i.         .  At  the  points  E,  F,  in  the  straight  line  EF,  make  *  the 

angle  FEG  equal  to  the  angle  ABC,  and  the  angle  EFG 
equal  to  BCA;  wherefore  the  remaining  angle  BAC  is 

*  32.  l.  &    equal  *  to  the  remaining  angle  EGF,  and  the  triangle 
3  A  BC  is  therefore  equiangular  to  the  triangle  GEF :  con- 

*  4. 6.         sequently*  they  have  their  sides  oppo- 

site to  the  equal  angles  proportionals : 

wherefore,  as  AB  to  BC,  so  is  GE  to 
t  Hyp.        EF .  but  as  AB  to  BC+>  BO  is  DE  to 

EF ;  therefore  as  DE  to  EF,  so*  GE 

to  EF;  that  is,  DE  and  GE  have  the 

same  ratio  to  EF,  and  consequently  * 

are  equal :   for  the  same  reason  DF  is  equal  to  FG :  and 

because  in  the  triangles  DEF,  GEF,  DE  is  equal  to  EG, 

and  EF  common,  the  two  sides  DE,  EF,  are  equal  to 

the  two  GE,  EF,  each  to  each ;  and  the  base  DF  is  equal 

*  8* u  to  the  base  GF ;  therefore  the  angle  DEF  is  equal  *  to 
the  angle  GEF,  and  the  other  angles  to  the  other  angles 
which  are .  subtended  by  the  equal  sides  * :   therefore 


•  11.  5. 

*  9.  5. 


•4.1. 
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the  angle  DFE  is  equal  to  the  angle  GFE,  and  EDF 
to  EGF :  and  because  the  angle  DEF  is  eoual  to  the 
angle  GEF,  and  GEF  equal +  to  the  angle  ABC;  there-  f  Conttr. 
fore  the  angle  ABC  is  equal  +  to  the  angle  DEF :  for  1 1  Ax. 
the  same  reason,  the  angle  ACB  is  equal  to  the  angle 
DFE,  and  the  angle  at  A  equal  to  the  angle  at  D : 
therefore  the  triangle  ABC  is  equiangular  to  the  tri- 
angle DEF.     Wherefore,  if  the  sides,  &c.     Q.  £.  d. 

m 

PROP.  VI.    THEOR. 

If  two  triangles  have  one  angle  of  the  one  equal  to  one 
angle  of  the  other,  and  the  sides  about  the  equal  angles 
proportionals,  the  triangles  shall  be  equiangular,  and 
shall  have  those  angles  equal  which  are  opposite  to  the 
homologous  sides. 

Let  the  trianeles  ABC,  DEF  have  the  angle  BAC 
in  the  one  equal  to  the  angle  EDF  in  the  other,  and 
the  sides  about  those  angles  proportionals:  that  is, 
BA  to  AC,  as  ED  to  DF :  the  triangles  ABC,  DEF, 
shall  be  equiangular,  and  shall  have  the  angle  ABC 
equal  to  the  angle  DEF,  and  ACB  to  DFE. 

At  the  points  D,  F,  in  the  straight  line  DF,  make  *  •  is.  1. 
the  angle  FDG  equal  to  either  of 
the  angles   BAC,  EDF;  and  the 
angle    DFG    equal    to   the   angle 
ACB  :  wherefore  the  remaining  an- 
gle at  B  is  equal *  to  the  remaining 
angle  at  G :  and  consequently  the 
triangle  ABC  is  equiangular  to  the 
triangle  DGF:  therefore  as  BA  to  AC,  so  is*  GD  to  •*.«. 
DF :  but  by  the  hypothesis,  as  BA  to  AC,  so  is  ED 
to  DF;  therefore  as  ED  to  DF,  so  is*  GD  to  DF;  •it.5. 
wherefore  ED  is  equal  *  to  DG :  and  DF  is  common  *  9.  5. 
to  the  two  triangles  EDF,  GDF:  therefore  the  two 
sides  ED,  DF,  are  equal  to  the  two  sides  GD*  DF,  _ 
each  to  each ;  and  the  angle  EDF  is  equal  f  to  the  an-  t  Omstr. 
gle  GDF ;  wherefore  the  base  EF  is  equal  to  the  base 
FG#,  and  the  triangle  EDF  to  the  triangle  GDF,  and  *  *•  i. 
the  remaining  angles  to  the  remaining  angles,  each  to 
each,  which  are  subtended  by  the  equal  sides:  there- 
fore the  angle  DFG  is  equal  to  the  angle  DFE,  and 
the  angle  at  G  to  the  angle  at  E :  but  the  angle  DFG 
is  equal  \  to  the  angle  ACB ;  therefore  the  angle  ACB  t  Comtr. 
is  equal  \  to  the  angle  DFE :  and  the  angle  BAC  is  1 1  Ax. 
equal  *  to  the  angle  EDF :  wherefore  also  the  remain-  *  Hyp. 
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1 3«.  1.  &    iHg  angle  at  B  is  equal  f  to  the  remaining  angle  at  E : 

3  Ax.  therefore  the   triangle   ABC   is   equiangular   to   the 

triangle    DEF.     Wherefore,   if   two    triangles,   &c. 


&  E.  £• 


PROP-  VII.    THEOR. 


See  N.  If  two  triangles  have  one  angle  of  the  one  equal  to  one 
angle  of  the  other,  and  the  sides  about  two  other  angles 
proportionals  t  then,  if  each  of  the  remaining  angles  be 
either  less,  or  not  less,  than  a  right  angle,  or  if  one  of 
them  be  a  right  angle :  the  triangles  shall  be  equiangu- 
lar, and  shall  have  those  angles  equal  about  which  the 
sides  are  proportionals* 

x  Let  the  two  triangles  ABC,  DEF  have  one  angle  in 
the  one  equal  to  one  angle  in  the  other,  viz,  the  angle 
BAG  to  the  angle  EDF,  and  the  sides  about  two  other* 
angles  ABC,  DEF  proportionals,  so  that  AB  is  to  BC, 
as  DE  to  EF;  and,  in  the  first  case,  let  each  of  the  re- 
maining angles  at  C,  F  be  less  than  a  right  angle.  The  tri- 
angle ABC  shall  be  equiangular  to  the  triangle  DEF,  viz. 
the  angle  ABC  shall  be  equal  to  the  angle  DEF,  and  the 
remaining  angle  at  C  equal  to  the  remaining  angle  at  F. 
For,  ii  the  angles  ABC,  DEF  be  not  equal,  one  of 
them  must  be  greater  than  the  other :  let  ABC  be  the 

*  23.. l.        greater,  and  at  the  point  B,  in  the  straight  line  AB#, 

makethe  angle  ABG  equal  totheangle 
DEF;  and  because  the  angle  at  A  is  A         *) 

t  Hyp*        equalf  to  the  angle  at  D,  and  the  angle        /JIg    /\ 
ABG  to  the  angle  DEF;  the  remain-     ^^\  ^1 

*  ***• lm  &    ing  angje  AGB  is  equal*  to  the  remain- 

ing angle  DFE:  therefore  the  triangle  ABG  is  equian- 

*  4. 6.         gular  to  the  triangle  DEF:  wherefore*  as  AB  is  to  BG, 

so  is  DE  to  EF:  but  as  DE  to  EF  so,  bv  hypothesis,  is 

*  ii.  6.       AB  to  BC:  therefore*  as  AB  to  BC,  so"  is  AB  to  BG: 

and  because  AB  has  the  same  ratio  to  each  of  the  lines 

*  9. 5.         BC,  BG;  BC  is  equal*  to'BG;  and  therefore  the  angle 

*  5.  u         BGC  is  equal  *  to  the  angle  BCG :  but  the  angle 

BCG  i6,  by  hypothesis,  less  than  a  right  angle ;  there- 
fore also  the  angle  BGC  is  less  than  a  right  angle ; 

*  13,  l.       and  therefore  the  adjacent  angle  AGB  must  be  greater* 

than  a  right  angle :  but  it  was  proved  that  the  angle 
AGB  is  equal  to  the  angle  at  F;  therefore  the  angle  at 
F  is  greater  than  a  right  angle :   but,  by  the  hypo- 
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• 

tkesisi,  it  is  less  than  a  right  angle ;  whfch  is  absurd* 

Therefore  the  angles  ABC,  DEF  are  not  unequal,  that 

is,  they  are  equal :  and  the  angle  at  A  is  equal  f  to  the  t  Hyp. 

angle  at  D;  wherefore  the  remaining  angle  at  C  is 

equal  f  to  the  'remaining  angle  at  F :  therefore  the  t  J*,  i.  & 

triangle  ABC  is  equiangular  to  the  triangle  DEF.         9  AXm 

Next,  let  each  or'  the  angles  at  C,  F  be  not  less  than 
a  right  angle:  the  triangle  ABC  shall  also  in  this  case 
be  equiangular  to  the  triangle  DEF.     . 

The    same  construction    being 
made,  it  may  be  proved  in  like  A  ~ 

manner  that  BC  is  equal  to  BG,  >^jr     y^ 

and  therefore  the  angle  at  C  equal      i^^c*  ef 
to  the  angle  BGC:  but  the  angle  at 

C  is  not  lessf  than  a  right  angle :  therefore  the  angle  t  Hyp. 
BGC  is  not  less  than  a  right  angle:  wherefore  two  angles 
of  the  triangle  BGC  are  together  not  less  than  two 
right  angles;  which  is  impossible*;  and  therefore  the  *17.  l. 
triangle  ABC  may  be  proved  to  be  equiangular  to  the 
triangle  DEF,  as  in  the  first  case. 

Lastly,  let  one  of  the  angles  at  C,  F,  viz.  the  angle  at 
C,  be  a  right  angle:  in  this  case  likewise,  the  triangle 
ABC  shall  be  equiangular  to  the  triangle  DEF. 

For,  if  they  be  not  equiangular, 
at  the  point  B  in  the  straight  line 
AB  make  the  angle  ABG  equal  to 
the  angle  DEF:  then  it  may  be 
proved,  as  in  the  first  case,  that  BG 

is  equal  to  BC:  and  therefore  *  the  y/\    ^  J    *5.  i. 

angle    BCG    equal    to  the  angle  *" 

BGC :   but  the  angle  BCG  is  a  — jq 

right  f  angle,  therefore  f  the  angle  t  Hyp* 

BGC  is  also. a  right  angle;  whence  two  of  the  angles  *  *  A-*' 
of  the  triangle  BGC  are  together  not  less  than  two 
right  angles;  which  is  impossible*:  therefore  the  tri-  M7. l, 
angle  ABC  is  equiangular    to   the    triangle   DEF. 
Wherefore  if  two  triangles,  &o.    Q.  E.  D. 

PROP.  VIII.    THEOR, 

.  .  • 

In  a  right  angled,  triangle,  if  a  perpendicular  be  drawn  See  N« 
from  the  right  angle  to  the  base  ,•  the  triangles  on  each 
side  of  it  are  similar  to  the  whole  triangle,  and  to  one 
another. 

Let  ABC  be  a  right  angled  triangle,  having  the 
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♦ 

right  angle  BAC ;  and  from  the  point  A  let  AD  be 
drawn  perpendicular  to  the  base  BC:  the  triangles 
ABD,  ADC  shall  be  similar  to  the  whole  triangle 
ABC,  and  to  one  another. 

Because    the  angle    BAC   is  equal   to  the  angle 

til  Ax.  ADBf,  each  of  them  being  a  right 
angle,  and  that  the  angle  at  B  is  com- 
mon to  the  two  triangles  ABC,  ABD; 
the  remaining  angle  ACB  is  equal  to 

*S2.  i.&    the  remaining  angle  BAD*:  there- 

3  Ax#  fore  the  triangle  ABC  is  equiangular 

to  the  triangle  ABD,  and  the  sides  about  their  equal 

*  4. 6. .       angles   are  proportionals  * ;   wherefore   the  triangles 

*  i  Def.  6.  are  *  similar :  in  the  like  manner  it  may  be  demon- 

,-.  f  strated,  that  the  triangle  ADC  is  equiangular  and 
similar  to  the  triangle  ABC.  And  the  triangles  ABD, 
ACD,  being  both  equiangular  and  similar  to  ABC, 
are  equiangular  and  similar  to  each  other.  Therefore, 
in  a  right  angled,  &c.     Q.  E.  D. 

Cor.  From  this  it  is  manifest  that  the  perpendicular 
drawn  from  the  right  angle  of  a  right  angled  triangle  to 
the  base,  is  a  mean  proportional  between  the  segments 
of  the  base,  and  also  that  each  of  the  sides  is  a  mean 
proportional  between  the  base,  and  the  segment  of  it 
adjacent  to  that  side :  because  in  the  triangles  BDA« 

*  4. 6.         ADC,  BD  is  to   DA  *,  as  DA  to  DC ;  and  in  the 
•4.6.         triangles  ABC,  DBA,  BC  is  to  BA*  as  BA  to  BD; 

*  4.  6.         and  in  the  triangles  ABC,  ACD,  BC  is  to  CA  *,  as 

CA  to  CD. 

PROP.  IX.    PROB. 

See  N.         From  a  given  straight  line  to  cut  off  any  part  required. 

•  '  ' 

Let  AB  be  the  given  straight  line ;  it  is  required  to 
cut  off  any  part  from  it. 

From  the  point  A  draw  a  straight  line.  AC,  making 
any  angle  with  AB;  and  in  AC  take 
any  point  D,  and  take  AC  the  same  mul- 
tiple of  AD,  that  AB  is  of  the  part 
which  is  to  be  cut  oft'  from  it ;  join  BC, 
and  draw  DE  parallel  to  it:  then  AE 
shall  be  the  part  required  to  be  cut  off. 

Because  ED  is  parallel  to  one   of  the 
sides  of  the  triangle  ABC,  viz.  to  BC,  as 
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CD  is  to  DA  so  is*  BE  to  EA ;  and  by  icompotition*,  •  t.  6. 
CA  is  to  AD,  as  BA  to  AE:  but  CA  is  a  multiplef  *!££. 
of  AD ;  therefore*  B A  is  the  same  multiple  of  AE :  •  ^  y 
whatever  part  therefore  AD  is  of  AC,  AE  is  the  same 
part  of  AB:  wherefore,  from  the  straight  line  AB  the  , 

'  part  required  is  cut  off     Which  was  to  be  done. 

PROP.  X,     PROB. 

To  divide  a  given  straight  line  similarly  to  a  given  (S- 
vided  straight  line,  that  is9  into  parts  that  shall  have 
the  same  ratios  to  one  another  which  the  parts  of  the 
divided  given  straight  line  have* 

* 

Let  AB  be  the  straight  line  given  to  be  divided, 
and  AC  the  divided  line:  it  is  required  to  divide 'AB 
similarly  to  AC. 

Let  AC  be  divided  in  the  points  D,  E;  and  let  AB, 
AC  be  placed  so  as  to  contain  any  angle,  and  join 
BC,  and  through  the  points  D,  K,  draw*  DF,  EG  #*i.i. 
parallels  to  it :  AB  shall  be  divided  in  the  points  F,  G 
similarly  to  AC. 

Through  D  draw  DHK  parallel  to 
AB  :  therefore  each  of  the  figures,  FH, 

HB,  is  a  parallelogram:  wherefore  DH  

is  equal*  to  FG,  and  HK  to  GB :  and    C/~Tfsg        •*•  *. 

because  HE  is  parallel  to  KC,  one  of 

the  sides  of  the  triangle  DKC,  as  CE  to 

ED,  so  is*  KHtoHD:   but  KH  is  equal  to  BG,  # f. 6. 

and  HD  to  GF ;  therefore,  as  CE  to  EDf,  so  is  BG  t  *.  & 

to  GF:   again,  because   FD   is  parallel  to  GE,  one 

of  the  sides  of  the  triangle  AGE,  as  ED  to  DA,  so  isf  t  *•  *• 

OF  to  FA :  but  it  has  been  proved  that  CE  is  to  ED, 

as  BG  to  GF :  therefore  as  CE  is  to  ED  so  is  BG  to 

GF,  and  as  ED  to  DA,  so  GF  to  FA :  therefore  the 

given   straight  line  AB  is  divided   similarly  to   AC. 

Which  was  to  he  done. 

PROP.  XL    PROB. 

To  find  a  third  proportional  to  two  given  straight  lines. 

Let  AB,  AC  be  the  two  given  straight  lines:   ft 
is  required  to  find  a  third  proportional  to  AB,  AC. 
Let  AB,  AC  be  placed  so  as  to  contain  any  angte: 
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produce  AB,  AC,  to  the  points  D,  E; 
and  make  BD  equal  to  AC ;  join  BC,  and 

*  S1* *•       through  D  draw  DE  parallel  to  it*  t  CE 

shall  be  a  third  proportional  to  AB  and 
AC. 

Because  BC  is  parallel  to  DE,  a  side 

*  *.  6.         of  the  triangle  ADE,  AB  is*  to  BD,  as  AC 

to  CE:  but  BD  is  equal  to  AC;  therefore  as  AB  is 
tr.  5.         tofAC,  so  is  AC  to  CE.     Wherefore,  to  the  two 
given  straight  lines  AB,  AC,  a  third  proportional  CE 
is  found.     Which  was  to  be  done. 

PROP.  XII.    PROB. 

Tojind  a  fourth  proportional  to  three  given  straight  lines. 

Let  A,  B,  C  be  the  three  given  straight  lines;  it  is 
required  to  find  a  fourth  proportional  to  A,  B,  C. 
Take  two  straight  lines  DE,  DF,  containing  any 
1 3.  l.         angle  EDF;  and  upon  thesef  make 
DG  equal  to*A,  GE  equal  to  B,  and 
DH   equal   to    C;  join    GH,   and 
•si.i.        through  E  draw  EF  parallel*  to  it: 
HF  shall  be  a  fourth  proportional 
to  A,  B,  C. 

Because   GH  is  parallel  to  EF, 

*  *• 6-    *    one  of  the  sides  of  the  triangle  DEF,  DG  is  to  GE*, 

as  DH  to  HF ;  but  DG  is  equal  to  A,  GE  to  B,  and 

t7.5.         dh  to  q.  therefore,  as  A  is  to  Bf,  so  is  C  to  HF. 

Wherefore  to  the  three  given  straight  lines  A,  B,  C, 

.  a  fourth  proportional  HF  is  found.    Which  was  to  be 

done. 

PROP.  XIII.    PROB. 

Tojind  a  mean  proportional  between  two  given  straight 

lines. 

Let  AB,  BC  be  the  two  given  straight  lines :  it  is 
'  N  required  to  find  a  mean  proportional  between  them. 
Place  AB,  BC  in  a  straight  line,  and  upon  AC  de- 
scribe the  semicircle  ADC,  and  from 

*  n.  l.       the  point  B  draw*  BD  at  right  angles 

to  AC:  BD  shall  be  a  mean  propor- 
tional between  AB  and  BC. 

Join  AD,  DC:    and   because  the 
angle  ADC  in  a  semicircle  is  a  right 
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angle*,  and  because  in  the  right  angled  triangle  ADC,  •  si.  * 

BD  is  drawn  from  the  right  angle  perpendicular   to 

the  base,  DB  is  a  mean  proportional   between    AB, 

BC  the  segments  of  the  base* :  therefore  between  the  *  C«r.  a. «. 

two  given  straight  lines  AB,  BC,  a  mean  proportional 

DB  is  found.     Which  was  to  be  done. 

PROP.  XIV.    THEOR. 

Equal  parallelograms,  which  ave  one  angle  of  the  one 
equal  to  one  angle  of  the  other,  have  their  sides  about 
the  equal  angles  reciprocally  proportional ;  and  paral- 
lelograms that  have  one  angle  of  the  one  equal  to  one 
angle  of  the  other,  and  their  sides  about  the  equal 
angles  reciprocally  proportioned,  are  equal  to  one  an- 
other. 

Let  AB,  BC  be  equal  parallelograms  which  have 
the  angles  at  B  equal :  the  sides  of  the  parallelograms 
AB,  BC  about  the  equal  angles,  shall  be  reciprocally 
proportional ;  that  is,  DB  shall  be  to  BE,  as  GB  to 
BF. 

Let  the  sides  DB,  BE  be  placed  in  the  same  straight 
line;  wherefore  also  FB,  BG  are  in  one  straight  line*;  *  u.  i. 
complete  the  parallelogram  FE :  and 
because  the  parallelogram  AB  is  equal 
to  BC,  and  that  FE  is  another  pa- 
rallelogram, AB  is  to  FE,  as  BC  to 
FE* :    but  as  AB  to  FE,  so  is  the  V-4,    •  r.  5. 

base  DB  to  BE*,  and  as  BC  to'  FE,  *         *  i.  6. 

so  is  the  base  GB  to  BF;  therefore,  as  DB  to  BE, 
so  is  GB  to  BF*.     Wherefore,  the  sides  of  the  pa-  *  n.  5. 
rallelograms  AB,  BC  about  their  equal  angles  are  re* 
ciprpcally  proportional. 

Next,  let  the  sides  about  the  equal  angles  be  reci- 
procally proportional,  viz.  as  DB  to  BE*  so  GB  to 
BF ;  the  parallelogram  AB  shall  be  equal  to  the  pa- 
rallelogram BC. 

Because,  as  DB  to  BE,  so  is  GB  to  BF;  and  as 
DB  to  BEf,  so  is  the  parallelogram  AB  to  the  paral-  ♦  *• 6# 
lelogram  FE ;  and  as  GB  to  BF,  so  is  the  parallelogram 
BC  to  the  parallelogram  FE;  therefore*  as  AB  to  #11*5» 
FE,  so  BC  to  FE:  therefore  the  parallelogram  AB  is 
equal*  to  the  parallelogram  BC.     Therefore  equal  pa-  *  9' 5* 
rallelograms,  &c.     Q.  m.  i>. 

12 
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PROP.  XV.    THEOR. 

Equal  triangles  which  have  one  angle  of  the  one  equal  to 
one  angle  of  the  other,  have  their  sides  about  the  equal 
angles  reciprocally  proportional :  and  triangles  which 
have  one  angle  An  the  one  equal  to  one  angle  in  the 
other,  and  their  sides  about  the  equal  angles  recipro- 
cally proportional,  are  equal  to  one  another. 

Let  ABC,  ADE  be  equal  triangles,  which  have  the 
angle  BAC  equal  to  the  angle  DAE :  the  sides  about 
the  equal  angles  of  the  triangles  shall  be  reciprocally 
proportional;  that  is,  CA  shall  be  to  AD,  as  EA  to 
AB. 

Let  the  triangles  be  placed  so  that 
their  sides  CA,  AD  be  in  one  straight 
line;  wherefore  also  EA  and  AB  are  in 
•14.1.  one  straight  line*;  and  join  BD.  Be- 
cause the  triangle  ABC  is  equal  to  the 
triangle  ADE,  and  that  ABD  is  an- 
other triangle;  therefore  as  the  triangle  CAB,  is  to 

•  7. 5.         the  triangle  BAD*,  so  is  the  triangle  AED  to  the  tri- 

angle DAB:  but  as  the  triangle  CAB  to  the  triangle 

•  l.  6.         BAD,  so  is  the  base  CA  to  AD*,  and  as  the  triangle 

•  i.  e.         EAD  to  the  triangle  DAB,  so  is  the  base  EA  to,  AB*; 

•  n.  5.        therefore  as  CA  to  AD#,  so  is  EA  to  AB:  wherefore 

the  sides  of  the  triangles  ABC,  ADE  about  the  equal 
angles  are  reciprocally  proportional. 

Next,  let  the  sides  of  the  triangles  ABC,  ADE  about 
the  equal  angles  be  reciprocally  proportional,  viz.  CA 
to  AD,  as  EA  to  AB;  the  triangle  ABC  shall  be 
equal  to  the  triangle  ADE. 

Join  BD  as  before :  then,  because  as  C A  to  AD,  so 
is  EA  to  AB  ;  and  as  CA  to  AD,  so  is  the  triangle 

•  i.  6.         ABC  to  the  triangle  BAD* ;  and  as  EA  to  AB,  so  is 
•1.6.^         the  triangle  EAD  to  the  triangle  BAD*;  therefore* 

as  the  triangle  BAC  to  the  triangle  BAD, -so  is  the 
triangle  EAD  to  the  triangle  BAD ;  that  is,  the  tri- 
angles BAC,  EADIiaVe'ttuf  same  ratio  to  the  triangle 
BAD:  wherefore  the  triangle  ABC  is  equal*  to  the 
triangle  ADE.     Therefore  equal  triangles,  &c.  Q.  M.  ZK 
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•  u.i. 


•  14.  6. 


PROP.  XVI.    THEOR. 

If  four  straight  lines  be  proportionals,  the  rectangle  con* 
tained  by  the  extremes  is  equal  to  the  rectangle  contain- 
ed by  the  means :  and  if  the  rectangle  contained  by  the 
extremes  be  equal  to  the  rectangle  contained  by  the  means, 
the  four  straight  lines  are  proportionals. 

Let  the  four  straight  lines  AB,  CD,  E,  F,  be  pro- 
portionals, viz.  as  A B  to  CD,  so  E  to  F :  the  rectangle 
contained  by  AB,  F  shall  be  equal  to  the  rectangle  con* 
tained  by  CD,  E. 

From  the  points  A,  C  draw  *  AG,  CH  at  right  angles 
to  AB,  CD:  and  makef  AG  equal  to  F,  and  CH  t»- 1- 
equal  to  E ;   and  complete  f   the  parallelograms  BG,  *  31- !* 
DH.     Because,  as  AB  to  CD,  so  is  E  to  F ;  and  that 
E  is  equal  to  CH,  and  F  to  AG;  AB  is*  to  CD  as  #7-5- 
CH  to  AG  :  therefore  the  sides  of  the  parallelograms 
BG,  DH,  about  the  equal  angles  are  reciprocally  pro- 
portional; but  parallelograms  which  have  their  sides 
about  equal  angles  reciprocally  proportional,  are  equal 
to  one  another  * ;  therefore  the  parallelogram  BG  is 
equal  to  the   parallelogram  DH :    but  the   parallelo- 

fram  BG  is  contained  by  the  straight  lines  AB,  F, 
ecause  AG  is  equal  to  F ;  and  the 

parallelogram  DH  is   contained    by     E 

CD  and  E,  because  CH  is  equal  to 

JE ;  therefore  the  rectangle  contained 

by  the  straight  lines  AB,  F  is  equal 

to  that  which  is   contained   by  CD 

and  E. 

And  if  the  rectangle  contained  by  the  straight  lines 

AB,  F  be  equal  to  that  which  is  contained  by  CD,  E ; 

these  four  lines  shall  be  proportional,  viz.  AB  shall  be 

to  CD,  as  E  to  F. 

The  same  construction  being  made,  because  the 
rectangle  contained  by  the  straight  lines  AB,  F  is 
equal  to  that  which  is  contained  by  CD,  E,  and  that 
the  rectangle  BG  is  contained  by  AB,  F,  because  AG 
is  equal  to  F:  and  the  rectangle  DH  by  CD,  E,  be-, 
cause  CH  is  equal  to  E ;  therefore  the  parallelogram 
BG  is  equal  f  to  the  parallelogram  DH;  and  they  are  t  *  Ax. 
equiangular :  but  the  sides  about  the  equal  angles  of 
equal  parallelograms  are  reciprocally  proportional  *  :  *  *4- 6- 
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wherefore,  as  AB  to  CD,  so  is  CH  to  AD :  but  CH  is 
1 7. 5.         equal  to  E,  and  AG  to  F ;  therefore  as  AB  is  to  CD  f , 
so  is  £  to  F.     Wherefore,  if  four,  &c.     Q.  E.  D. 


PROP.  XVII.    THEOR.     / 

If  three  straight  lines  be  proportionals,  the  rectangle  con- 
tained by  the  extremes  is  equal  to  the  square  of  the 
mean :  and  if  the  rectangle  contained  by  the  extremes 
be  equal  to  the  square  of  the  mean,  the  three  straight 
lines  are  proportionals. 

Let  the  three  straight  lines  A,  B,  C  be  proportionals, 
viz.  as  A  to  B,  so  B  to  C  :  the  rectangle  contained  by 

A,  C  shall  be  equal  to  the  square  of  B. 

Take  D  equal  to  B:  and  because  as  A  to  B,  so  B  to  C, 
•*•  &  and  that  B  is  equal  to  D ;  A  is  *  to  B,  as  D  to  C :  but 

if  four  straight  lines  be  proportionals  the  rectangle  con- 
tained by  the  extremes  is  equal  to 
that  which  is  contained  by  the  A- 
•16.6.  means*;  therefore  the  rectangle  d- 
contained  by  A,  C  is  equal  to  that  cj 
contained  by  B,  D :  but  the  rect- 
angle contained  by  B,  D  is  the 
square  of  B,  because  B  is  equal 
to  D;  therefore  the  rectangle  contained  by  A,  C  is  equal 
to  the  square  of  B. 

#And  if  the  rectangle  contained  by  A,  C  be  equal  to 
the  square  of  B  ;  A  shall  be  to  B,  as  B  to  C. 

The  same   construction   being  made,    because   the 
rectangle  contained  by  A,  C  is  equal  to  the  square  of 

B,  and  the  square  of  B  is  equal  to  the  rectangle  con* 
tained  by  B,  D,  because  B  is  equal  to  D ;  therefore 
the  rectangle  contained  by  A,  C  is  equal  to  that  con- 
tained by  B,  D :  but  if  the  rectangle  contained  by  the 

•  extremes  be  equal  to  that  contained  by  the  means,  the 

*16.6.        four  straight  lines  are  proportionals*:  therefore  A  is 

*       to  B,  as  D  to  C :  but  B  is  equal  to  D ;  wherefore,  as 

A  to  B,  so  B  to  C.     Therefore  if  three  straight  lines, 

&c.     Q.  J?*  D- 
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PROP.  XVIIL    PROB. 

Upon  a  given  straight  line  to  describe  a  rectilineal  Jigure  Ste  N. 
similar,  and  similarly  situated,  to  a  given  rectilineal 
Jigure. 

Let  AB  be  the  given  straight  line,  and  CDEF  the 
given  rectilineal  figure  of  four  sides;  it  is  required 
upon  the  given  straight  line  AB  to  describe  a  recti- 
lineal figure  similar,  and  similarly  situated,  to  CDEF. 
Join  DF,  and  at  the  points  A,  B  in  the  straight  line 
AB  make*  the  angle  BAG  equal  to  the  angle  at  C,  *ts.i. 
and  the  angle  AB6  equal  to  the  angle  CDF;  there* 
fore  the  remaining  angle  CFD  is  equal  to  the  remain- 
ing  apgle  AGB  * :  therefore  the  •  St.  i.  * 

triangle  FCD  is  equiangular  to      -         H  aA** 

the  triangle  GAB :  again,  at  the 
points,  G,  B  in  the  straight  line 

GB,  make  *  the  angle  BGH  equal     £ ]!>    £ — jjf        *tt.i. 

to  the  angle  DFE,  and  the  angle 
GBH  equal  to  FDE;  therefore  the  remaining  angle 
FED  is  equal  to  the  remaining  angle  GHB,  and  the 
triangle  FDE  equiangular  to  the  triangle  GBH:  then, 
because  the  angle  AGB  is  equal  to  the  angle  CFD,  and 
BGH  to  DFE,  the  whole  angle  AGH  is  equal  f  to  the  t  *  Ax, 
whole  CFE;  for  the  same  reason,  the  angle  ABH  is    v 
equal  to  the  angle  CDE :  also  the  angle  at  A  is  equal  f  t  Coottr. 
to  the  angle  at  C,  and  the  angle  GHB  to  FED :  there- 
fore  the   rectilineal  figure  ABHG  is  equiangular  to 
CDEF:  likewise  these  figures  have  their  sides  about 
the  equal  angles  proportionals:  because  the  triangles 
GAB,  FCD  being  equiangular,  BA  is  *  to  AG,  as  DC  *  *  «• 
to  CF ;  and  because  AG  is  to  GB,  as  CF  to  FD ;  and 
as  GB  to  GH,  so,  by  reason  of  the  equiangular  triangles 
BGH,  DFE,  is  FD  to  FE ;  therefore,  ex  aequali  *,  AG  *  **•  *• 
is  to  GH,  as  CF  to  FE :  in  the  same  manner  it  may  be 
proved  that  AB  is  to  BH,  as  CD  to  DE :  and  GH  is 
to  HB#,  as  FE  to  ED.    Wherefore,  because  the  reo  *4.6. 
tilineal  figures  ABHG,  CDEF  are  equiangular,  and 
have  their  sides  about  the  equal  angles  proportionals, 
they  are  similar  #  to  one  another.  *  *  De**  *• 

Next,  let  it  be  required  to:  describe  upon  a  given 
straight  line  AB,  a  rectilineal  figure  similar,  and  simU 


1«  EUCLID'S  ELEMENTS. 

lariy  situated^  to  the  rectilineal  figure  CDKEF  of  five 
sides. 

Join  DE,  and  upon  the  given  straight  line  AB  de- 
scribe the  rectilineal  figure  ABHG  similar  and  simi- 
larly situated)  to  the  quadrilateral  figure  CDEF,  by 
the  former  case :  and  at  the  points  B,  H,  in  the  straight 
line  BH,  make  the  angle  HBL  equal  to  the  angle  EDK, 
and  the  angle  BHL  equal  to  the  angle  DEK ;  there- 

t3*.i.&  x  fore  tbe  remaining  angle  at  K  is  equal f  to  the  remain- 
ing angle  at  L:  and  because  the  figures  ABHG,  CDEF 

1 1  Def.  fi.  are  similar,  the  angle  GHB  is  equal  f  to  the  angle  FED: 
and  BHL  is  equal  to  DEK ;  wherefore  the  whole  angle 
GHL  is  equal  to  the  whole  angle  FEK :  for  the  same 
reason  the  angle  ABL  is  equal  to  the  angle  CDK: 
therefore  the  five-sided  figures  AGHLB,  CFEKD  are 
equiangular :  and  because  the  figures  A  GHB,  CFED 

1 1  Def.  $.    are  similar,  GH  is  to  HB  f,   as  FE  to  ED ;  but  as 

•4.6..        HB  to  HL,  so  is  ED  to  EK;*  therefore,  ex  cequali*, 
?  GH  is  to  HL,  as  FE  to  EK :  for  the  same  reason, 

*  *•  «•  AB  is  to  BL  as  CD  to  DK :  and  BL  is  to  LH,  as  * 
DK  to  KE,  because  the  triangles  BLH,  DKE  are 
equiangular:  therefore  because  the  five-sided  figures 
AGHLB,  CFEKD  are  equiangular,  and  have  their 
sides  about  the  equal  angles  proportionals,  they  are 
similar  to  one  another.  In  the  same  manner  a  recti- 
lineal figure  of  six  sides  may  be  described 'upon  a  given 
straight  line  similar  to  one  given,  and  so  on.  Which 
was  to  be  done. 


PROP.  XIX.     THEOR. 

Similar  triangles  are  to  one  another  in  the  duplicate  ratio 

of  their  homologous  sides. 

Let  ABC,    DEF  be  similar  triangles,    having  the 
angle  B  equal  to  the  angle  E,  and  let  AB  be  to  BC,  as 

•  18  Def.     DE  to  EF,  so  that  the  side  BC  may  be  *  homologous 
*•  to  EF :    the  triangle  ABC  shall  have  to  the  triangle 

DEF  the  duplicate  ratio  of  that  which  BC  has  to  EF. 

•  n.  6.  Take  *  BG  a  third  proportional  to  BC,  EF,  so  that 

BC  may  be  to  EF,  as  EF  to  BG,  and  join  GA :  then, 
♦.16. 5.  because,  as  AB  to  BC,  so  DE  to  EF ;  alternately  *,  AB 
t  Comtr.     is  to  DE,  as  BC  to  EF :  but  as  BC  to  EF  f,  so  is  EF 

•  a.  5.       to  BG ;  therefore  *,  as  AB  to  DE,  so  is  EF  to  BG: 
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therefore  the  sides  of  the  triangles  ABG,  DEF,  which 
are  about  the  equal  angles,  are  reciprocally  proportional : 
but  triangles,  which  have  the  sides 
about  two  equal  angles  reciprocally 

proportional,  are  equal*  to  one  yf\  D    *15. 6. 

another  ;  therefore  the  triangle 
ABG  is  equal  to  the  triangle 
DEF:  and  because  as  BC  is  to 
EF,  so  EF  to  BG ;  and  that  if  three  straight  lines  be 
proportional,  the  first  is  said*  to  have  to  the  third  the  **°I>*f*5' 
duplicate  ratio  of  that  which  it  has  to  the  second;  there- 
fore BC  has  to  BG  the  duplicate  ratio  of  that  which 
BC  has  to  EF:  but  as  BC  to  BG,  so  is*  the  triangle  •  1.6. 
ABC  to  the  triangle  ABG;  therefore  the  triangle  ABC 
has  to  the  triangle  ABG  the  duplicate  ratio  of  that 
which  BC  has  to  EF :  but  the  triangle  ABG  is  equal 
to  the  triangle  DEF ;  therefore  also  the  triangle  ABC 
has  to  the  triangle  DEF  the  duplicate  ratio  of  that 
which  BC  has  to  EF.  Therefore  similar  triangles,  &c 
q.  jet.  D. 

Cob.  From  this  it  is  manifest,  that  if  three  straight 
lines  be  proportionals,  as  the  first  is  to  the  third,  so  is 
any  triangle  upon  the  first  to  a  similar  and  similarly 
described  triangle  upon  the  second. 

PROP.  XX.    THEOR. 

■ 

Similar  polygons  may  be  divided  into  the  same  number  of 
similar  triangles^  having  the  same  ratio  to  one  another 
that  the  polygons  have ;  and  the  polygons  have  to  one 
another  the  duplicate  ratio  of  that  which  their  homolo* 
gous  sides  have. 

Let  ABCDE,  FGHKL  be  similar  polygons,  and 
let  AB  be  the  homologous  side  to  FG:  the  polygons 
ABCDE,  FGHKL  may  be  divided  into  the  same 
number  of  similar  triangles,  whereof  each  shall  have  to 
each  the  same  ratio  which  the  polygons  have ;  and  the 
polygon  ABCDE  shall  have  to  the  polygon  FGHKL 
the  duplicate  ratio  of  that  which  the  side  AB  has  to  the 
side  FG. 

Join  BE,  EC,  GL,  LH :  and  because  the  polygon 
ABCDE  is  similar  to  the  polygon  FGHKL,  the  angle 
BAE  is  equal  *  to  the  angle  GFL,  and  BA  is  to  AE*,  J  *  Deft  6. 
as  GF  to  FL :  therefore,  because  the  triangles  ABE,     1  Def- 6- 
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>  *** 


FGL  have  an  angle  in  one  equal,  to  an  angle  in  the 
other,  and  their  sides  about  these  equal  angles,  propor- 

*  6.  6.         tionals,  the  triangle  ABE  is  equiangular  *  to  the  triangle 

*  4. 6.  FGL ;  and  therefore*  similar  to  it;  wherefore  the  angle 

ABE  is  equal  to  the  angle  FGL:  and,  because  the 

*  l  Def.  6.  polygons  are  similar,  the  whole  angle  ABC  is  equal  * 

to  the  whole  angle  FGH;    therefore   the   remaining 

t3  Ax.        angle  EBC  is  equal  f  to  the  remaining  angle  LGH: 

and  because  the  triangles  ABE,  FGL  are  similar,  EB 

*  4. 6.         is  to  BA  #,  as  LG  to  GF;  and  also  because,  the  poly- 

*  l  Def.  6.  gons  are  similar,  AB  is  to  BC*,  as  FG  to  GH;  there- 

*  **.  5.       fore,  ex  cequali*,  EB  is  to  BC,  as  LG  to  GH;  that  is, 

the  sides  about  the  equal  angles  EBC,  LGH  are  pro- 
portionals; therefore  the  tri- 

*6.6.  .  angle  EBC  is  equiangular  *  to 
the  triangle  LGH,  and  simi- 

*4. 6.  lar*toit;  for  the  same  rea- 
son, the  triangle  ECD  like- 
wise is  similar  to  the  triangle 

LHK :  therefore  the  similar  polygons  ABCDE, 
FGHKL  are  divided  into  the  same  number  of  similar 
triangles. 

.  Also  these  triangles  shall  have,  each  to  each,  the  same 
ratio  which  the  polygons  have  to  one  another,  the  an- 
tecedents being  ABE,  EBC,  ECD,  and  the  conse- 
quents FGL,  LGH,  LHK :  and  the  polygon  ABCDE 
shall  have  to  the  polygon  FGHKL,  the  duplicate  ratio 
of  that  which  the  side  AB  has  to  the  homologous  side 
FG. 

Because  the  triangle  ABE  is  similar  to  the  triangle 

♦19.6.  FGL,  ABE  has  to  FGL  the  duplicate  ratio  #  of  that 
which  the  side  BE  has  to  the  side  GL:  for  the  same  rea- 
son, the  triangle  BEC  has  to  GLH  the  duplicate  ratio  of 
that  which  BE  has  to  GL:  therefore,  as  the  triangle  ABE 

*  n.  5.        is  to  the  triangle  FGL,  so*  is  the  triangle  BEC  to  the  tri- 

angle GLH.  Again,  because  the  triangle  EBC  is  similar 
to  the  triangle  LGH,  EBC  has  to  LGH,  the  duplicate 
ratio  of  that  which  the  side  EC  has  to  the  side  LH:  for 
the  same  reason,  the  triangle  ECD  has  to  the  triangle 
LHK,  the  duplicate  ratio  of  that  which  EC  has  to  LH: 
therefore  as  the  triangle  EBC  to  the  triangle  LGH,  so 

*  ii.5«        is  *  the  triangle  ECD  to  the  triangle  LHK :  but  it  has 

been  proved,  that  the  triangle  EBC  is  likewise  to  the  tri- 
angle LGH,  as  the  triangle  ABE  to  the  triangle  FGL ; 
therefore,  as  the  triangle  ABE  to  the  triangle  FGL,  so 
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is  triangle  EBC  to  triangle 
LGH,  and  triangle  ECD  to 
triangle  LHK:  and  there- 
fore, as  one  of  the  antecedents 

to  one  of  the  consequents*,  b    "c  iT^fi       •li.s. 

so  are  all  the  antecedents  to 

all  the  consequents;  that  is,  as  the  triangle  ABE  to 
the  triangle  FGL,  so  is  the  polygon  ABCDE  to  the 
polygon  FGHKL :  but  the  triangle  ABE  has  to  the 
triangle  FGL,  the  duplicate  rati  of  of  that  which  the  t  *?•  *• 
side  AB  has  to  the  homologous  side  FG;  therefore  also 
the  polygon  ABCDE  has  to  the  polygon  FGHKL  the 
duplicate  ratio  of  that  which  AB  has  to  the  homologous 
side  FG.     Wherefore  similar  polygons,  &c*     Q.  E.  D* 

Cor.  1.  In  like  manner  it  may  be  proved  that  similar 
four-sided  figures,  or  of  any  number  of  sides,  are  one 
to  another  in  the  duplicate  ratio  of  their  homologous 
sides :  and  it  has  already  been  proved  \  in  triangles :  1 19. 6. 
therefore,  universally,  similar  rectilineal  figures  are  to 
one  another  in  the  duplicate  ratio  of  their  homologous 
sides. 

Cor.  2.   And  if  to  AB,  FG,  two  of  the  homologous 
sides,  a  third f  proportional  M  be  taken,  AB*  has  to  t  lla6*r 
M  the  duplicate  ratio  of  that  which  AB  has  to  FG:     loDef-5- 
but  the  four-sided  figure  or  polygon  upon  AB,  has  to 
the  four-sided  figure  or  polygon  upon  FG  likewise  the 
duplicate  ratio f  of  that  which  AB  has  to  FG;  there-  tCor.  u 
foref,  as  AB  is  to  M,  so  is  the  figure  upon  AB  to  the  t  n-5. 
figure  upon  FG :  which  was  also  proved  *  in  triangles:  *Cor.i9.& 
therefore,    universally,   it   is    manifest,    that  if  three 
straight  lines  be  proportionals,  as  the  first  is  to  the 
third,  so  is  any  rectilineal  figure  upon  the  first  to  a 
similar  and  similarly  described  rectilineal  figure  upon 
the  second. 

PROP.  XXL    THEOR. 

Rectilinealjigures  which  are  similar  to  the  same  rectilineal 
J^gure,  are  also  similar  to  one  another. 

Let  each  of  the  rectilineal  figures  A,  B  be  similar  to 
the  rectilineal  figure  C :  the  figure  A  shall  be  similar 
to  the  figure  B. 

Because  A  is  similar  to  C,  they  are  equiangular,  and 
also  have  their  sides  about  the  equal  angles  proportion- 
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*  1  Def.  6.  al  * :  again,  because  B  is  similar 

to  C,  they  are  equiangular,  and 
have  their  sides  about  the  equal 

*  1  Def.  6i  angles  proportionals  *  :  therefore 

the  figures  A,  B,  are  each  of  them  equiangular  to  C, 

and  have  the  sides  about  the  equal  angles  of  each  of 

*  them  and  of  C  proportionals.  Wherefore  the  rectilineal 

*  l  Ax.  l.  figures  A  and  C  are*  equiangular,  and  have  their  sides 
•11.5.  about  the  equal  angles*  proportionals:  therefore  A  is 
•iDe£6.    similar*   to   B.      Therefore   rectilineal    figures,  &c. 

Q.  E.  B. 

PROP.  XXII.    THEOR. 

s 

If  four  straight  lines  be  proportionals^  the  similar  recti- 
linealjigures  similarly  described  upon  them  shall  also  be 
proportionals:  and  if  the  similar  rectilineal Jigures 
similarly  described  upon  Jour  straight  lines  be  propor- 
tionahf  those  straight  lines  shall  be  proportionals* 

Let  the  four  straight  lines  AB,  CD,  EF,  GH  be 
proportionals,  viz.  AB  to  CD,  as  EF  to  GH ;  and  upon 
AB,  CD  let  the  similar  rectilineal  figures  KAB,  LCD 
be  similarly  described ;  and  upon  EF,  GH  the  similar 
rectilineal  figures  MF,  NH,  in  like  manner :  the  rec- 
tilineal figure  KAB  shall  be  to  LCD,  as  MF  to  NH. 

*  n.  6.  To  AB,  CD  take  a  third  proportional  *  X  ;  and  to 

EF,  GH  a  third  proportional  O :  and  because  AB  is 

*  u.  5.       to  CD  as  EF  to  GH,  therefore  CD  is*  to  X  as  GH  to 

*  2f.  5.       O ;  wherefore,  ex  sequali  *,  as  AB  to  X,  so  EF  to  O : 

but  as  AB  to  X,  so  is  the  rectilineal  figure  KAB  to  the 
*«Cor.20.  rectilineal  figure  LCD,  and  as  EF  to  O,  so  is*  the 
6*  rectilineal  figure  MF  to  the  rectilineal  figure  NH: 

*  n.  5.       therefore,  as  KAB  to  LCD,  so  *  is  MF  to  NH. 

And  if  the  rectilineal  figure  KAB  be  to  LCD,  as 
MF  to  NH;  the  straight  line  AB  shall  be  to  CD,  as 
EF  to  GH. 

*  i*.  6.  Make  *  as  AB  to  CD,  so  EF  to  PR,  and  upon  PR 

*  18. 6.        describe*  the  rectilineal  figure  SR  similar  and  similarly 

situated  to  either  of  the  figures  Mfr,  NH :  then,  be- 
cause as  AB  to  CD,  so  is  EF  to  PR,  and  that  upon 
AB,  CD  are  described  the  similar  and  similarly  situated 
rectilineals  KAB,  LCD,  and  upon  EF,  PR,  in  like 
manner,  the  similar  rectilineals  MF,  SR;  therefore 
•KAB  is  to  LCD,  as  MF,  to  SR:  but  by  the  hypothesis 
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KAB  is  to  LCD,  as  MF  to  NH;  and  therefore  the 

rectilineal  MF  having  the 

same  ratio  to  each  of  the  two  K 

NH,  SR,  these  are  equal  *  S\         1c  * 9#  5* 

to  one  another:  they  are  also  ^- \  f  ,\ 

similar,  and  similarly  situat-     M ^ 


ed;  therefore  GH  is  equal      \ I  \ \        T— i 

to  PR  :  and  because  as  AB       e       FG     H       P — R 
to  CD,  so  is  EF  to  PR,  and 

that  PR  is  equal  to  GH;  AB  is  to  CDf,  as  EF  to  tr'5' 
GH.     If  therefore  four  straight  lines,  &c.     Q.  E.  d. 

PROP.  XXIIL    THEOR. 

Equiangular  parallelograms  have  to  one  another  the  ratio  **•  N* 
which  is  compounded  of  the  ratios  of  their  sides* 

Let  AC,  CF  be  equiangular  parallelograms,  having 
the  angle  BCD  equal  to  the  angle  ECG :  the  ratio  of 
the  parallelogram  AC  to  the  parallelogram  CF,  shall 
be  the  same  with  the  ratio  which  is  compounded  of  the 
ratios  of  their  sides. 

Let  BC,  CG  be  placed  in  a  straight  line;  therefore 
DC  and  CE  are  also  in  a  straight  line  * ;  and  complete  *  14  !• 
the  parallelogram  DG;  and  taking  any  straight  line  K, 
make  *  as  BC  to  CG,  so  K  to  L ;  and  as  DC  to  CE,  •  it.  6. 
so  make*  L  to  M :   therefore,  the  ratios  of  K  to  L,  and  •  it.  6. 
L  to  M,  are  the  same  with  the  ratios  of  the  sides,  viz* 
of  BC  to  CG,  and  DC  to  CE:  but  the  ratio  of  K  to 
M  is  that  which  is  said  to  be  compounded*  of  the  ratios  *  Def.  A< 
of  K  to  L,  and  L  to  M;  therefore  K  has  to  M  the  ratio  5# 
compounded  of  the  ratios  of  the  sides :  and  because  as 
BC  to  CG,  so  is  the  parallelogram  AC  to 
the  parallelogram  CH  * ;  but  as  BC  to 
CG,  so  is  K  to  L;  therefore  K*  is  toL,  as 
the  parallelogram  AC  to  the  parallelo- 
gram CH:  again,  because  as  DC  to  CE, 
«o  is  the  parallelogram  CH  to  the  paral- 
lelogram CF;  but  as  DC  to  CE,  so  is  L  to      KIM 
M;  wherefore  L  is*  to  M,  as  the  parallel-  *  **• 5" 

ogram  CH  to  the  parallelogram  CF:  therefore  since  ft 
has  been  proved,  that  as  K  to  L,  so  is  the  parallelogram 
AC  to  the  parallelogram  CH;  and  as  L  to  M,  so  the 
parallelogram  CH  to  the  parallelogram  CF;  ex  eequali*,  *  if.  5. 
K  is  to  M,  as  the  parallelogram  A  8  to  the  parallelogram 
CF :  but  K  has  to  M  the  ratio  which  is  compounded 
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of  the  ratios  of  the  sides ;  therefore  also  the  parallel- 
ogram AC  has  to  the  parallelogram  CF  the  ratio  which 
is  compounded  of  the  ratios  of  the  sides.  Wherefore 
equiangular  parallelograms,  &c.     Q.  A.  D. 


PROP-  XXIV.    THEOR. 

See  N.        Parallelograms  about  the  diameter  of  any  parallelogram, 

are  similar  to  the  whole,  and  to  one  another* 

Let  ABCD  be  a  parallelogram,  of  which  the  diameter 
is  AC;  and  EG,  HK  parallelograms  about  the  di- 
ameter :  the  parallelograms  EG,  HK  shall  be  similar 
both  to  the  whole  parallelogram  ABCD,  and  to  one 
another. 

Because  DC,  GF  are  parallels,  the  angle  ADC  is 

•  J9.^.        equal*  to  the  angle  AGF :  for  the  same  reason,  because 

BC,  EF  are  parallels,  the  angle  ABC  is  equal  to  the  angle 
AEF:  and  each  of  the  angles  BCD,  EFG  is  equal  to 

•  34.  i.       the  opposite  angle  DAB  *,  and  therefore  they  are  equal 

to  one  another:  wherefore  the  parallelograms  ABCD, 
AEFG,  are  equiangular ;  and  because  the  angle  ABC 
is  equal  to  the  angle  AEF,  and  the  angle  BAC  com- 
mon to  the  two  triangles  BAC,  EAF,  they  are  equi- 

•  4  6.         angular  to  one  another ;  therefore*  as  AB  to  BC,  so  is 

AL  to  EF:  and  because  the  opposite 
sides  of  parallelograms  are  equal  to  one 

•  34.  l.       another  *,  AB  *  is  to  AD,  as  AE  to  AG ; 

•  7. 5.         and  DC  to  CB,  as  GF  to  FE ;  and  also 

CD  to  DA,  as  FG  to  GA:  therefore 
the  sides  of  the  parallelograms  ABCD, 
AEFG  about  the  equal  angles  are  pro- 

•  l  Def.  6.   portionals ;  and  they  are  therefore  similar  #  to  one  an- 

other :  for  the  same  reason  the  parallelogram  ABCD 
is  similar  to  the  parallelogram  FHCK :  wherefore  each 
of  the  parallelograms  GE,  KH  is  similar  to  DB :  but 
rectilineal  figures  which  are  similar  to  the  same  recti- 

•  Hi.  6.       lineal  figure  are  also  similar*  to  one  another;  therefore 

the  parallelogram  GE  is  similar  to  KH.  Wherefore 
parallelograms,  &c.    Q.  e.  d. 
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PROP.  XXV.    PROB. 

To  describe  a  rectilineal  figure  <mhich  shall  be  similar  to  SeeN. 
one,  and  equal  to  another  given  rectilineal  figure. 

Let  ABC  be  the  given  rectilineal  figure  to  which  the 
figure  to  be  described  is  required  to  be  similar,  and  D 
that  to  which  it  must  be  equal.  It  is  required  to  de- 
scribe a  rectilineal  figure  similar  to  ABC,  and  equal 
toD. 

Upon  the  straight  line  BC  describe  *  the  parallelo-  *  Cor-  4S* 
gram  BE  equal  to  the  figure  ABC ;  also  upon  CE  de- 
scribe* the  parallelogram  CM  equal  to  D,  and  having  *  Car-  45> 
the  angle  FCE  equal  to  the  angle  CBL:  therefore  BC 
and  CF  are  in  a.  straight  line  *,  as  also  LE  and  EM:  *  *9,  *•* 
between  BC  and  CF  find*  a  mean  proportional  GH,  •  1*3.6. 
and  upon  GH  describe*  the  rectilineal  figure  KGH  *i8.6. 
similar  and  similarly  situated  to  the  figure  ABC. 

Because  BC  is  to  GH  as  GH  to  CF,  and  that  if 
three  straight  lines  be  proportionals,  as  the  first  is  to  the 
third,  so  is#  the  figure  upon  the  first  to  the  similar  and  *sCor.t& 
similarly  described  figure  upon  the  second ;  therefore  6* 
as  BC  to  CF,  so  is  the  rectilineal  figure  ABC  to  KGH : 
but  as  BC  to  CF,  so  is  *  the  parallelogram  BE  to  the  •  1. 6. 
parallelogram  EF;  therefore*  as  the  rectilineal  figure  •  11. 5. 
ABC  is  to  KGH,  so  is  the  parallelogram  BE  to  the 
parallelogram  EF:  and  the  rectilineal  figure  ABC  is 
equal  f    to   the  parallelogram  fConstr. 

BE;   therefore  the  rectilineal  -4 

figure  KGH  is  equal  *  to  the  /\      fin  <K       •us. 

parallelogram  EF :  but  EF  is        /      \c      F  /\ 
equalf  to  the  figure  D;  where-       I  1      ]  V— ^  t  Cowtr. 

fore  also  KGH  is  equal  to  D :      t  t~k w      * 

and  it  is  similar  to  AB  C.  There- 
fore the  rectilineal  figure  KGH  has  been  described 
similar  to  the  figure  ABC,  and  equal  to  D.     Which 
was  to  be  done. 

PROP.  XXVI.    THEOR. 

If  two  similar  parallelograms  have  a  common  angle, 
and  be  similarly  situated,  they  are  about  the  same 
diameter. 
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Let  the  parallelograms  ABCD,  AEFG  be  similar 
and  similarly  situated,  and  have  the  angle  DAB  com- 
mon: ABCD  and  AEFG  shall  be  about  the  same 
diameter. 

For,  if  not,  let,  if  possible,  the  paral- 
lelogram BD  have  its  diameter  AHC 
in  a  different  straight  line  from  AF,  the 
diameter  of  the  parallelogram  EG,  and 
let  GF  meet  AHC  in  H;  and  through 
H  draw  HK  parallel  to  AD  or  BC; 
therefore   the  parallelograms  ABCD,  AKHG  being 

*  24. 6.  about  the  same  diameter,  they  are  similar*  to  one  an- 
•iDef. 6.  other:  wherefore  as  DA  to  AB,  so  is*  GA  to  AK: 
t  Hyp.        but  because  ABCD  and  AEFG  are  similarf  parallelo- 

*  it.  5.       grams,  as  DA  is  to  AB,  so  is  GA  to  AE ;  therefore  * 

as  GA  to  AE,  so  GA  to  AK ;  that  is,  GA  has  the 
same  ratio  to  each  of  the  straight  lines  AE,  AK ;  and 

*  9. 5.        consequently  AK  is  equal  *   to  AE,  the  less  to  the 

greater,  which  is  impossible:  therefore  ABCD  and 
AKHG  are  not  about  the  same  diameter:  wherefore 
ABCD  and  AEFG  must  be  about  the  same  diameter. 
Therefore,  if  two  similar,  &c.     q.  e.  d.  ' 

'  To  understand  the  three  following  propositions  more 

*  easily,  it  is  to  be  observed, 

'  1.  That  a  parallelogram  is  said  to  be  applied  to  a 
'  straight  line,  when  it  is  described  upon  it  as  one  of  its 
'  sides.  Ex.  gr.  the  parallelogram  AC  is  said  to  be 
'  applied  to  the  straight  line  AB. 

*  2.  But  a  parallelogram  AE  is  said  to  be  applied  to 
'  a  straight  line  AB,  deficient  by  a  parallelogram,  when 

*  AD  the  base  of  AE  is  less  than  AB, 

*  and  therefore  AE   is   less  than  the  EC      a 
€  parallelogram   AC   described   upon 
'  AB  in  the  same  angle,  and  between 
'  the  same  parallels,  by  the  parallelo- 
'  gram  DC ;  and  DC  is  therefore  called  the  defect  of 
«AE. 

'  S.  And  «  parallelogram  AG  is  said  to  be  applied 

*  to  a  straight  line  AB,  exceeding  by  a  parallelogram, 

*  when  AF  the  base  of  AG  is  greater  than  AB,  and 

*  therefore  AG  exceeds  AC  the  parallelogram  de- 
'  scribed  upon  AB  in  the  same  angle,  and  between  the 
'  same  parallels,  by  the  parallelogram  BG«' 
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PROP.  XXVIL    THEOR. 

Of  all  parallelograms  applied  to  the  same  straight  line,  See  N. 
and  deficient  by  parallelograms,  similar  and  similarly 
situated  to  that  which  is  described  upon  the  half  qf  the 
line ;  that  'which  is  applied  to  the  half,  and  is  similar 
to  its  defect,  is  the  greatest. 

,  Let  AB  be  a  straight  line  divided  into  two  equal 
parts  in  C ;  and  let  the  parallelogram  AD  be  applied  to 
the  half  AC,  which  is  therefore  deficient  from  the  pa- 
rallelogram upon  the  whole  line  AB  by  the  parallel- 
ogram CE  upon  the  other  half  CB:  of  all  the  parallel- 
ograms applied  to  any  other  parts  of  AB,  and  deficient 
by  parallelograms  that  are  similar  and  similarly  situated 
to  CE,  AD  shall  be  the  greatest. 

Let  AF  be  any  parallelogram  applied  to  AK,  any 
other  part  of  AB  than  the  half,  so  as  to  be  deficient 
from  the  parallelogram  upon  the  whole  line  AB  by  the 
parallelogram  KH  similar  and  similarly  situated  to 
CE :  AD  shall  be  greater  than  AF.     • 

First,  let  AK  the  base  of  AT,  be  greater  than  AC 
the  half  of  AB:  and  because  CE  is  similar  f  to  the  tHyp. 
parallelogram  KH,  they  are  about  the 
same*    diameter:    draw  their   diameter  ni.  e     •*$. 6. 

DB,  and  complete  the  scheme :  then,  be- 
cause the  parallelogram  CF  is  equal*  to 
FE,  add  KH  to  both;  therefore  the  whole 
CH  is  equal  to  the  whole  KE :  but  CH 
is  equal*  to  CG,  because  the  base  AC  is  *S6. 1. 

equal  to  the  base  CB ;  therefore  CG  is  equal  f  to  KE :  1 1  Ax. 
to  each  of  these  add  CF;  then  the  whole  AF  is  equal  f  t*  Ax. 
to   the  gnomon  CHL :  therefore  CE  or  the  parallel- 
ogram AD,  is  greater  than  the  parallelogram  AF. 

Next,  let  AK  the  base  of  AF,  be  less 
than  AC:  then,  the  same  construction        G  FM 
being  made,  because  BC  is  equal  to  CA, 
therefore  HM  is*  equal  to  MG;  there- 
fore the  parallelogram  DH  is  equal  *  to 
the  parallelogram  DG;  wherefore  DH 
is  greater  than  LG :  but  DH  is  equal  *      AKC     B       •«*.*• 
to  DK ;  therefore  DK  is  greater  than  _ 
t G :  to  each  of  these  add  AL ;  then  the  whole  AD  is 

M 
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greater  than  the  whole  AF.     Therefore,  of  all  paral- 
lelograms applied,  &c.     Q.  E.  J). 


PROP.  XXVIII.    PROB. 

See  N.  To  a  given  straight  line  to  apply  a  parallelogram  equal 
to  a  given  rectilineal Jigure^  and  deficient  by  a  paral- 
lelogram similar  to  a  given  parallelogram:  but  the 
given  rectilineal  Jigure  to  which  the  parallelogram  to 

1 57.  6.  be  applied  is  to  be  equal,  must  not  be  greater f  than  the 

parallelogram  applied  to  half  of  the  given  line9  having 
its  defect  similar  to  the  defect  of  that  which  is  to  be  ap- 
plied; that  is9  to  the  given  parallelogram. 

Let  AB  be  the  given  straight  line,  and  C  the  given 
rectilineal  figure  to  which  the  parallelogram  to  be  ap- 
plied is  required  to  be  equal,  which  figure  must  hot  be 
Srreater  than  the  parallelogram  applied  to  the  half  of  the 
ine,  having  its  defect  from  that  upon  the  whole  line 
similar  to  the  defect  of  that  which  is  to  be  applied ; 
and  let  D  be  the  parallelogram  to  which  this  defect  is 
required  to  be  similar.  It  is  required  to  apply  a  pa- 
rallelogram to  the  straight  line  AB, 
which  shall  be  equal  to  the  figure  C, 
and  be  deficient  from  the  parallel- . 
ogram  upon  the  whole  line  by  a  pa- 
rallelogram similar  to  D. 

•  10.  i.  Divide  AB  into  two  equal  parts  * 

in  the  point  E,  and  upon  EB  de- 
scribe the  parallelogram  EBFG  si- 

•  18.  6.        milar #  and  similarly  situated  to  D,     . 

and  complete  the  parallelogram  AG,  which  must  either 
be  equal  to  C,  or  greater  than  it,  by  the  determination. 
If  AG  be  equal  to  C,  then  what  was  required  is  already 
done:  for,  upon  the  straight  line  AB  the  parallel- 
ogram AG  is  applied  equal  to  the  figure  C,  and  deficient 
by  the  parallelogram  EF  similar  to  D.  But,  if  AG  be 
t  36.  l.        not  equal  to  C,  it  is  greater  than  it :  and  EF  is  equal  f 

•  *5. 6.        to  AG ;  therefore  EF  also  is  greater  than  C.     Make  * 

the  parallelogram  KLMN  equal  to  the  excess  of  EF 

above  C,  and  similar  and  similarly  situated  to  D :  then, 

+  Constr.     since  D  is  similarf  to  EF,  therefore  *  also  KM  is  si- 

*lm  6t       milar  to  EF :  let  KL  be  the  homologous  side  to  EG, 
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and  LM  to  GF :  and  because  EF  is  equal  to  C  and 
KM  together,  EF  is  greater  than  KM ;  therefore  the 
straight  line  EG  is  greater  than  KL,  and  GF  than 
LM:  makef  GX  equal  to  LK,  and  GO  equal  to  LM,  t  *  i. 
and  completef  tne  parallelogram  XGOP :  therefore  f  S1-  *• 
XO  is  equal  and  similar  to  KM :  but  KM  is  similar 
to  EF;    wherefore  also  XO  is  similar   to  EF;   and 
therefore*  XO  and  EF  are  about  the  same  diameter:  **6.6. 
let  GPB  be  their  diameter,  and  complete  the  scheme. 
Then,  because  EF  is  equal  to  C  and  KM  together, 
and  XO  a  part  of  the  one  is  equal  to  KM  a  part  of  the 
other,  the  remainder,  viz.  the  gnomon  ERO  is  equal  f  tsA** 
to  the  remainder  C :  and  because  OR  is  equal*  to  XS,  •  43. 1. 
by  adding  SR  to  each,  the  whole  OB  is  equal  to  the 
whole  XB  :  but  XB  is  equal*  to  TE,  because  the  base  *  **'  *• 
AE  is  equal  to  the  base  EB ;  wherefore  also  TE  is 
equal  +  to  OB :  add  XS  to  each,  then  the  whole  TS  is  t  *  Ax. 
equal  to  the  whole,  viz.  to  the  gnomon  ERO:  but  it 
has  been  proved  that  the  gnooppn  ERO  is  equal  to  C; 
and  therefore  also  TS  is  equal  to  C.     Wherefore  the 
parallelogram  TS,  equal  to  the  given  rectilineal  figure 
C,  is  applied  to  the  given  straight  line  AB  deficient  by 
the  parallelogram  SR,  similar  to  the  given  one  D,  be- 
cause SR  is  similar*  to  EF.     Which  was  to  be  done.    **4. 6. 

PROP.  XXIX.    PROB. 

To  a  given  straight  line  to  apply  a  parallelogram  equal  to  See  N« 
a  given  rectilineal \figure,  exceeding  by  a  parallelogram 
similar  to  another  given* 

Let  AB  be  the  given  straight  line,  and  C  the  given 
rectilineal  figure  to  which  the  parallelogram  to  be  ap- 
plied is  required  to  be  equal,  and  D  the  parallelogram 
to  which  the  excess  of  the  one  to  be  applied  above  that 
upon  the  given  line  is  required  to  be  similar.  It  is 
required  to  apply  a  parallelogram  to  the  given  straight 
line  AB  which  shall  be  equal  to  the  figure  C,  exceeding 
by  a  parallelogram  similar  to  D. 

Divide  AB  into  two  equal  parts  f  in  the  point  E,  tio.i. 
and  upon  EB  describe  *  the  parallelogram  EL  similar  *  *8.  & 
and  similarly  situated  toD:  and  make*  the  parallel-  **5. 6. 
ogram  GH  equal  to  EL  and  C  together,  and  similar 
and  similarly  situated  to  D  :  wherefore  GH  is  similar*  *  **•  *• 
to  EL :  let  KH  be  the  side  homologous  to  FL,  and 
KG  to  FE:    and   because  the  parallelogram  GH  is 
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freater  than  EL,  therefore  the  side  K.H  is  greater  than 
'L,  and  KG  than  FE:  produce  FL  and  FE,  and  make 
FLM  equal  to  KH,  and  FEN  to  KG,  and  complete 
the  parallelogram  MN:  MN  is  therefore  equal  and 
similar  to  GH:  but  GH  is  si- 
milar to  EL ;  wherefore  MN 
is  similar  to  EL ;  and  conse- 
quently EL  and  MN  are  about 

•  26. 6.        the  same  diameter*:  draw  their    ' 

diameter  FX,  and  complete  the 
scheme.  Therefore,  since  GH 
is  equal  to  EL  and  C  together, 
and  that  GH  is  equal  to  MN  ; 
MN  is  equal  to  EL  and  C:  take  away  the  common 
part  EL;  then  the  remainder,  viz.  the  gnomon  NOL, 
is  equal  to  C.  And  because  AE  is  equal  to  EB,  the 
•56.1.        parallelogram  AN  is  equal*  to  the  parallelogram  NB, 

•  43.  l.        that  is,  to  BM* :  add  NO  to  each ;  therefore  the  whole, 

viz,  the  parallelogram  ^X,  is  equal  to  the  gnomon 
NOL:  but  the  gnomon  TtfOL  is  equal  to  C;  therefore 
also  AX  is  equal  to  C.  Wherefore  to  the  straight 
line  AB  there  is  applied  the  parallelogram  AX  equal 
to  the  given  rectilineal  figure  C,  exceeding  by  the 
parallelogram  PO,  which  is  similar  to  D,  because  FO 

•  24. 6.        is  similar  *  to  EL.     Which  was  to  be  done. 


•46.1. 
•  29.  6. 


•  14.  6. 
t  SO  Def. 
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PROP.  XXX.     PROB. 

To  cut  a  given  straight  line  in  extreme  and  mean  ratio. 

Let  AB  be  the  given  straight  line ;  it  is  required  to 
cut  it  in  extreme  and  mean  ratio. 

Upon  AB  describe*  the  square  BC,  and  to  AC* 
apply  the  parallelogram  CD,  equal  to  BC,  exceeding 
by  the  figure  AD  similar  to  BC :  then,  since  BC  is  a 
square,  therefore  also  AD  is  a  square :  and  because  BC 
is  equal  to  CD,  by  taking  the  common  part  CE  from 
each,  the  remainder  BF  is  equal  to  the  remainder  AD: 
and  these  figures  are  equiangular,  therefore 
their  sides  about  the  equal  angles  are  r&* 
ciprocally*  proportional:  therefore,  as  FE 
to  ED,  so  AE  to  EB :  but  FE  is  equal  * 
to  AC,  that  is,  to+  AB;  and  ED  is  equal 
to  AE ;  therefore  as  BA  to  AE,  so  is  A E 
to  EB:  but  AB  is  greater  than  AE; 
wherefore  AE  is  greater  than  EB*:  there- 
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fore  the  straight  line  AB  is  cut  in  extreme  and  mean 

ratio  in  E*.     Which  was  to  be  done.  *  *s  Def* 6* 

Otherwise, 

Let  AB  be  the  given  straight  line;  it  is  required  to 
eut  it  in  extreme  and  mean  ratio. 

Divide  AB  in  the  point  C,  so  that  the 

rectangle  contained  by  AB,  BC  may  be     A        C    B 
equal*  to  the  square  of  AC:  then,  because  * 11*  *• 

the  rectangle  AB,  BC,  is  equal  to  the  square  of  AC ;  as 
BA  to  AC,  so  is  AC  to  CB* :  therefore  AB  is  cut  in  *  17-  «• 
extreme  and  mean  ratio  in  C*.     Which  was  to  be  done.  *  $  Def-  6« 

PROP.  XXXI.     THEOR. 

In  right  angled  triangles,  the  rectilineal  jigure  described  See  N. 
upon  the  side  opposite  to  the  right  angle,  is  equal  to 
the  similar  and  similarly  described  Jigures  upon   the 
sides  containing  the  right  angle. 

Let  ABC  be  a  right  angled  triangle,  having  the  right 
angle  BAC :  the  rectilineal  figure  described  upon  BC 
shall  be  equal  to  the  similar  and  similarly  described 
figures  upon  BA,  AC. 

Draw  the  perpendicular \   AD:  therefore,  because  t  **•  *• 
in  the  right  angled  triangle  ABC,  AD  is  drawn  from 
the  right  angle  at  A  perpendicular  to  the  base  BC,  the 
triangles  ABD,  ADC  are  similar*  to  the  whole  tri-  *8.6. 
angle  ABC,  and   to   one  another:    and  because  the 
triangle  ABC  is  similar  to  ADB,  as  CB  to  BA,  so  is*  •  4. 6. 
BA  to  BD :  and  Because  these  three  straight  lines  are 
proportionals,  as  the  first  is  to  the  third,  so  is  the  figure 
upon  the  first  to  the  similar  and  similarly  described 
figure*  upon  the  second:  therefore  as  CB  to  BD,  so  #tCor.fOw 
is  the  figure  upon  CB  to  the  similar  6* 

and   similarly  described  figure  upon 

B A :  and  inversely  *,  as  DB  to  BC,        /Jf^  \^       •  B.  5. 
so  is  the  figure  upon  BA  to  that  upon 
BC :  for  the  same  reason,  as  DC  to 
CB,  so  is  the  figure  upon  CA  to  that 
upon  CB :  therefore  as  BD  and  DC 

together  to  BC*,  so  are  the  figures  upon  BA,  AC  to  *  *♦.  5. 
that  upon  BC:  but  BD  and. DC  together  are  equal  to* 
BC ;  therefore  the  figure  described  on  BC  is  equal*  *  A.  5. 
to  the  similar  and  similarly  described  figures  on  BA, 
AC.  Wherefore,  in  right  angled  triangles,  8tc.  Q.  E.  D. 
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PROP.  XXXII.    THEOR. 

SeeN.  If  two  triangles  which  have  two  sides  of  the  one  p?*opor- 
tional  to  two  sides  of  the  other,  be  joined  at  one  angle 
so  as  to  have  their  homologous  sides  parallel  to  one 
another  s  the  remaining  sides  shall  be  in  a  straight 
line. 

Let  ABC,  DCE  be  two  triangles  which  have  the 
two  sides  BA,  AC  proportional  to  the  two  CD,  DE> 
viz.  BA  to  AC,  as  CD  to  DE;  and  let  AB  be  parallel 
to  DC,  and  AC  to  DE:  BC  and  CE  shall  be  in  a 
straight  line. 

Because  AB  is  parallel  to  DC,  and 
the  straight  line  AC  meets  them,  the 

•  w.  1.  alternate  angles*  BAC,  ACD  are 
equal;  for  the  same  .reason,  the  angle 
CDE  is  equal  to  the  angle  ACD; 

1 1  Ax.        wherefore  also  BAC  is    equal. f    to 

CDE:  and  because  the  triangles  ABC,  DCE  have  one 
angle  at,  A  equal  to  one  at  D,  and  the  sides  about  these 
angles  proportionals,  viz.  BA  to  AC,  as  CD  to  DE, 

*6.6,  the  triangle  ABC  is  equiangular*  to  DCE:  therefore 
the  angle  ABC  is  equal  to  the  angle  DCE :  and  the 
angle  BAC  was  proved  to  be  equal  to  ACD;  therefore 

f  2  A*,  the  whole  angle  ACE  is  equal  f  to  the  two  angles  ABC, 
BAC :  add  the  common  angle  ACB,  then  the  angles 
ACE,  ACB  are  equal  to  the  angles  ABC,  BAC,  ACB: 

*32.  u  but  ABC,  BAC,  ACB  are  equal*  to  two  right  angles; 
therefore  also  the  angles  ACE,  ACB  are  equal  to  two 
right  angles :  and  since  at  the  point  C,  in  the  straight 
line  AC,  the  two  straight  lines  BC,  CE,  which  are  on 
the  opposite  sides  of  it,  make  the  adjacent  angles  ACE, 

*  14,  i.        ACB  equal  to  two  right  angles;  therefore*  BCand  CE' 
are  in  a  straight  line.     Wherefore,  if  two  triangles,  Sec* 
Q.  E.  A 

PROP.  XXXIIL    THEOR, 

/See  N,         In  equal  circles,  angles,  whether  at  the  centres  or  circum- 
ferences, have  the  same  ratio  which  the  circumferences 
on  which  they  stand  have  to  one  another :   so  also  have 
the  sectors. 

Let  ABC,  DEF  be  equal  circles;  and  at  their  cen^ 
tres  the  angles  BGC,  EHF,  and  the  angles  BAC,  EDF, 
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at  their  circumferences:  as  the  circumference  BC  to 
the  circumference  EF,  so  shall  the  angle  BGC  be  to 
the  angle  EHF,  and  the  angle  BAC  to  the  angle  EDF; 
and  also  the  sector  BGC  to  the  sector  EHF. 

Take  any  number  of  circumferences  CK,  KL,  each 
equal  to  BC,  and  any  number  whatever  FM,  MN,  each 
equal  to  EF:  and  join  GK,  GL,  HM,  HN.  Because 
the  circumferences  BC,  CK,  KL,  are  all  equal,  the 
angles  BGC,  CGK,  KGL  are  also  all  *  equal :  there-  **-*• 
fore  what  multiple  soever  the  circumference  BL  is  of 
the  circumference  BC,  the  same  multiple  is  the  angle 
BGL  of  the  angle  BGC :  for  the  same  reason,  what- 
ever multiple  the  circumference  EN  is  of  the  circum- 
ference EF,  the  same  multiple  is  the  angle  EHN  of 
the  angle  EHF :  and  if  the  circumference  BL  be  equal 
to  the  circumference  EN,  the  angle  BGL  is  also  equal*  *  **•  *• 
to  the  angle  EHN;  and  if  the  circumference  BL  be 
greater  than  EN,  likewise  the  angle  BGL  is  greater 
than  EHN ;  and  if  less,  less  :  therefore  since  there  are 
four  magnitudes,  the  two  circumferences  BC,  EF,  and 
the  two  angles  BGC,  EHF;  and  that  of  the  circum- 
ference BC,  and  of  the  angle  BGC,  have  been  taken 
any  equimultiples  whatever,  viz.  the  circumference  BL, 
and  the  angle  BGL ;  and  of  the  circumference  EF,  and 
of  the  angle  EHF,  any  equimultiples  whatever,  viz. 
the  circumference  EN,  and  the  angle  EHN;  and  since 
it  has  been  proved,  that  if  the  circumference  BL  be 
greater  than  EN,  the  angle 
BGL  is  greater  than  EHN; 
and  if  equal,  equal ;  and  ifless, 
less:  therefore  as  the  circum- 
ference BC  to  the  circum- 
ference EF,  so*  is  the  angle  ^  ^c  XT"'F  •  5  Def,  5. 
BGC  to  the  angle   EHF: 

but  as  the  angle  BGC  is  to  the  angle  EHF,  so  is*  the  *  15-5- 
angle  BAC  to  the  angle  EDF :  for  each  is  double  *  of  *  **•  *■ 
each ;  therefore,  as  the  circumference  BC  is  to  EF,  so 
is  the  angle  BGC  to  the  angle  EHF,  and  the  angle 
BAC  to  the  angle  EDF. 

Also,  as  the  circumference  BC  to  EF,  so  shall  the 
sector  BGC  be  to  the  sector  EHF.  Join  BC,  CK, 
and  in  the  circumferences,  BC,  CK  take  any  points  X, 
O,  and  join  BX,  XC,  CO,  OK:  then,  because  in  the 
triangles,  GBC,  GCK  the  two  sides  BG,  GC  are  equal 
to  the  two  CG,  GK  each  to  each,  and  that  they  contain 
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•4.1.  equal  angles;  the  base  BC  is  equal*  to  the  base  CKr 

and  the  triangle  GBC  to  the  triangle  GCK :  and  be» 
cause  the  circumference  BC  is  equal  to  the  circumfer- 
ence CK,  the  remaining  part  of  the  whole  circumfer- 

fSAx.        ence  of  the  circle  ABC,  is  equal  +  to  the  remaining 
part  of  the  whole  circumference  of  the  same  circle: 

•  27.  3.        therefore  the  angle  BXC  is  equal*  to  the  angle  COK; 
and  the  segment  BXC  is  therefore  similar  to  the  seg- 

•iiDef.3.  ment   COK*;  and  they  are  upon  equal  straight  lines, 
BC,  CK :  but  similar  segments  of  circles  upon  equal 

*24.3.        straight  lines,  are  equal*  to  one  another;  therefore  the 
segment  BXC  is  equal  to  the  segment  COK :  and  the 
triangle  BGC  was  proved  to  be  equal  to  the  triangle 
CGEr;  therefore  the  whole,  the  sector  BGC  is  equal 
to  the  whole,  the  sector  CGK:  for  the  same  reason,  the 
sector  KGL  is  equal  to  each  of  the  sectors,  BGC,  CGK: 
in  the  same  manner,  the  sectors  EHF,  FHM,  MHN 
may  be  proved  equal  to  one  another :    therefore,  what 
multiple  soever  the  circumference  BL  is  of  the  circum- 
ference BC,  the  same  multiple  is  the  sector  BGL  of 
the  sector  BGC;  and  for  the  same  reason,  whatever 
multiple  the  circumference  EN  is  of   EF,    the  same 
multiple  is  the  sector  EHN  of  the  sector  EHF:  and  if 
the  circumference  BL  he  equal  to  EN,  the  sector  BGL 
is  equal  to  the  sector  EHN; 
and  if  the  circumference  BL 
be  greater  than  EN,  the  sec- 
tor BGL  is  greater  than  the 
sector  EHN;  and  if  less,  less : 
since  then  there  are  four  mag- 
nitudes,  the   two   circumfer- 
ences BC,  EF,  and  the  two  sectors  BGC,  EHF,  and 
that  of  the  circumference  BC,  and  sector  BGC,  the 
circumference  BL  and  sector  BGL  are  any  equimul- 
tiples whatever;    and  of    the  circumference  EF,  and 
sector  EHF,  the  circumference  EN,  and  sector  EHN 
are  any  equimultiples  whatever;  and  since  it  has  been 
proved,  that  if  the  circumference  BL  be  greater  thau 
EN,  the  sector  BGL  is  greater  than  the  sector  EHN; 
•  5  Def.  5.  and  if  equal,  equal ;  and  if  less,  less :  therefore  *,  as  the 
circumference  BC  is  to  the  circumference  EF,  so  is  the 
sector  BGC  to  the  sector  EHF.     Wherefore,  m  equal 
circles,  &c.     C  E.  D» 
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PROP.  B.    THEOR. 

If  an  angle  of  a  triangle  be  bisected  by  a  straight  line.  See  N. 
which  likewise  cuts  the  base ;  the  rectangle  contained 
by  the  sides  of  the  triangle  is  equal  to  the  rectangle 
contained  by  the  segments  of  the  base,  together  with  the 
square  of  the  straight  line  which  bisects  the  angle. 

Let  ABC  be  a  triangle,  and  let  the  angle  BAC  be 
bisected  by  the  straight  line  AD:  the  rectangle  BA, 
AC  shall  be  equal  to  the  rectangle  BD,  DC,  together 
with  the  square  of  AD. 

Describe  the  circle*  ACB  about  the  triangle,  and  *5. 4. 
produce  AD  to  the  circumference  in  E,  and  join  EC: 
then  because  the  angle  BAD  is  equalf  t  Ryp- 

to  the  angle  CAE,  and  the  angle  ABD  ^ 

to  the  angle*  AEC,  for  they  are  in  the         /^r*\       *  **" 5* 
same  segment;    the   triangles   ABD,     Jfrf^ rJ    /C 
AEC  are  equiangularf  to  one  another:        I         j  /)       1 3*.  l. 
therefore  as  BA  to  AD,  so  is*  EA         ^^A//         *4.6. 
to   AC;   and   consequently  the  rect-  E 

angle  BA,  AC  is  equal*  lo  the  rect-  *  16»  •• 

angle  EA,  AD,  that  is*  to  the  rectangle  ED,  DA,  •al- 
together with  the  square  of  AD :    but  the  rectangle 
ED,  DA  is  equal  to  the  rectangle*  BD,  DC;  there-  *35.S. 
fore  the  rectangle  BA,  AC  is  equal  to  the  rectangle 
BD,  DC,  together  with  the  square  of  AD.     Where- 
fore, if  an  angle,  &c.     Q.  E.  D. 

PROP.  C.    THEOH. 

If  from  any  angle  of  a  triangle  a  straight  line  be  drawn  See  N. 
perpendicular  to  the  base ;  the  rectangle  Contained  by 
the  sides  of  the  triangle  is  equal  to  the  rectangle  con- 
tained by  the  perpendicular  and  the  diameter  of  the 
circle  described  about  the  triangle. 

Let  ABC  be  a  triangle,  and  AD  the  perpendicular 
from  the  angle  A  to  the  base  BC :  the  rectangle  B A, 
AC  shall  be  equal  to  the  rectangle  contained  by  AD 
and  the  diameter  of  the  circle  described  about  the  tri- 
angle. 
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•5.  4. 


•31.3. 
*  SI.  3. 


♦4.  6. 
•  16.  6. 


SeeN. 


t  S3. 1. 

•  SI.  S. 

•4.6. 

*  16.  6. 

•21.3. 


•1.  S. 


Describe*  the  circle  ACB  about  the 
triangle,  and  draw  its  diameter  AE, 
and  join  EC:  because  the  right  angle 
BDA  is  equal*  to  the  angle  ECA  in  a 
semicircle,  and  the  angle  ABD  equal* 
to  the  angle  AEC  in  the  same  segment; 
the  triangles  ABD,  AEC  are  equian- 
gular: therefore  as*  BA  to  AD,  so  is  EA  to  AC;  and 
consequently  the  rectangle  BA,  AC  is  equal*  to  the 
rectangle  EA,  AD.     If  therefore  from  an  angle,  &c. 

Q.  E.  D. 

PROP-  D.    THEOR. 

The  rectangle  contained  by  the  diagonals  of  a  quadri- 
lateral ^figure  inscribed  in  a  circle,  is  equal  to  both  the 
rectangles  contained  by  its  opposite  sides. 

Let  ABCD  be  any  quadrilateral  figure  inscribed  in 
a  circle,  and  join  AC,  BD  :  the  rectangle  contained  by 
AC,  BD  shall  be  equal  to  the  two  rectangles  contained 
by  AB,  CD,  and  by  AD,  BC^:. 

Make  the  angle  ABE  equalf  to  the  angle  DBC: 
add  to  each  of  these  the  common  angle  EBD,  then 
the  angle  ABD  is  equal  to  the  angle  EBC:  and  the 
angle  BDA  is  equal*  to  the  angle  BCE,  because 
they  are  in  the  same  segment :  therefore  the  triangle 
ABD  is  equiangular  to  the  triangle 
BCE:  wherefore*,  as  BC  is  to  CE, 
so  is  BD  to  DA;  and  consequently 
the  rectangle  BC,  AD,  is  equal*  to 
the  rectangle  BD,  CE :  again,  be- 
cause the  angle  ABE  is  equal  to  the 
angle  DBC,  and  the  angle*  BAE 
to  the  angle  BDC,  the  triangle  ABE  is  equiangular 
to  the  triangle  BCD;  therefore  as  BA  to  AE,  so  is 
BD  to  DC ;  wherefore  the  rectangle  B A,  DC  is  equal 
to  the  rectangle  BD,  AE:  but  the  rectangle  BC,  AD 
has  been  shewn  equal  to  the  rectangle  BD,  CE ;  there- 
fore the  whole  rectangle  AC,  BD*  is  equal  to  the 
rectangle  AB,  DC,  together  with  the  rectangle  AD, 
BC.     Therefore  the  rectangle,  &c.     Q.  E.  D. 

.  X  This  is  a  Lemma  of  CJ.  Ptolemaeus,  in  page  9  of  his  MtyeiXn 
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DEFINITIONS. 


I. 


A  solid  is  that  which  hath  length,  breadth  and 
thickness. 

II. 

That  which  bounds  a  solid  is  a  superficies. 

III. 

A  straight  line  is  perpendicular,  or  at  right  angles,  to  a 
plane,  when  it  makes  right  angles  with  every  straight 
line  in  that  plane  which  meets  it. 

IV. 

A  plane  is  perpendicular  to  a  plane,  when  the  straight 
lines  drawn  in  one  of  the  planes  perpendicular  to  the 
common  section  of  the  two  planes  are  perpendicular 
to  the  other  plane. 

V. 

The  inclination  of  a  straight  line  to  a  plane,  is  the 
acute  angle  contained  by  that  straight  line,  and 
another  drawn  from  the  point  in  which  the  first 
line  meets  the  plane,  to  the  point  in  which  a  per- 
pendicular to  the  plane  drawn  from  any  point  of 
the  first  line  above  the  plane,  meets  the  same  plane. 
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VI. 

The  inclination  of  a  plane  to  a  plane  is  the  acute  angle 
contained  by  two  straight  lines  drawn  frpm  any  the 
same  point  of  their  common  section  at  right  angles 
to  it,  one  upon  one  plane,  and  the  other  upon  the 
other  plane. 

VII. 

Two  planes  are  said  to  have  the  same  or  a  like  inclina- 
tion to  one  another  which  two  other  planes  have, 
when  the  said  angles  of  inclination  are  equal  to  one 
another. 

VIII. 

Parallel  planes  are  such  as  do  not  meet  one  another 
though  produced. 

IX. 

See  N.         A  solid  angle  is  that  which  is  made  by  the  meeting  of 
more  than  two  plane  angles,  which  are  not  in  the 
i  same  plane,  in  one  point. 

X. 

See  N.  *  The  tenth  definition  is  omitted  for  reasons  given  in 
the  notes.' 

XI. 

See  N.  Similar  solid  figures  are  such  as  have  all  their  solid 
angles  equal,  each  to  each,  and  are  contained  by  the 
same  number  of  similar  planes. 

XII. 

A  pyramid  is  a  solid  figure  contained  by  planes  that  are 
constituted  betwixt  one  plane  and  one  point  above  it 
in  which  they  meet 

XIII. 

A  prism  is  a  solid  figure  contained  by  plane  figures,  of 
which  two  that  are  opposite  are  equal,  similar,  and 
parallel  to  one  another ;  and  the  others  parallelograms. 

XIV. 

A  sphere  is  &  solid  figure  described  by  the  revolution 
of  a  semicircle  about  its  diameter,  which  remains 
unmoved. 


t> 
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XV. 

The  axis  of  a  sphere  is  the  fixed  straight  line  about 
which  the  semicircle  revolves. 

XVI. 

The  centre  of  a  sphere  is  the  same  with  that  of  the 
semicircle. 

XVII. 

The  diameter  of  a  sphere  is  any  straight  line  which 
passes  through  the  centre,  and  is  terminated  both 
ways  by  the  superficies  of  the  sphere. 

XVIII. 

A  cone  is  a  solid  figure  described  by  the  revolution  of 
a  right  angled  triangle  about  one  of  the  sides  con- 
taining the  right  angle,  which  side  remains  fixed. 

If  the  fixed  side  be  equal  to  the  other  side  containing 
the  right  angle,  the  cone  is  called  a  right  angled 
cone;  if  it  be  less  than  the  other  side,  an  obtuse 
angled ;  and  if  greater,  an  acute  angled  cone. 

XIX. 

The  axis  of  a  cone  is  the  fixed  straight  line  about 
which  the  triangle  revolves. 

XX. 

The  base  of  a  cone  is  the  circle  described  by  that  side 
containing  the  right  angle  which  revolves. 

XXI. 

A  cylinder  is  a  solid  figure  described  by  the  revolution 
of  a  right  angled  parallelogram  about  one  of  its  sides 
which  remains  fixed. 

XXII. 

The  axis  of  a  cylinder  is  the  fixed  straight  line  ahout 
which  the  parallelogram  revolves. 

XXIII. 

The  bases  of  a  cylinder  are  the  circles  descrihed  bv 
the  two  revolving  opposite  aides  of  the  parallel- 
ogram. 
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XXIV. 

Similar  cones  and  cylinders  are  those  which  have 
their  axes  and  the  diameters  of  their  bases  propor- 
tionals. 

XXV. 

A  cube  is  a  solid  figure  contained  by  six  equal  squares. 

XXVI. 

A  tetrahedron  is  a  solid  figure  contained  by  four  equal 
and  equilateral  triangles. 

XXVII. 

An  octahedron  is  a  solid  figure  contained  by  eight 
equal  and  equilateral  triangles. 

XXVIII. 

A  dodecahedron  is  a  solid  figure  contained  by  twelve 
equal  pentagons  which  are  equilateral  and  equian- 
gular. 

XXIX. 

An  icosahedron  is  a  solid  figure  contained  by  twenty 
equal  and  equilateral  triangles. 

Def.  A. 

A  parallelopiped  is  a  solid  figure  contained  by  six  qua- 
drilateral figures,  whereof  every  opposite  two  are 
parallel. 

PROP.  I.    THEOR. 

SeeN.         One  part  of  a  straight  line  cannot  be  in  a  plane,  and 

another  part  above  it. 

If  it  be  possible,  let  AB,  part  of  the  straight  line 
ABC,  be  in  the  plane,  and  the  part  BC  above  it:  and 
since  the  straight  line  AB  is  in  the 
plane,    it   can    be   produced   in   that  c 

plane :  let  it  be  produced  to  D ;  and      r ~^\ 

'  let  any  plane  pass  through  the  straight      \a      &     v\ 

line  AD,  and  be  turned  about  it  until 
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it  pass  through  the  point  C;  and  because  the  points  B, 

C,  are  in  this  plane,  the  straight  line*  BC  is  in  it;  *7Def.i. 

therefore  there  are  two  straight  lines,  ABC,  ABD 

in  the  same  plane  that  have  a  common  segment  AB ; 

which  is  *  impossible.  Therefore,  one  part,  &c.  c.  E.  2>.  •Cor.u.i. 

PROP.  II.      THEOR. 

7\do  straight  lines  "which  cut  one  another  are  in  one 
plane,  and  three  straight  lines  which  meet  one  another 
are  in  one  plane. 

Let  two  straight  lines,  AB,  CD,  cut  one  another  in 
E;  AB,  CD,  shall  be  in  one  plane:  and  three  straight 
lines  EC,  CB,  BE,  which  meet  one  another  shall  be  in 
one  plane. 

Let  any  plane  pass  through  the  straight 
line  EB,  and  let  the  plane  be  turned 
about  EB,  produced  if  necessary,  until  it 
pass  through  the  point  C :  then  because 
the    points  E,  C  are  in   this   plane  the 

straight  line*  EC  is  in  it:  for  the  same     CZ XB    *7Def.  i. 

reason,  the  straight   line   BC  is  in   the 

same :  and  by  the  hypothesis,  EB  is  in  it :  therefore 

the  three  straight  lines  EC,  CB,  BE  are  in  one  plane: 

but  in  the  plane  in  which  EC,  EB  are,  in  the  same 

are  *  CD,  AB :  therefore  AB,  CD,  are  in  one  plane.  •  1. 11. 

Wherefore  two  straight  lines,  &c.     Q.  E.  D. 

PROP.  III.    THEOR. 

If  two  planes  cut  one  another,  their  common  section  is  a  s#e  N. 

straight  line. 

Let  two  planes  AB,  BC  cut  one  another,  and  let 
the  line  DB  be  their  common  section:  DB  shall  be  a 
straight  line. 

If  it  be  not,  from  the  point  D  to  B  f,  draw,  in  the  f  1  Pott 
plane  AB,  the  straight  line  DEB,  and  in 
the  plane  BC,  the  straight  line  DFB; 
then  two  straight  lines  DEB,  DFB  have 
the  same  extremities  and  therefore  include 
a  space  betwixt  them:  which  is  *  impos-  l^NI/  _  •ioAx. i« 
sible :  therefore  BD  the  common  section  B'nJa 

of  the  planes  AB,  BC,  cannot  but  be  a 
straight  line.     Wherefore,  if  two  planes,  &c     Q.  E.  D. 
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PROP-  IV.    THEOR. 

SeeN.  If  a  straight  line  stand  at  right  angles  to  each  of  two 
straight  lines  in  the  point  of  their  intersection,  it  shall 
also  be  at  right  angles  to  the  plane  which  passes  through 
them,  that  is,  to  the  plane  in  which  they  are. 

Let  the  straight  line  EF  stand  at  right  angles  to 
each  of  the  straight  lines  AB,  CD,  in  E,  the  point  of 
their  intersection  :  EF  shall  also  be  at  right  angles  to 
the  plane  passing  through  AB,  CD. 

Take  the  straight  lines  AE,  EB,  CE,  ED,  all  equal 
to  one  another ;  and  through  E  draw,  in  the  plane  in 
which  are  AB,  CD,  any  straight  line  GEH;  and  join 
AD,  CB;  then  from  any  point  F,  in  EF,  draw  FA, 
FG,  FD,  FC,  FH,  FB :  and  because  the  two  straight 
lines  AE,  ED  are  equal  to  the  two  BE,  EC,  each  to 

•  15. 1.        each,  and  that  they  contain  equal  angles*  A  ED,  BEC, 

•  4.  i.         the  base  AD  is  equal  *  to  the  base  BC,  and  the  angle 

DAE   to  the   angle   EBC:    and   the  angle  AEG  is 

•  15.  l.        equal  *  to   the  angle   BEH :   therefore  the   triangles 

AEG,  BEH  have  two  angles  of  the  one  equal  to  two 
angles  of  the  other,  each  to  each,  and  the  sides  AE, 
EB,  adjacent  to  the  equal  angles,  equal  to  one  another: 

•  26.  l.        wherefore  they  have  their  other  sides  equal*:  there- 

fore GE  is  equal  to  EH,  and  AG  to  BH:  and  because 
AE  is  equal  to  EB,  and   FE  common  and  at  right 

•  4.  l.         angles  to  them,  the  base  AF  is  equal  *  to  the  base  FB; 

for  the  same  reason,  CF  is  equal  to  FD :  and  because 
AD  Is  equal  to  BC,  and  AF  to  FB,  the  two  sides  FA, 
AD  are  equal  to  the  two  FB,  BC,  each  to  each ;  and 
the  base  DF  was  proved  equal  to  the  base  FC ;  there- 

•8.  l.  fore  the  angle  FAD  is  equal*  to  the  angle  FBC:  again, 
it  was  proved  that  GA  is  equal  to  BH,  and  also  AF  to 
FB ;  therefore  FA  and  AG,  are  equal  to  FB  and  BH, 
each  to  each ;  and  the  angle  FAG  has 
been  proved  equal  to  the  angle   FBH; 

*4.  l.  therefore  the  base  GF  is  equal*  to  the 

base  FH :  again,  because  it  was  proved 
that  GE  is  equal  to  EH,  and  EF  is  com- 
mon; therefore  GE,  EFare  equal  to  HE, 
EF,  each  to  each;  and  the  base  GF  is 
equal  to  the  base  FH ;  therefore  the  angle 

•  8.  l.         GEF  is  equal  *  to  the  angle  HEF ;  and  consequently 
•lODef.i.  each  of  these  angles  is  a  right  *  angle.     Therefore  FE 
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makes  right  angles  with  GH,  that  is,  with  any  straight 

line  drawn  through  E  in  the  plane  passing  through  AB, 

CD.     In  like  manner,  it  may  be  proved,  that  FE  ' 

makes  right  angles  with  every  straight  line  which,  meets 

it  in  that  plane.     But  a  straight  line  is  at  right  angles 

to  a  plane  when  it  makes  right  angles   with   every 

straight  line  which  meets  it  in  that  plane*:   therefore  *3Deftu« 

EF  is  at  right  angles  to  the  plane  in  which  are  AB, 

CD.     Wherefore,  if  a  straight  line,  &c.    Q.  E.  Z>. 

PROP.  V.    THEOR. 

If  three  straight  lines  meet  all  in  one  pointy  and  a  straight  Sce  N# 
line  stand  at  right  angles  to  each  of  them  in  that  points 
these  three  straight  lines  are  in  one  and  the  same 
plane* 

Let  the  straight  line  AB  stand  at  right  angles  to 
each  of  the  straight  lines  BC,  BD,  BE,  in  B  the  point 
where  they  meet :  BC,  BD,  BE,  shall  be  in  one  and 
the  same  plane. 

If  not,  let,  if  it  be  possible,  BD  and  BE  be  in  one 
plane  and  BC  be  above   it;   and  let   a   plane  pass 
through  AB,  BC,  the  common  section  of  which,  with 
the  plane  in  which  BD  and  BE  are,  is  a  straight*  line;  *s.  ti. 
let  this  be  BF:  therefore  the  three  straight  lines,  AB, 
BC,  BF,  are  all  in  one  plane,  viz.  that  which  passes 
through  AB,  BC:  and  because  AB  stands  at  right 
angles  to  each  of  the  straight  lines  BD,  BE,  it  is  also 
at  right  angles*  to  the  plane  passing  through  them;  *4*n. 
and  therefore  makes  right  angles*  with  every  straight  •3Def.ii, 
line  in  that  plane  which  meets  it :  but  BF,  which  is  in 
that  plane,  meets  it;  therefore  the  angle 
ABF  is  a  right  angle:  but  the  angle 
ABC,   by   the   hypothesis,   is   also   a 
right  angle ;  therefore  the  angle  ABF 
is  equal  to  the  angle  ABC,  and  they 
are  both  in  the  same  plane,  which  isf  ^^^E    t  $  Ax. 

impossible;  therefore  the  straight  line 
BC  is  not  above  the  plane  in  which  are  BD  and  BE : 
wherefore  the  three  straight  lines  BC,  BD,  BE  are  in 
one  and  the  same  plane.     Therefore,  if  three  straight 
lines,  &c    q.  e.  d. 


X 
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PROP.  VI.    THEOR. 

If  two  straight  lines  be  at  right  angles  to  the  same  plane, 
they  shall  be  parallel  to  one  another. 

•  Let  the  straight  lines  AB,  CD,  be  at  right  angles  to 
the  same  plane:  A8  shall  be  parallel  to  CD. 

Let  them  meet  the  plane  in  the  points 

B,  D,  and  draw  the  straight  line  BD,  to 

t  u.  i.        which  drawf  DE  at  right  angles,  in  the 

1 3.  l.  same  plane;  and  makef  DE  eqaal  to  AB, 

and  join  BE,  AE,  AD.     Then,  because 

AB  is  perpendicular  to  the  plane,  it  shall 

•3Def.il-  make  right*  angles  with  every  straight 

line  which  meets  it,  and  is  in  that  plane : 

but  BD,  BE,  which  are  in  that  plane,  do  each  of  them 

meet  AB ;  therefore  each  of  the  angles  ABD,  ABE  is 

a  right  angle :  for  the  same  reason,  each  of  the  angles 

CDB,  CDE  is  a  right  angle :  and  because  AB  is  equal 

to  DE,  and  BD  common,  the  two  sides  AB,  BD  are 

equal  to  the  two  ED,  DB,  each  to  each ;  and  they  con- 

*  4.  l.  tain  right  angles :    therefore  the  base  AD  is  equal*  to 

the  base  BE:  again,  because  AB  is  equal  t6  DE,  and 
BE  to  AD ;  AB,  BE  are  equal  to  ED,  DA  each  to 
each ;    and,  in   the   triangles,  ABE,  EDA,  the  base 

*  8.  l.         AE  is  common :  therefore  the  angle  ABE  is  equal* 

to  the  angle  EDA :  but  ABE  is  a  right  angle ;  there- 
fore EDA  is  also  a  right  angle,  and  ED  perpendicular 
to  DA :  but  it  is  also  perpendicular  to  each  of  the  two 
BD,  DC ;  wherefore  ED  is  at  right  angles  to  each  of 
the  three  straight  lines  BD,  DA,  DC  in  the  point  in 
*5.ii.  which  they  meet;  therefore*  these  three  straight  lines 
are  all  in  the  same  plane :  but  AB  is  in  the  plane  m 

*  9. 11.        which  are  BD,  DA*,  because  any  three  straight  lines 

which  meet  one  -another  are  in  one  plane :  therefore 
AB,  BD,  DC,  are  in  one  plane :  and  each  of  the 
angles  ABD,  BDC  is  a  right  angle ;   therefore  AB  is 

*  88.  l.        parallel*  to  CD.     Wherefore  if  two  straight  lines,  &c. 

*  Q.  E.  D. 

PROP.  VII.    THEQSt. 

See  N.        If  two  straight  lines  be  parallel,  the  straight  line  drawn 
from  any  point  in  the  one  to  any  point  in  the  other,  is 
in  the  same  plane  mth  the  parallels. 


\ 
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Let  AB,  CD  be  parallel  straight  lines,  and  take  any 
point  £  in  the  one,  and  the  point  F  in  the' other:  the 
straight  line  which  joins  £  and  F  shall  be  in  the  same 
plane  with  the  parallels. 

If  not,  let  it  be,  if  possible,  above  r  R 

the  plane  as  EGF;  and  in  the  plane     4 — ^ ® 

ABCD  in  which   the   parallels   are,  H\\G 

draw  the  straight  line  EHF  from  E     „ i — -. 

to    F:    and   since    EGF   also   is   a     C  *      V 

straight  line,  the  two  straight  lines  EHF,  EGF,  in- 
clude a  space  between  them,  which  is*  impossible.  •1oA***« 
Therefore  the  straight  line  joining  the  points  E*  F  is 
not  above  the  plane  in  which  the  parallels  AB,  CD 
are,  and  is  therefore  in  that  plane.  Wherefore,  if  two 
straight  lines,  &c.     q.  e.  d. 


PROP.  VIII.    THEOR. 

If  two  straight  lines  be  parallel,  and  one  of  them  is  at  Sec  N. 
right  angles  to  a  plane;  the  other  also  shall  be  at  right 
angles  to  the  same  plane. 

Let  AB,  CD  be  two  parallel  straight  lines,  and  let 
one  of  them  AB  be  at  right  angles  to  a  plane:  the 
other  CD  shall  be  at  right  angles  to  the  same  plane. 

Let  AB,  CD  meet  the  plane  in  the  points  B,  D,  and 
join  BD :  therefore*  AB,  CD,  BD,  are  in  one  plane.  •  r.  11. 
In  the  plane  to  which  AB  is  at  right  angles,  drawf  t  n.  1. 
DE  at  right  angles  to  BD,  and  makef  DE  equal  to  t  3. 1. 
AB,  and  join  BE,  AE,  AD.     And  because  AB  is  per- 
pendicular to  the  plane  it  is  perpendicular  to  every  , 
straight  line  which  meets  it,  and  is  in  that  plane*;  *3Def.ii. 
therefore  each  of  the  angles  ABD,  ABE  is  a  right 
angle:  and  because  the  straight  line  BD  meets  the  pa- 
rallel straight  lines  AB,  CD,  the  angles  ABD,  CDB 
are  together  equal*  to  two  right  angles :  and  ABD  is  *  * 9* 1# 
a  right  angle;   therefore  also  CDB  is  a 
right   angle,   and   CD  perpendicular  to 
BD:    and  because  AB  is  equal  to  DE, 
and  BD  common,  the  two  AB,  BD  are 
equal  to  the  two  ED,  DB,  each  to  each ; 
and  the  angle  ABD  is  equal  to  the  angle 
EDB,  because  each  of  them  is  a  right 
angle;  therefore  the  base  AD  is  equal*  to                   .   **•.*• 

n2 


180  EUCLID'S  ELEMENTS. 

the  base  BE :  again,  because  AB  is  equal  to  DE,  and 
BE  to  AD,  the  two  AB,  BE,  are  equal  to  the  two  ED, 
DA,  each  to  each  ;  and  the  base  AE  is  common  to  the 
triangles  ABE,  EDA ;  wherefore  the  angle  ABE  is 

•  8. 1.         equal*  to  the  angle  EDA :  but  ABE  is  a  right  angle ; 

and  therefore  EDA  is  a  right  angle,  and  ED  perpendi- 
t  Constr.      cular  to  DA :  but  it  is  also  perpendicular  tof  BD;  there- 

•  4.  n.        fore  ED  is  perpendicular*  to  the  plane  which  passes 
♦SDef.ii.  through  BD,  DA;  and  therefore*  makes  right  angles 

with  every  straight  line  meeting  it  in  that  plane :  out 
DC  is  in  the  plane  passing  through  BD,  DA,  because 
all  three  are  in  the  plane  in  which  are  the  parallels, 
AB,  CD;  wherefore  ED  is  at  right  angles  to  DC; 
and  therefore  CD  is  at  right  angles  to  DE:  but  CD  is 
also  at  right  angles  to  DB ;  therefore  CD  is  at  right 
angles  to  the  two  straight  lines  DE,  DB  in  the  point 

•  4.  n.       of  their  intersection  D;  and  therefore  is  at  right  angles* 

to  the  plane  passing  through  DE,  DB,  which  is  the 
same  plane  to  which  AB  is  at  right  angles.  Therefore, 
if  two  straight  lines,  &c.     Q.  E.  D< 

•  PROP.  IX.    THEQR. 

Two  straight  lines  which  are  each  of  them  parallel  to  the 
same  straight  line,  and  not  in  the  same  plane  with  it, 
are  parallel  to  one  another. 

Let  AB,  CD  be  each  of  them  parallel  to  EF,  and 
not  in  the  same  plane  with  it :  AB  shall  be  parallel  to 
CD. 
t  ii.  i.  In  EF  take  any  point  G,  from  whichf 

draw,  in  the  plane  passing  through 
EF,  AB,  the  straight  line  GH  at  right 
angles  to  EF;  and  in  the  plane  pass- 
ing through  EF,  CD,  draw  GK  at 
right  angles  to  the  same  EF.  And 
because  EF  is  perpendicular  both  to  GH  and  GK,  EF 

•  4.  n.        is  perpendicular*  to  the  plane  HGK  passing  through 

them :   and  EF  is  parallel  to  AB ;   therefore  AB  is 

•  8.  n.       at  right  angles*  to  the  plane  HGK.     For  the  same 

reason  CD  is  likewise  at  right  angles  to  the  plane  HGK. 
Therefore,  AB,  CD,  are  each  of  them  at  right  angles 
to  the  plane  HGK.     But  if  two  straight  lines  are  at 

•  6.  ii.       right  angles  to  the  same  plane,  they  ate  parallel*  to 
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one  another:  therefore  AB  is  parallel  to  CD.  Where- 
fore, two  straight  lines,  &c     Q.  E.  D. 

PROP.  X.    THEOR. 

If  two  straight  lines  meeting  one  another  be  parallel  to 
two  others  that  meet  one  another*  and  are  not  in  the 
same  plane  with  the  Jlrst  two :  the  Jlrst  two  and  the 
other  two  shall  contain  equal  angles. 

Let  the  two  straight  lines  AB,  BC,  which  meet  one 
another,  be  parallel  to  the  two  straight  lines  DE,  EF, 
that  meet  one  another,  and  are  not  in  the  same  plane 
with  AB,  BC:  the  angle  ABC  shall  be  equal  to  the 
angle  DEF. 

Take  B A,  BC,  ED,  EF,  all  equal  to  one  another ; 
and  loin  AD,  CF,  BE,  AC,  DF:  then  because  BA  is 
equal  arid  parallel  to  ED,  therefore  AD  is  *  both  equal  "  33. u 
and  parallel  to  BE.  For  the  same  reason,  CF  is  equal 
and  parallel  to  BE.  Therefore  AD  and  CF  are  each 
of  them  equal  and  parallel  to  BE.  But  straight  lines 
that  are  parallel  to  the  same  straight  line,  and  not  in 
the  same  plane  with  it,  are  parallel #  to 
one  another ;  therefore  AD  is  parallel  to 
CF ;  and  it  is  equal*  to  it ;  and  AC,  DF 
join  them  towards  the  same  parts;  and 
therefore  *  AC  is  equal  and  parallel  to 
DF.  And  because  AB,  BC  are  equal  to 
DE,  EF,  each  to  each,  and  the  base  AC  _ 
to  the  base  DF;  the  angle  ABC  is  equal9  ~  "  •  8. 1. 
to  the  angle  DEF.     Therefore,  if  two  straight  lines, 

&C.      g.  E.  2). 

PROP.  XL    PROB. 

To  draw  a  straight  line  perpendicular  to  a  plane,  from  a 
'  given  point  above  it. 

"Let  A  be  the  given  point  above  the  plane  BH;  it 
is  required  to  draw  from  the  point  A  a  straight  line 
perpendicular  to  the  plane  BH. 

In  the  plane  draw  any  straight  line  BC,  and  from 
the  point  A  draw*  AD  perpendicular  to  BC.    If  then  *  **•  1. 
AD  be  also  perpendicular  to  the  plane  BH,  the  thing 
required  is  already  done ;   but  if  it  be  not,  from  the 
point  D  draw  #,    in  the  plane  BH,  the  straight  line  * tu  1% 
DE,  at  right  angles  to  BC ;  and  from  the  point  A  draw 


•  9. 11. 


•  1  Ax.  l. 


•33.1. 
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AF  perpendicular  toDE:  A  f  shall  be  perpendicular 
to  the  plane  BH. 

•  31. 1.  Through  F  draw*  GH  parallel  to  BC :  and  because 

BC  is  at  right  angles  to  ED  and  DA,   BC  is  at  right 

•4.11.        angles*  to  the  plane  passing  through  ED*  DA:  and 

GH  is  parallel  to  BC :    but  if  two  straight  lines  be 

parallel,  one  pf  which  is  at  right  angles 

*  8.  li.        to  a  plane,  the  other   is   at   right  * 

angles  to  the  same  plane ;  wherefore 
GH  is  at  right  angles  to  the  plane 
through    ED,  DA;   and   is  perpen- 

*3Def.  n.  dicular  *  to  every  straight  line  meet- 
ing it  in  that  plane :  but  AF,  which 
is  in  the  plane  through  ED,  DA,  meets  it;  therefore 
GH  is  perpendicular  to  AF;  and  consequently  AF  is 
perpendicular  to  GH :  and  AF  is  perpendicular  to 
DE;  therefore  AF  is  perpendicular  to  each  of  the 
straight  lines  GH,  DE.  But  if  a  straight  line  stand 
at  right  angles  to  each  of  two  straight  lines  in  the  point 

f  4.  n.  of  their  intersection,  it  is  also  at  right  angles  f  to  the 
plane  passing  through  them :  but  the  plane  passing 
through. ED,  GH,  is  the  plane  BH ;  therefore  AF  is 
perpendicular  to  the  plane  BH :  therefore,  from  the 
given  point  A,  above  the  plane  BH,  the  straight  line 
AF  is  drawn  perpendicular  to  that  plane.  Which  was 
to  be  done. 


PROP.  XII.     PROB. 

To  erect  a  straight  line  at  right  angles  to  a  given  plane^ 
from  a  point  given  in  the  plane* 

Let  A  be  the  point  given  in  the  plane ;  it  is  required 
to  erect  a  straight  line  from  the  point  A  at  right  angles 
to  the  plane. 

From  any  point   B   above  the  plane 

•  li.  n.      draw*  BC  perpendicular  to  it;  and  from  D     ,b 

•  31.  l.        A  draw  *  AD  parallel  to  BC.     Because, 

therefore,    AD,   CB   are    two    parallel       , 7 

straight  lines,  and  one  of  them  BC  is  at      /      L  ^  / 
right  angles  to  the  given  plane,  the  other 


*  8.  li.  AD  is  also  *  at  right  angles  to  it :  therefore  a  straight 
line  has  been  erected  at  right  angles  to  a  given  plane, 
from  a  point  given  in  it    Which  was  to  be  done. 


•3.  11. 
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PROP.  XIIL    THEOR. 

From  the  same  point  in  a  given  plane  there  cannot  be 
two  straight  lines  at  right  angles  to  the  plane9  upon 
the  same  side  of  it :  and  there  can  be  hit  one  perpen- 
dicular to  a  plane  from  a  point  above  the  plane. 

For,  if  it  be  possible,  let  the  two  straight  lines  AB, 
AC,  be  at  right  angles  to  a  given  plane  from  the  same 
point   A  in  the  plane,  and  upon  the  same  side  of  it. 
Let  a  plane  pass  through  BA,  AC ;  the  common  sec- 
tion of  this  with  the  given  plane  is  a  straight*  line  pass- 
ing through  A:   let  DAE  be  their  common  section: 
therefore  the  straight  lines  AB,  AC,  DAE  are  in  one 
plane :  and  because  CA  is  at  right  angles  to  the  given 
plane,  it  makes  right  angles  f  with  every  straight  line  f3Def.il. 
meeting  it   in  that  plane:    but  DAE, 
which  is  in   that    plane,   meets    CA  ;         B       C 
therefore  CAE  is  a  right  angle.    For  \      / 

the  same  reason  BAE  is  a  right  angle.  \/ 

Wherefore  the  angle  CAE  is  equal  f     D      A        £  t  " A«* 
to  the  angle  BAE;  and  they  are  in  one 
plane,  which  is  impossible.     Also,  from  a  point  above 
a  plane,  there  can  be  but  one  perpendicular  to  that 
plane :  for,  if  there  could  be  two,  they  would  be  paral- 
lel #  to  one  another,  which  is  absurd.     Therefore,  from  •  *•  it. 
the  same  point,  &c.     Q.  E.  z>. 


PROP.  XIV.    THEOR. 

Planes  to  which  the  same  straight  line  is  perpendicular* 

are  parallel  to  one  another* 

Let  the  straight  line  AB  be  perpendicular  to  each  of 
the  planes  CD,  EF :  these  planes  shall  be  parallel  to 
one  another. 

If  not,  they  shall  meet  one  another 
when  produced:  let  them  meet;  their 
common  section  is  a  straight  line  6H,  in 

which  take  any  point  K,  and  join  AK,  BK, 

Then,  because  AB  is  perpendicular  to 

the  plane  EF,  it  is  perpendicular  *  to  the       \L  *\J    •  3  Dsf.  n. 

straight  line  BK  which  is  in  that  ptane : 

therefore  ABK  is  a  right  angle.    For  the  same  reason 
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BAK  is  a  right  angle:  wherefore  the  two  angles  ABK, 
BAK    of   the  triangle  ABK  are  equal  to  two  right 

*  17, 1.       angles,  which  is*  impossible :  therefore  the  planes  CD, 

EF,  though  produced,  do  not  meet  one  another ;  that 
1 8  Def.  ii.  is*,  they  are  parallel.     Therefore  planes,  &c.     Q.  E.  D. 

PROP.  XV.    THEOR. 

See  N.        If  two  straight  lines  meeting  one  another  be  parallel  to 
two  other  straight  lines  'which  meet  one  another*  but  are 
not  in  the  same  plane  with  the  first  two  ;   the  plane 
which  passes  through  these  is  parallel  to  the  plane  pass- 
ing through  the  others. 

Let  AB,  BC,  two  straight  lines  meeting  one  another, 
be  parallel  to  DE,  EF  that  meet  one  another,  but  are 
not  in  the  same  plane  with  AB,  BC:  the  planes  through 
AB,  BC,  and  DE,  EF  shall  not  meet,  though  pro- 
duced. 

*  i%.  ii.  From  the  point  B  draw  BG  perpendicular  *  to  the 

plane  which  passes  through  DE,  EF,  and  let  it  meet 

*  31.  l.        that  plane  in  G;  and  through  G  draw  GH  parallel*  to 

ED,  and  GK  parallel  to  EF.     And  because   BG  is 
•3 Def.  u.  perpendicular  to  the  plane  through  DE,  EF,  it  makes* 

right  angles  with  every  straight  line  meeting  it  in  that 
b  plane:   but   the  straight  lines  GH,     , 

-  GK  in  that  plane  meet  it;  therefore, 

each  of  the  angles  BGH,  BGK  is  a 

right  angle :  and  because  BA  is  pa- 

*  9.  ii.       rallel*   to  GH  (for  each  of  them  is 

parallel  to  DE,  and  they  are  not  both  ^^^  ^Si^ 
in  the  same  plane  with  it),  the  angles 
•29.1.  GBA,  BGH  are  together  equal*  to  two  right  angles: 
and  BGH  is  a  right  angle ;  therefore  also  GBA  is  a 
right  angle,  and  GB  perpendicular  to  BA.  For  the 
same  reason  GB  is  perpendicular  to  BC.  Since  there- 
fore the  straight  line  GB  stands  at  right  angles  to  the 
two  straight  lines  BA,  BC,  that  cut  one  another  in  B, 

*  *• iu        GB  is  perpendicular*  to  the  plane  through  BA,  BC: 
f  Constr.     and  it  is  perpendicularf  to  the  plane  through  DE,  EF; 

therefore  BG  is  perpendicular  to  each  of  the  planes 
through  AB,  BC,  and  DE,  EF :  but  planes  to  which 

*  u.  ii.      the  same  straight  line  is  perpendicular,  are  parallel*  to. 

one  another;  therefore  the  plane  through  AB,  BC  is 
parallel  to  the  plane  through  DE,  EF,  Wherefore,  if 
two  straight  lines,  &c.     Q.  E.  d. 


rA, 
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PROP.  XVI.    THEOR. 

If  two  parallel  planes  be  cut  by  another  plane,  their  com-  8ee  Na 
mon  sections  with  it  are  parallels* 

Let  the  parallel  planes  AB,  CD  be  cut  by  the  plane 
EFGH,  and  let  their  common  sections  with  it  be  EF, 
GH:  EF  shall  be  parallel  to  GH. 

For  if  it  is  not,  EF,  GH  shall  meet,  if  produced, 
either  on  the  side  of  FH,  or  EG.     First,  let  them  be 
produced  on  the  side  of  FH,  and  meet  in  the  point  K : 
therefore,  since  EFK  is  in  the  plane  AB,  every  point  f  t  *•  **• 
in  EFK  is  in  that  plane :  and  K  is  a 
point  in  EFK ;  therefore  K  is  in  the 
plane  AB  :  for  the  same  reason  K  is 
also  in  the  plane  CD :  wherefore  the 
planes  AB,  CD,  produced  meet  one 
another :  but  they  do  not  meet,  since 
they  are   parallel  by  the  hypothesis; 
therefore  the  straight  lines  EF,  GH,  do 
not  meet  when  produced  on  the  side  of  FH.     In  the 
same  manner  it  may  be  proved,  that  EF,  GH  do  not 
meet  when  produced  on  the  side  of  EG.     But  straight 
lines  which  are  in  the  same  plane,  and  do  not  meet, 
though  produced  either  way,  are  parallel ;  therefore  EF 
is  parallel  to  GH.     Wherefore,  if  two  parallel  planes, 
&c.     Q.  E.  D. 

PROP.  XVIL    THEOR. 

If  two  straight  lines  be  cut  by  parallel  planes,  they  shall 

be  cut  in  the  same  ratio. 

Let  the  straight  lines  AB,  CD  be  cut  by  the  parallel 
planes  GH,  KL,  MN,  in  the  points  A,  E,  B ;  C,  F, 
D :  as  AE  is  to  EB,  so  shall  CF  be  to  FD. 

Join  AC,  BD,  AD,  and  let  AD  meet  the  plane  KL 
in  the  point  X ;  and  join  EX,  XF.     Because  the  two 
parallel  planes  KL,  MN,  are  cut  by  the  plane  EBDX, 
the  common  sections  EX,  BD  are  *  parallel :  for  the  *16  11. 
same  reason,  because  the  two  parallel 
planes   GH,   KL,  are   cut  by    the* 
plane  AXFC,  the  common  sections 
AC,  XF  are  parallel:  and  because 
EX  is  parallel  to  BD,  a  side  of  the 

triangle  ABD ;  as  AE  to  EB,  so  is*     -VM— Wff"7      •  *  6. 
AX  to  XD:  again,  because  XFis  pa- 
rallel to  AC,  a  side  of  the  triangle 
ADC;  as  AX  toXD,  so  isCF  to  FD: 


*  11. 5. 


f  11.1. 
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and  it  was  proved  that  AX  is  to  XD,  as  AE  to  EB ; 
therefore*,  as  AE  to  EB,  so  is  CF  to  FD.  Where- 
fore, if  two  straight  lines,  &c.    Q.  E.  D. 

PROP.  XVIII.    THEOR. 

If  a  straight  line  be  at  right  angles  to  a  plane,  every  plane 
'which  passes  through  it  shall  be  at  right  angles  to  that 
.  plane. 

Let  the  straight  line  AB  be  at  right  angles  to  the 
plane  CK :  every  plane  which  passes  through  AB  shall 
be  at  right  angles  to  the  plane  CK. 

Let  any  plane  DE  pass  through  AB,  and  let  CE  be 
the  common  section  of  the  planes  DE,  CK ;  take  any 
point  F  in  CE,  from  which  draw  FG 
in  the  plane  DE  at  right  f  angles  to 
CE:  and  because  AB  is  perpendicular 
♦sDef.  ii.  to  the  plane  CK,  therefore*  it  is  also 
perpendicular  to  every  straight  line 
in  that  plane  meeting  it ;  and  con- 
sequently it  is  perpendicular  to  CE :  wherefore  ABF 
is  a  right  angle:  but  6FB  is  likewisef  a  right  angle; 
therefore  AB  is  parallel*  to  FG:  and  AB  is  at  right 
angles  to  the  plane  CK ;  therefore  FG  is  also  *  at  right 
angles  to  the  same  plane.  But  one  plane  is  at  right 
angles  to  another  plane  when  the  straight  lines  drawn 
in  one  of  the  planes,  at  right  angles  to  their  common 
4Def.n.  section,  are  also  at  right  angles*  to  the  other  plane; 
and  any  straight  line  FG  in  the  plane  DE,  which  is  at 
right  angles  to  CE,  the  common  section  of  the  planes, 
has  been  proved  to  be  perpendicular  to  the  other  plane 
CK ;  therefore  the  plane  DE  is  at  right  angles  to  the 
plane  CK.  In  like  manner,  it  may  be  proved  that  all 
planes  which  pass  through  AB  are  at  right  angles  to 
the  plane  CK*    Therefore,  if  a  straight  line,  &c.  &  E.  D. 

PROP.  XIX.    THEOR. 

If  two  planes  which  cut  one  another  be  each  of  them  per- 
pendicular to  a  third  plane ;  their  common  section  shall 
be  perpendicular  to  the  same  plane. 

Let  the  two  planes  AB,  BC  be  each  of  them  perpenr 
dicutar  to  a  third  plane,  and  let  BD  be  the  common 
section  of  the  first  two :  BD  shall  be  perpendicular 
to  the  third  plane. 


t  Constr. 
♦  28. 1. 
•8.11. 
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If  it  be  not,  from  the  point  Df  draw,  in  the  plane  * u* 1 
AB,  the  straight  line  DE  at  right  angles  to  AD  the 
common  section  of  the  plane  AB  with  the  third  plane  ; 
and  in  the  plane  BC  draw  DF  at  right  angles  to  CD 
the  common  section  of  the  plane  BC  with 
the  third  plane.     And  because  the  plane 
AB  is  perpendicular  to  the  third  plane, 
and  DE  is  drawn  in  the  plane  ABat  right 
angles  to  AD,  their  common  section,  DE 
is  perpendicular*  to  the  third  plane.     In 
the  same  manner,  it  may  be  proved,  that 
DF  is  perpendicular  to  the  third  plane. 
Wherefore,  from  the  point  D  two  straight  lines  stand 
at  right  angles  to  the  third  plane,  upon  the  same  side 
of  it,  which  is*  impossible:  therefore,  from  the  point  D 
therg  cannot  be  any  straight  line  *at  right  angles  to  the 
third   plane,  except  BD  the  common  section  of  the 
planes  AB,  BC :  therefore  BD  is  perpendicular  to  the 
third  plane.     Wherefore,  if  two  planes,  &c.    Q.  £.  D. 


•4Def.11. 


•  13. 11. 


PROP.  XX.    THEOR. 

If  a  solid  angle  be  contained  by  three  plane  angles,  any  See  N- 
two  of  them  are  greater  than  the  third. 

Let  the  solid  angle  at  A  be  contained  by  the  three 
plane  angles,  BAC,  CAD,  DAB:  any  two  of  them 
shall  be  greater  than  the  third* 

If  the  angles  BAC,  CAD,  DAB  be  all  equal,  it  is 

evident  that  any  two  of  them  are  greater  than  the  third* 

But  if  they  pre  not,  let  BAC  be  that  angle  which  is  not 

less  than  either  of  the  other  two,  and  is  greater  than 

one  of  them  DAB ;  and  at  the  point  A  in  the  straight 

line  AB,  make,  in  the  plane  which  passes  through  BA, 

AC,  the  angle  BAE  equal  *  to  the  angle  DAB ;  and  *  23.  i. 

make  AE  equal  to  AD,  and  through  E 

draw  BEC  cuttingAB,  AC,  in  the  points 

B,  C,  and  join  DB,  DC.    And  because 

DA  is  equal  to  AE,  and  AB  is  common, 

the  two  DA,  AB  are  equal  to  the  two 

E A,  AB,  each  to  each ;  and  the  angle 

DAB  is  equal  to  the  angle  E AB :  therefore  the  base 

DB  is  equal  *  to  the  base  BE :  and  because  BD,  DC,  *  *• 1 

are  greater  *  than  CB,  and  one  of  them  BD  has  been  *  *°* 

proved  equal  to  BE  a  part  of  CB,  therefore  the  other 
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|5Ax.  pc  is  greater f  than  the  remaining  part  EC:  and  be- 
cause DA  is  equal  to  AE,  and  AC  common,  but  the 
base  DC  greater  than  the  base  EC ;  therefore  the  angle 

*  25.  v       D AC  is  greater  *  than  the  angle  EAC ;  and,  by  the 

construction,  the  angle  DAB  is  equal  to  the  angle 
BAE ;  wherefore  the  angles  DAB,  DAC  are  together 
f4Ax.  greaterf  than  BAE,  EAC,  that  is,  than  the  angle 
BAC :  but  BAC  is  not  less  than  either  of  the  angles 
DAB,  DAC :  therefore  BAC  with  either  of  them  is 
greater  than  the  other.  Wherefore,  if  a  solid  angle, 
pec.     Q.  E.  D. 

PROP.  XXL    THEOB. 

Every  solid  angle  is  contained  by  plane  angles,  which  to- 
gether are  less  than  four  right  angles. 

First,  let  the  solid  angle  at  A  be  contained  by  three 
plane  angles  BAC,  CAD,  DAB :  these  three  together 
shall  be  less  than  four  right  angles. 

Take  in  each  of  the  straight  lines  AB,  AC,  AD,  any 
points  B,  C,  D,  and  join  BC,  CD,  DB.  Then  be- 
cause the  solid  angle  at  B  is  contained  by  the  three 
plane  angles  CBA,  ABD,  DBC,  any  two  of  them  are 

*  so.  11.      greater  *  than  the  third ;  therefore  the  angles  CBA, 

ABD  are  greater  than  the  angle  DBC:  for  the  same 
reason,  the  angles  BCA,  ACD  are  greater  than  the 
angle  DCB ;  and  the  angles  CD  A,  ADB  greater  than 
BDC :  wherefore  the  six  angles  CBA,  ABD,.  BCA, 
ACD,  CDA,  ADB  are  greater  than  the 
three  angles  DBC,  BCD,  CDB :  but  the 
three  angles  DBC,  BCD,  CDB  are  equal 

*  32.  i.       to  two  right  angles  * ;  therefore  the  six 

angles  CBA,  ABD,  BCA,  ACD,  CDA, 
ADB  ar?  greater  than  two  right  angles : 
and  because  ►the  three  angles  of  each 
of  the  triangles  ABC,  ACD,  ADB  are  equal  to 
two  right  angles,  therefore  the  nine  angles  of  these 
three  triangles,  viz.  the  angles  CBA,  IJAC,  ACB, 
ACD,  CDA,  DAC,  ADB,  DBA,  BAD  are  equal  to 
six  right  angles :  of  these  the  six  angles  CBA,  ACB, 
ACD,  CDA,  ADB,  DBA  are  greater  than  two  right 
angles ;  therefore  the  remaining  three  angles  BAC, 
CAD,  DAB,  which  contain  the  solid  angle  at  A,  are 
less  than  four  right  angles. 
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Next,  let  the  solid  angle  at  A  be  contained  by  any 
number  of  plane  angles  BAC,  CAD,  DAE,  EAF,  FAB: 
these  shall  together  be  less  than  font  right  angles. 

Let  the  planes  in  which  the  angles  are,  be  cut  by  a 
plane,  and  let  the  common  sections  of  it 
with  those  planes  be  BC,  CD,  DE,  EF, 
FB.    And  because  the  solid  angle  at  B  is 
contained  by  three  plane  angles  CBA, 
ABF,FBC,  of  which  any  two  are  greater*    ~\/       \f   #*>.ti. 
than  the  third,  the  angles  CBA,  ABF,  are 
greater  than  the  angle  FBC:  for  the  same 
reason,  the  two  plane  angles  at  each  of 
the  points  C,  D,  E,  F,  viz.  those  angles  which  are  at 
the  bases  of  the  triangles  having  the  common  vertex  A, 
are  greater  than  the  third  angle  at  the  same  point,  which 
is  one  of  the  angles  of  the  polygon  BCDEF:  therefore 
all  the  angles  at  the  bases  of  the  triangles  are  together 
greater  than  all  the  angles  of  the  polygon :  and  be- 
cause all  the  angles  of  the  triangles  are  together  equal 
to  twice  as  many  right  angles*  as  there  are  triangles;  #s*  *• 
that,  is,  as  there  are  sides  in  the  polygon  BCDEF; 
and  that  all  the  angles  of  the  polygon,  together  with 
four  right  angles,  are  likewise  equal  to  twice  as  roany^ 
right  angles  *  as  there  are  sides  in  the  polygon j  there-*  •iCor.st. 
fore  all  the  angles  of  the  triangles  are  equal f  to  all  the  l\  Ax# 
angles  of  the  polygon  together  with  four  right  angles : 
but  all  the  angles  at  the  bases  of  the  triangles  are 
greater  than  all  the  angles  of  the  polygon,  as  has  been 
proved ;  wherefore  the  remaining  angles  of  the  triangles, 
viz.  those  at  the  vertex,  which  contain  the  solid  angle 
at  A,  are  less  than  four  right  angles*   Therefore,  every 
solid  angle,  &c.     q.  e.  d. 


PROP.  XXII.    THEOH. 

If  every  two  of  three  plane  angles  be  greater  than  the 
third,  and  if  the  straight  lines  which  contain  them 
be  all  equal;  a  triangle  may  be  made  of  the  straight 
lines  that  join  the  extremities  of  those  equal  straight 
lines. 

Let  ABC,  DEF,  GHK  be  the  three  plane  angles, 
whereof  every  two  are  greater  than  the  third,  and 
let  them  be  contained  by  the  equal  straight  lines,,  AB, 


SeeN. 
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BC,  DE,  EF,  GH;  HK:  if  their  extremities  be  joined 
by  the  straight  lines  AC,  DF,  GK,  a  triangle  may  be 
made  of  three  straight  lines  equal  to  AC,  DF,  GK; 
that  is,  every  two  of  them  shall  together  be  greater  than 
the  third. 

If  the  angles  at  B,  E,  H  are  equal,  AC,  DF,  GK 

•4.  i.         are  also  equal*,  and  any  two  of  them  greater  than  the 

third  :  but  if  the  angles  are  not  all  equal,  let  the  angle 

ABC  be  not  less  than  either  of  the  two  at  E,   H ; 

*  4.  or  24.1.  therefore  the  straight  line  AC  is  not  le«s  *  than  either 

of  the  other  two  DF,  GK ;  and  therefore  it  is  plain 
that  AC,  together  with  either  of  the  other  two,  must 
be  greater  than  the  third.  Also  DF,  with  GK,  shall 
be  greater  than  AC    For,  at  the  point  B  in  the  straight 

*  23.  l.       line  AB  make #  the  angle  ABL  equal  to  the  angle 

GHK,  and  make  BL  equal  to  one  of  the  straight  lines 

AB,  BC,  DE,  EF,  GH,  HK,  and  join  AL,  LC.   Then, 

because  AB,  BL,  are  equal  to  GH,  HK,  each  to  each, 

and  the  angle  ABL  to  the  angle  GHK,  the  base  AL 
1 4.  l.  is  equal  f  to  the  base  GK:  and  because  the  angles  at 

+  Hyp.        E,  H,  are  greater  f  than  the  angle  ABC,  of  which  the 

angle  at  H  is  equal  to  ABL,  therefore  the  remaining 
1 5  Ax.       angle  at  E  is  greater  f 
*  than  the  angle  LBC : 

and   because    the   two 

•sides  LB,  BC,  are  equal 

to  the  two  DE,  EF,  each 

to  each,  and  that  the 

angle  DEF  is  greater 

*  24.  l.       than  the  angle  LBC,  the  base  DF  is  greater*  than  the 

base  LC:  and  it  has  been  proved  that  GK  is  equal  to 
t  4  Ax.  AL ;  therefore  DF  and  GK  are  greater^  than  AL  and 
*20.i.  LC:  but  AL  and  LC  are  greater*  than  AC;  much 
more  then  are  DF  and  GK  greater  than  AC.  Where- 
fore every  two  of  these  straight  lines  AC,  DF,  GK  are 
greater  than  the  third ;  and  therefore  a  triangle  may 

*  22.  i.       be  made*,  the  sides  of  which  shall  be  equal  to  AC,  DF, 

GK.      Q.  E.  D. 

PROP.  XXIII.    PROB. 

See  N.         To  make  a  solid  angle  which  shall  be  contained  by  three 
|20. 11.         ghen  plane  angles^  any  tm  of  them  being  greater  \ 
1 21.  n.         than  the  third9  and  all  three  together  f  less  than  four 
right  angles. 


' 


•5.4. 
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Let  the. three  given  plane  angles  be  ABC,  DEF9 
GHK,  any  two  of  which  are  greater  than  the  third,  and 
all  of  them  together  less  than  four  right  angles.  It  is 
required  to  make  a  solid  angle  contained  by  three  plane 
angles  equal  to  ABC,  DEF,  GKH,  each  to  each.  • 

From  the  straight  lines  which  contain  the  angles 
cut  off  AB,  BC,  DE,  EF,  GH,  HK,  all  equal  to  one 
another;  and  join  AC, 

DF,  GK :  then  a  tri-  B  H 

angle  may  be  made*         /\  E  /\        *sf.  11. 

of  three  straight  lines 
equal  to  AC,  DF,  GK. 
Let  this  be  the  triangle  _ 

LMN  #,  so  that  AC  be  •  w.  1. 

equal  to  LM,  DF  to  MN,  and  GK  to  LN ;  and  about 
the  triangle  LMN  describe*  a  circle,  and  find  f  its  centre 
X,  which  will  be  either  within  the  triangle,  or  in  oae  t  1#  9* 
of  its  sides,  or  without  it. 

First,  let  the  centre  X  be  within  the  triangle,  and 
join  LX,  MX,  NX.    AB  shall  be  greater  than  LX. 
If  not,  AB  must  either  be  equal  to,  or  less  than  LX: 
first,  let  it  be  equal:  then  because  AB  is  equal  to  LX, 
and  that  AB  is  also  equal  to  BC,  and  LX.  to  XM,  AB 
and  BC  are  equal  to  LX  and  XM,  each  to  each ;  and 
the  base  AC  is,  by  construction,  equal  to  the  base  LM; 
wherefore  the  angle  ABC  is  equal  to  the  angle  LXM  *.  *  8.  t. 
For  the  same  reason,  the  angle  DEF is  equal  to  the  angle 
MXN,  and  the  angle  GHK  to  the  angle 
NXL:  therefore  the  three  angles  ABC, 
DEF,  GHK  are  equal  to  the  three  an- 
gles LXM,  MXN,  NXL:  but  the  three 

angles  LXM,  MXN,  NXL  are  equal  *       (j^)t^\     #  f  Cor* 15* 
to  four  right  angles;  therefore  also  the       \&>^^<^l     l. 
three   angles  ABC,  DEF,  GHK,  are 
equal  to  four  right  angles :  but,  by  the 
hypothesis,  they  are  less  than  four  right  angles ;  which 
is  absurd :  therefore  AB  is  not  equal  to  LX.     But  nei- 
ther can  AB  be  less  than  LX :  for,  if  possible,  let  it  be 
less ;  and  upon  the  straight  line  LM,  on  the  side  of  it 
on  which  is  the  centre  X,  describe  f  the  triangle  LOM,  t  s*.  i. 
the  sides  LQ,  OM  of  which  are  equal  to  AB,  BC :  and 
because  the  base  LM  is  equal  to  the  base  AC,  the 
angle  LOM  is  equal*  to  the  angle  ABC :  and  AB,  that  •  8.  i. 
is  LO,  is,  by  the  hypothesis,  less  than  LX :  wherefore 
LG,  DM  fall  within  the  triangle  LXM;  for,  if  they 
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♦  si.  1.        fe]|  upon  its  sides,  or  without  it,  they  would  be*  e^ual 

to  or  greater  than  LX,  XM :  therefore 
the  angle  LOM,  that  is,  the  angle  ABC, 

•  si.  l.       js  grater  *  than  the  angle  L  aM.     In 

the  same  manner  it  may  oe  proved  that 
the  angle  DEF  is  greater  than  the  angle 
MXN,  and  the  angle  GHK  greater  than 
the  angle  NXL:  therefore  the  three 
angles  ABC,  DEF,  GHK  are  greater 

tsCor.i5.  than  the  three  angles  LXM,  MXN,  NXL;  that  isf, 
than  four  right  angles :  but  the  same  angles  ABC, 

t  Hyp-  DEF,  GHK  are  lessf  than  four  right  angles :  which 
is  absurd :  therefore  AB  is  not  less  than  LX :  and  it 
has  been  proved  that  it  is  not  equal  to  LX ;  wherefore 
AB  is  greater  than  LX. 

Next,  let  the  centre  X  of  the  circle  fall  in  one  of  the 
sides  of  the  triangle,  viz.  in  MN,  and  join 
XL.  In  this  case  also,  AB  shall  be  greater 
than  LX.  If  not,  AB  is  either  equal 
to  LX,  or  less  than  it.  First,  let  it  be 
equal  to  LX:  therefore  AB  and  BC, 
that  is,  DE  and  EF,  are  equal  to  MX 
and  XL,  that  is,  to  MN :  but,  by  the 
construction,  MN  is  equal  to  DF;  there- 

t  so.  l.  fore  DE,  EF,  are  equal  to  DF,  which  isf  impossible  r 
wherefore  AB  is  not  equal  to  LX :  nor  is  it  less ;  for 
then,  much  more,  an  absurdity  would  follow :  therefore 
AB  is  greater  than  LX. 

But,  let  the  centre  X  of  the  circle  fall  without  the 
triangle  LMN,  and  join  LX,  MX,  NX.  In  this  case 
likewise  AB  shall  be  greater  than  LX.  If  not,  it  is 
either  equal  to  or  less  than  LX.  First,  let  it  be  equal : 
it  may  be  proved,  in  the  same  manner  as  in  the  first 
case,  that  the  angle  ABC  is  equal  to  the  angle  MXL 
and  GHK  to  LXN ;  therefore  the  whole  angle  MXN 
is  equal  to  the  two  angles  ABC,  GHK :  but  ABC  and 

tHyp.  GHIC  are  together  greater  +  than  the  angle  DEF; 
therefore  also  the  angle  MXN  is  greater  than  DEF : 
and  because  DE,  EF  are  equal  to  MX,  XN,  each  to 
each;  and  the  base  DF  to  the  base  MN,  the  angle 

+  8.1.  MXN  is  equal*  to  the  angle  DEF:  but  it  has  been 
proved,  that  it  is  greater  than  DEF,  which  is  absurd. 
Therefore  AB  is  not  equal  to  LX.  Nor  yet  is  it  less ; 
for  then,  as  has  been  proved  in  the  first  case,  the  angle 
ABC  is  greater  than  the  angle  MXL,  and  the  angle 


•14.1. 
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GHK  greater  than  the  angle  LXN.    At  the  point  B, 

in  the  straight  line  CB,  make  the  angle  CBP  equal 

to  the  angle  GHK,  and 

make  BP  equal  to  HK, 

and  join.  CP,  AP.    And 

because  CB  is  equal  to 

GH,  CB,  BP  are  equal  to 

GH,  HK  each  to  each ; 

and  they  contain   equal 

angles;  wherefore  the  base  CP  is  equal  to  the  base  GK, 

that  is  to  LN.  And  in  the  isosceles  triangles  ABC,  MXL, 

because  the  angle  ABC  is  greater  than  the  angle  MXL, 

therefore  the  angle  MLX  at  the  base  is  greater0  than  the  •  5t.  i« 

angle  ACB  at  the  base*  For  the  same  reason,  because  the 

angle  GHK  or  CBP,  is  greater  than  the  angle  LXN,  the 

angle  XLN  is  greater  than  the  angle  BCP :  therefore 

the  whole  angle  MLN  is  greater  than  the  whole  angle 

ACP.    And ,  because  ML,  LN,  are  equal  to  AC,  CJP, 

each  to  each,  but  the  angle  MLN  is  greater  than  the 

angle  ACP,  the  base  MN  is  greater0 

than  the  base  AP:  but  MN  is  equal  to 

DF.;'  therefore  also  DF  is  greater  than 

AP.  Again,  because  DE,  LF  are  equal 

to  AB,  BP,  each  to  each,*  but  the  base 

DF  greater  than  the  base  AP,  the  angle 

DEF  is  greater*  than  the  angle  ABP: 

but    ABP  is  equal  to  the  two  angles 

ABC,  CBP,  that  is,  to  the  two  angles 

ABC,  GHK ;  therefore  the  angle  DEF,  is  greater  than 

the  two  angles  ABC,  GHK :  but  it  is  also  lessf  than  ♦  Hyp. 

these,  which  is  impossible.     Therefore  AB  is  not  less 

than  LX:  and  it  has  been  proved  that  it  is  not  equal 

to  it ;  therefore  AB  is  greater  than  LX. 

From  the  point  X  erect*  XR  at  right  angles  to  the  * ,,u* 
plane  of  the  circle  LMN.     And  because  it  has  been 
proved  in  all  the  cases,  that  AB  is  greater  than  LX, 
find  a  square  equal  to  the  excess  of  the  R 

square  of  AB  above  the  square  of  LX, 
and  make  RX  equal  to  its  side,  and 
join*  RL,  JIM,  RN.  The  solid  angle 
at  R  shall  be  the  angle  required.  JMB^^JiL^Mr 

Because  RX  is  perpendicular  to  the 
plane  of  the  circle  LMN,  it  is*  perpen- 
dicular to  each  of  the  straight  lines  LX, 
MX,  NX.    And  because  LX  is  equal  to  MX,  and 
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,2CR  common,  and. at  right  angles  to  each  of  them,  the 
M.i-  base  RL  is  equal  f  to  the  base  RM*  For  the  same 
reason,  RN  is  equal  to  each  of  the  two  RL,  RM: 
therefore  the  three  straight  lines  RL,  RM,  RN,  are  all 
equal.  And  because  the  square  of  XR  is  equal  to  the 
excess  of  the  square  of  AB  above  the  square  of  LX ; 
therefore  the  square  of  AB  is  equal  to  the  squares  of 

•  47. !.        LX,  XR :  but  the  square  of  RL  is  equal*  tQ  the  same 

squares,  because  LXR  is  a  right  angle;  therefore  the 
square  of  AB  is  equal  to  the  square  of  RL,  and  the 
straight  line  AB  to  RL.  But  each  of  the  straight 
lines  BC,  DE,  EF,  GH,  HK,  is  equal  to  AB,  and  each 
of  the  two  RM,  RN,  is  equal  to  RL;  therefore  AB, 
BC,  DE,  EF,  GH,  HK,  are.  each  of  them  equal  to 
each  of  the  straight  lines  RL,  RM,  RN.  And  because 
RL,  RM,  are  equal  to  AB,  BC,  each  to  each,  and 

•  a.  1.         the  base  LM  to  the  base  AC;  the  angle  LRM Js  equal* 

to  the  angle  ABC.  For,  the  same  reason,  the  angle 
MRN  is  equal  to  the  angle  DEF,  and  NRL  to  GHK. 
Therefore  there  is  made  a  solid  angle  at  R,  which  is 
contained  by  three  plane  angles  LRM,  MRN,  NRL, 
which  are  equal  to  the  three  given  plane  angles  ABC, 
DEF,  GH  K,  each  to  each.     Which  was  to  be  done. 

PROP.  A.    THEOR. 

See  N.  If  each  of  two  solid  angles  be  contained  by  three  plane 
angles,  which  are  equal  to  one  another,  each  to  each; 
the, planes  in  which  the  equal  angles  are,  have  the  same 
inclination  to  one  another. 

Let  there  be  two  solid  angles  at  the  points  A,  B; 
and  let  the  angle  at  A  be  contained  by  the  three  plane 
angles  CAD,  CAE,  EAD ;  and  the  angle  at  B  by  the 
three  plane  angles  FBG,  FBH,  HBG;  of  which  the 
angle  CAD  is  equal  to  the  angle  FBG,  and  CAE  to 
FBH,  and  EAD  to  HBG:  the  planes, in  which  the 
equal  angles  are,  shall  have  the  same  inclination  to  one 
another. 

In  the  straight  line  AC  take  any  point  K,  and  from 

tn.i.        Kf  draw  in  the  plane  CAD  the  straight  line  KD  at 

right  angles  to  AC,  and  in  the  plane  CAE  the  straight 

line  KL  at  right  angles  to  the  same  AC:  therefore  the 

*6Def.n.  angle  DKL  is  the  inclination*  of  the.  plane  CAD  to 

the  plane  CAE.    In  BF  take  BM  equaL  to  AK,  and 
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from  the  point  M  draw  in  the  planes  FBG,  FBH,  the 
straight  lines,  MG,  MN  at  right  angles  to  BF;  there* 
fore  tbe  angle  GMN  is  the  inclina- 
tion* of  the  plane  FBG  to  the  plane  £  f  ••Defiil. 
FBH.  Join  LD,  NG.  And  be- 
cause in  the  triangles  KAD,  MBG, 

the  angles  KAD,  MBG  aref  equal,     7    ^  ^u **     J?  "^  f  HJP- 
as  also  theright angles  AKD,  BMG, 
and  that  the  sides  AK,  BM,  adjacent  to  the  equal  angles, 
are  equal  to  otie  another;  therefore  KD  is  equal*  to  MG,  •  f6. 1. 
and  AD  to  BG:  for  the  same  reason,  in  the  triangles 
,  KAL,  MBN,  KL  is  equal  to  MN,  and  AL  to  BN :  there- 
fore in  the  triangles  LAD,  NBG,  LA,  AD  are  equal  to 
NB,  BG,  each  to  each;  and  they  contain  equal  angles: 
therefore  the  base  LD  is  equal  *  to  the  base  NG*  *  *•  *• 
Lastly,  in  the  triangles  KLD,  MNG,  the  sides  DK, 
KL  are  equal  to  GM,  MN,  each  to  each,  and  the  base 
LD  to  the  base  NG;  therefore  the  angle  DKL  is  equal 
to*  the  angle  GMN :  but  the  angle  DKL  is  the  in-  *  8.  u 
clination  of  the  plane  CAD  to  tbe  plane  CAE,  and  the 
angle  GMN  is  the  inclination  of  the  plane  FBG  to 
the  plane  FBH,  which  planes  have  therefore  the  same 
inclination*  to  one  another.     And  in  the  same  manner  *7Dcf.u. 
it  may  be  demonstrated,  that  the  other  planes  in  which 
the  equal  angles  are,  have  the  same  inclination  to  one 
another.     Therefore,  if  two  solid  angles,  &c.    Q.  &  D. 

PROP.  B.    THEOR. 

If  two  solid  angles  be  contained,  each  by  three  plane  See  N. 
angles  which  are  equal  to  one  another,  each  to  each, 
and  alike  situated;  these  solid  angles  are  equal  to  one 

'    another. 

Let  there  be  two  solid  angles  at  A  and  B,  of  which 
the  solid  angle  at  A  is  contained  by  the  three  plane 
angles  CAD,  CAE,  EAD ;  and  that  at  B,  by  the  three 
plane  angles  FBG,  FBH,  HBG;  of  which  CAD  is 
equal  to  FBG;  CAE  to  FBH;  and  EAD  to  HBG: 
the  solid  angle  at  A  shall  be  equal  to  the  solid  angle 
at  B. 

Let  tbe  solid  angle  at  A  be  applied  to  the  solid  angle 
at  B:  and  first,  the  plane  angle  CAD  being  applied  to  the 
plane  angle  FBG,  so  that  the  point  A  may  coincide 
with  the  point  B,  and  the  straight  line  AC  with  BF; 

o2 
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then  AD  coincides  with  BG,  because 

the  angle  CAD  is  equal  to'  the  angle 

FBG :  and  because  the  inclination  of 

the  plane  CAE  to  the  plane  CAD  is 

equal*  to  the  inclination  of  the  plane 

FBH  to  the  plane  FBG,  the  ,  plane 

CAE  coincides   with    the   plane   FBH,  because   the 

planes  CAD,  FBG  coincide  with  one  another:    and 

because  the  straight  lines  AC,  BF  coincide,  and  that 

the  angle  CAE  is  equal  to  the  angle  FBH ;  therefore 

AE  coincides  with  BH:  and  AD  coincides  with  BG; 

wherefore  the   plane   EAD   coincides  with  the  plane 

HBG :  therefore  the  solid  angle  A  coincides  with  the 

solid  angle  B,  and  consequently  they  are  equal*  to  one 

another,     q.  e.  d. 


*  8  Ax.  1. 


PROP.  C.    THEOR. 

See  N.  Solid  Jigures  which  are  contained  by  the  same  number  of 
equal  and  similar  planes  alike  situated,  and  having 
none  of  their  solid  angles  contained  by  more  than  three 
plane  angles,  are  equal  and  similar  to  one  another. 

Let  AG,  KQ  be  two  solid  figures  contained  by  the 
same  number  of  similar  and  equal  planes,  alike  situated, 
viz.  let  the  plane  AC  be  similar  and  equal  to  the  plane 
KM;  the  plane  AF  to  KP;  BG  to  LQ;  GD  to  QN; 
DE  to  NO;  and,  lastly,  FH  similar  and  equal  to  PR: 
the  solid  figure  AG  shall  be  equal  and  similar  to  the 
solid  figure  KQ. 

Because  the  solid  angle  at  A  is  contained  by  the 
three  plane  angles  BAD,  BAE,  EAD,  which,  by  the 
hypothesis,  are  equal  to  the  plane  angles  LKN,  LKO, 
OKN,  which  contain  the  solid  angle  at  K,  each  to  each; 
*  B,  n.  therefore  the  solid  angle  at  A  is  equal*  to  the  solid 
angle  at  K.  In  the  same  manner,  the  other  solid  angles 
of  the  figures  are  equal  to  one  another.  Let  then  the 
solid  figure  AG  be  applied  to. 
the  solid  figure  KQ :  first,  the 
plane  figure  AC  being  applied 
to  the  plane  figure  KM,  so  that 
the  straight  line  AB  may  coin- 
cide with  KL,  the  figure  AC 
must  coincide  with  the  figure  KM,  because  they  are 
equal  and  similar :  therefore  the  straight  line*  AD,  DC, 
CB,  coincide  with  KN,  NM,  ML,  each  with  each;  and 
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the  points,  A»  D,  C,  B,  with  the  points  K,  N,  M,  L : 
and  the  solid  angle  at  A  coincides   with*   the  solid  *B.  IK 
angle  at  K ;  wherefore  the  plane  AF  coincides  with 
the  plane  KP,  and  the  figure  AF  with  the  figure  KP, 
because  they  are  equal  and   similar  to  one  another: 
therefore  the  straight  lines  AE,  EF,  FB,  coincide  with 
KO,  OP,  PL;  and  the  points  E,  F,  with  the  points 
O,  P.     In  the  same  manner,  the  figure  AH  coincides 
with  the  figure  KR,  and  the  straight  line  DH,  with 
NR,  and  the  point  H  with  the  point  R.    And  because 
the  solid  angle  at  B  is  equal  to  the  solid  angle  at  L,  it 
may  be  proved,  in  the  same  manner,  that  the  figure 
BG  coincides  with  the  figure  LQ,  and  the  straight  line 
CG  with  MQ,    and  the  point  G  with  the  point   Q. 
Therefore  since  all  the  planes  and  sides  of  the  solid 
figure  AG  coincide  with  the  planes  and  sides  of  the  so- 
lid figure  KQ,  AG  is  equal  and  similar  to  KQ.     And 
in  the  same  manner,  any  other  solid  figures  whatever 
contained  by  the  same  number  of  equal   and  similar 
planes,  alike  situated,  and  having  none  of  their  solid 
angles  contained  by  more  than  three  plane  angles,  may 
be  proved  to  be  equal   and   similar  to  one  another. 
$.  E.  d. 

PROP.  XXIV.  THEOR. 

If  a  solid  be  contained  by  six  planes,  two  and  two  of  See  N. 
which  are  parallel;   the  opposite  planes  are  similar 
and  equal  parallelograms. 

Let  the  solid  CDGH  be  contained  by  the  parallel 
planes  AC,  GF;  BG,  CE;  FB,  AE:  its  opposite 
planes  shall  be  similar  and  equal  parallelograms. 

Because  the  two  parallel  planes  BG,*CE,  are  cut  by 
the  plane  AC,  their  common  sections  AB,  CD#,  are  •ia.ii. 
parallel :   again,  because  the  two  parallel  planes  BF, 
AE  are  cut  by  the  plane  AC,  their  common  sections 
AD,  BC*  are  parallel:   and   AB  is  parallel  to  CD;  •is.it. 
therefore  AC  is  a  parallelogram.     In  like  manner,   it 
may  be  proved  that  each  of  the  figures 
CE,  FG,  GB,  BF,  AE,  is  a  parallelo- 
gram.   Join    AH,    DF ;   and    because 
AB  is  parallel  to  DC,  and  BH  to  CF; 
the  two  straight  lines  AB,  BH,  which 
meet  one  another,  are  parallel  to  DC 
and  CF,  which  meet  one  another,  and  are  not  in  the 
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same  plan^  with  the  other  two:  wherefore  they  con* 

*  10. a,      tain*  equal  angles;  therefore  the  angle  ABH  is  equal 

to  the  angle  DCF :  and  because  AB,  BH,  are  equal  to 

DC,  CF,  each  to  each,  and  the  angle  ABH  equal  to 

•4.1.  the  angle  DCF;  therefore  the  base  AH  is  equal*  to 

the  base  DF,  and  the  triangle  ABH  to  the  triangle 

*34.i.        DCF:   but  the  parallelogram  BG  is  double*  of  the 

triangle    ABH,   and    the  parallelogram   CE  double 

of  the  triangle  DCF ;   therefore  the  parallelogram  BG 

is  equal  and  similar  to  the  parallelogram  CE.     In  the 

same  manner  it  may  be  proved,  that  the  parallelogram 

AC  is  equal  and  similar  to  the  parallelogram  GF,  and 

the  parallelogram  AE  to  BF.     Therefore,  if  a  solid, 

&c.     Q.  E.  D. 

PROP.  XXV.    J HEOR. 

See  N.  If  a  solid  parallelopiped  be  cut  by  a  plane  parallel  to  two 
of  its  opposite  planes ;  it  divides  the  whole  into  two  so- 
lids, the  base  of  one  of  which  shall  be  to  the  base  of  the 
other )  as  the  one  solid  is  to  the  other. 

Let  the  solid  parallelopiped  ABCD  be  cut  by  the 
plane  EV,  which  is  parallel  to  the  opposite  planes  AR, 
HD,  and  divides  the  whole  into  the  two  solids  ABFV, 
EG  CD :  as  the  base  AEFY  of  the  first  is  to  the  base 
EHCF  of  the  other,  so  shall  the  solid  ABFV  be  to 
the  solid  EGCD. 

Produce  AH  both  ways,  and  take  any  number  of 
straight  lines  HM,  MN,  each  equal  to  EH,  and  any 
number  AK,  KL,  each  equal  to  EA,  and  complete  the 
parallelograms  LO,  KY,  HQ,  MS,  and  the  solids 
LP,  KR,  HU,  MT.  Then,  because  the  straight  lines 
LK,  KA,  AE,  are  all  equal, 
the  parallelograms  LO,  KY,     X  B   a        I 

•36.1.        AF,   are*   equal-  and  like-       fa  IN^l^^P^^T 
wise  the  parallelograms  KXf     ^ 

•  24.  n.       KB,  AG :   also*  the  paral- 

lelograms LZ,  KP,  AR,  are 

equal,  because  they  are  opposite  planes :  for.  the  same 

•  36.  i.        reason,  the  parallelograms  EC,  HQ,  MS,  are  equal*, 

•  24,  n.      and  the  parallelograms  HG,  HI,  IN :  as  also*  HD, 

MU,  NT:  therefore  three  planes  of  the  solid  LP  are 
equal  and  similar  to  three  planes  of  the  solid  KR,  as 
also  to  three  planes  of  the  solid  AY :   but  the  three 

•  24.  ti.     planes  opposite  ftp  these  three  are  equal  and  similar* 
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to  them  in  the  several  solids,  and  none  of  their  solid 
angles  are  contained  by  more  than  three  plane  angles; 
therefore  the  three  solids  LP,  KR,  AV  are  equal  *  to  *  C.  11. 
one  another :  for  the  same  reason  the  three  solid*  ED, 
HU,  MT,  are  equal  to  one  another:  therefore  what 
multiple  soever  the  base  LF  is  of  the  base  AF,  the 
same  multiple  is  the  solid  LV  of  the  solid  AV;   and 
whatever   multiple  the  base  NF  is  of  the  base  HF,  the 
same  multiple  is  the  solid  N V  of  the  solid  ED :  and  if 
the  base  LF  be  equal  to  the  base  NF,  the  solid  LV  is 
equal*  to  the  solid  NV;   and  if  the  base  LF  be  greater  *  c-  u* 
than  the  base  NF,  the  solid  LV  is  greater  than  the  so* 
lid  N  V ;  and  if  less,  less.     Since  then  there  are  four 
magnitudes,   viz.,    the  two 
bases  AF,  FH,  and  the  two      X  k   a 

solids  AV,  ED ;  and  that  of 
the  base  AF  and  solid  AV, 
the  base  LF  and  solid  LV 
are  any  equimultiples  what- 
ever ;  and  of  the  base  FH  and  solid  ED,  the  base  FN 
and  solid  NV  are  any  equimultiples  whatever;  and 
since  it  has  been  proved,  that  if  the  base  LF  is  greater 
than  the  base  FN  the  solid  LV  is  greater  than  the  so* 
lid  NV ;  and  if  equal,  equal ;  and  if  less,  less ;  there- 
fore* as  the  base  AF  is  to  the  base  FH,  so  is  the  solid  *  *  Def-  *• 
A  V  to  the  solid  ED.  Wherefore,  if  a  solid,  &c.  Q.  e.  d. 

PROP.  XXVI.    PROB. 

At  a  given  point  in  a  given  straight  line9  to  make  a  solid  See  K. 
angle  equal  to  a  given  solid  angle  contained  by  three 
plane  angles. 

Let  AB  be  a  given  straight  line,  A  a  given  point  in 
it,  and  D  a  given  solid  angle  contained  by  the  three 
plane  angles  EDC,  EDF,  FDC:  it  is  required  to  make 
at  the  point  A  in  the  straight  line  AB  a  solid  angle 
equal  to  the  solid  angle  D. 

In  the  straight  line   DF  take  any  point  F,   from 
which  draw  *   FO  perpendicular  to  the  plane  EDC,  *  "•  u. 
meeting  •that  plane  in  G,  and  join  DG:  at  the  point 
A,  in  the  straight  line  AB,   make*  the  angle  BAL  *<&*• 
equal  to  the  angle  EDC,  and  in  the  plane  BAL  make 
the  angle  BAK  equal  to  the  angle  EDG ;   then  make 
AK  equal  to  DG,  and  from  the  point  K  erect*  KH  at  •«•  n. 
right  angles  to  the  plane  BAL,  and  make  KH  equal 
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to  GF,  and  join  AH.  The  solid  angle  at  A  which  is 
contained  by  the  three  plane  angles  BAL,  BAH, 
HAL,  shall  be  equal  to  the  solid  angle  at  D  contained 
by  the  three  plane  angles  EDC,  EDF,  FDC. 

Take  the  equal  straight  lines  AB,  DE,  and  join  HB, 
KB,  FE,  GE.  And  because  FG  is  perpendicular  to 
•3Dcf.ii.  the  plane  EDC,  it  makes  right  angles*  with  every 
straight  line  meeting  it  in  that  plane:  therefore  each  of 
the  angles  FGD,  FGE  is  a  right  angle.  For  the  same 
reason  HKA,  HKB,  are  right  angles.  And  because 
KA,  AB  are  equal  to  GD,  DE,  each  to  each,  and  that 
they  contain  equal  angles,  therefore  the  base  BK  is 

*c  t"tr      e^ua'*  to  ^e  kase  EG;   and  KH  is  equalf  to   GF, 

f    on8  *     and  HKB,  FGE  are  right  angles,  therefore  HB    is 

**•*•  equal*  to  FE.  Again,  because  AK,  KH,  are  equal 
to  DG,  GF,  each  to  each,  and  contain  right  angles, 
the  base  AH  is  equal  to  the  base  DF ;  and  AB  is 
equal  to  DE;  therefore,  HA,  AB,  areeiqual  to  FD,  DE, 
each  to  each ;   and  the  base  HB  is  equal  to  the  base 

*8.  l.  FE;  therefore  the  angle  BAH  is  equal*  to  the  angle 

EDF.  For  the  same  reason  the  angle  HAL  is  equal 
to  the  angle  FDC :  because  if  AL  and  DC  be  made 
equal,  and  KL,  HL,  GC,  FC,  be  joined;  since  the 
whole  angle  BAL  is  equal  to  the  whole  EDC,  and  the 
parts  of  them  BAK,  EDG  are,  by  the  construction, 
equal ;  therefore  the  remaining  angle  KAL  is  equal  to 
the  remaining  angle  GDC :  and  because  KA,  AL  are 
equal  to  GD,  DC,  each  to  each,  and  contain   equal 

•4.  i.  angles,  the  base  KL  is  equal*  to  the  base  GC;  and 
KH  is  equal  to  GF;   so  that  LK,  KH  are  equal  to 

f 3 Def, ii.  CG,  GF,  each  to  each;  and  they  contain  rightf 
angles ;  therefore  the  base  HL  is 

14.1,  equalf  to  the  base   FC:   again, 

because  HA,  AL  are  equal  to 
FD,  DC,  each  to  each,  and  the 
base   HL    to  the  base  FC,  the 

•  B.*.         angle  HAL  is  equal*  to  the  angle 

FDC.  Therefore,  because  the 
three  plane  angles  BAL,  BAH,  HAL,  which  contain 
the  solid  angle  at  A,  are  equal  to  the  three  plane  angles 
EDC,  EDF,  FDC,  which  contain  the  solid  angle  at 
D,  each  to  each,  and  are  situated  in  the  same  order, 

*  B.  n.      the  solid  angle  at  A  is  equal  *  to  the  solid  angle  at  D. 

Therefore  at  a  given  point  in  a  given  straight  line  a 
•olid  angle  has  been  made  equal  to  a  given  solid  angle 
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contained  by  three  plane  angles.     Which  was  to  be 
done. 

PROP.  XXVII.    THEOR. 

To  describe  from  a  given  straight  line  a  solid  paralldo*  See  N- 
piped  similar  and  similarly  situated  to  one  given. 

Let  AB  be  the  given  straight  line,  and  CD  the  given 
solid  parallelopiped.  It  is  required  from  AB  to  de- 
scribe a  solid  parallelopiped  similar  and  similarly  situ- 
ated to  CD. 

At  the  point  A  of  the  given  straight  line  AB  make*  *  **•  u. 
a  solid  angle  equal  to  the  solid  angle  at  C,  and  let 
BAK,  KAH,  HAB,  be  the  three  plane  angles  which 
contain  it,  so  that  BAK  be  eqnal  to  the  angle  ECG, 
and  KAH  to  GCF,  and  HAB  to  FCE :  and  as  EC 
to  CG,  so  make*  BA  to  AK;  and  as  GC  to  CF,  so  *. un- 
make *  K A  to  AH ;  wherefore,  ex  eeqoali  *,  as  EC  to  *  **• 6* 
CF,  so  is  BA  to  AH :  complete  toe  parallelogram  •  **•  5. 
BH,  and   the  solid  AL:  AL  shall   be  similar  and 
similarly  situated  to  CD. 

Because,  as  EC  to  GC,  so  BA  to  AK,  the  sides 
about  the  equal  angles  ECG,  BAK,  are  proportionals; 
therefore  the  parallelogram  BK  is  similar  f  to  EG.  fiDef.6. 
For  the  same  reason  the  parallelogram  KH  is  similar 
to  GF,  and  HB  to  FE:  wherefore  three  parallelo- 
grams of  the  solid  AL  are  similar  to  three  of  the  solid 
CD:  and   the   three   opposite 

ones  in  each  solid  are  equal*  t  **4. 11. 

and  similar  to  these,  each  to 
each.  Also,  because  the  plane 
singles  which  contain  the  solid 
angles  of  the  figures  are  equal, 
each  to  each,  and   situated  in 

the  same  order,  the  solid  angles  are  equal  *,  each  to  *  b.  h. 
each*     Therefore  the  solid  AL  is  similar*  to  the  solid  •  n  Def. 
CD.     Wherefore  from  a  given  straight  line  AB  a  solid  "• 
parallelopiped   AL   has  been   described  similar  and 
similarly  situated  to  the  given  one  CD.    Which  was  to 
be  done, 

I<ROP.  XXVIII.    THEOR. 

If  a  solid  parallelopiped  bead  by  a  plane  pasting  through  See  N. 
the  diagonals  cf  two  of  the  opposite  planes  s  it  shall  be 
cut  into  too  equal  parts. 
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Let  AB  be  a  solid  parallelopiped,  and  DE,  CF,  the 
diagonals  of  the  opposite  parallelograms  AH,  GB9  viz. 
those  which  are  drawn  betwixt  the  equal  angles  in 
each :  and  because  CD,  FE,  are  each  of  them  parallel 
to  GA,  and  not  in  the  same  plane  with  it,  CD,  FE, 
•9.11.  are*  parallel;  wherefore  the  diagonals 
CF,  DE,  are  in  the  plane  in  which  the 

•  16.  it.     parallels  are,  and  are  themselves  *  pa- 

rallels :  and  the  plane  CDEF  shall  cut 
the  solid  AB  into  two  equal  parts. 

•  34.  l.  Because  the  triangle  CGF  is  equal  * 

to  the  triangle  CBF,  and   the  triangle 

DAE  to  DHE;  and  that  the  parallelogram  CA  is 

*t4.  n.  equal*  and  similar  to  the  opposite  one  BE,  and  the 
parallelogram  GE  to  CH;  therefore  the  prism  con- 
tained by  the  two  triangles  CGF,  DAE,  and  the  three 

•C.ii.  parallelograms,  CA,  GE,  EC,  is  equal*  to  the  prism 
contained  by  the  two  triangles  CBF,  DHE,  and  the 
three  parallelograms  BE,  CH,  EC ;  because  they  are 
contained  by  the  same  number  of  equal  and  similar 
planes,  alike  situated,  and  none  of  their  solid  angles  are 
contained  by  more  than  three  plane  angles.  There- 
fore the  solid  AB  is  cut  into  two  equal  parts  by  the 
plane  CDEF.    q.  je.  d. 

*  N.  B.  The  insisting  straight  lines  of  a  parallelopiped ,  mentioned 
*  in  the  next  and  some  following  propositions,  are  the  sides  of  the 
'  parallelograms  betwixt  the  base  and  the  opposite  plane  parallel 
4  to  it/ 

PROP.  XXIX.    THEOR. 

SeeN.        Solid  parallelepipeds  upon  the  same  base,  and  of  the 
same  altitude,  the  insisting  straight  lines  of  which  are 
terminated  in  the  same  straight  lines  in  the  plane, 
opposite  to  the  base,  are  equal  to  one  another. 

Let  the  solid  parallelopipeds,  AH,  AK,  be  upon  the 
same  base  AB,  and  of  the  same  altitude,  and  let  their 
insisting  straight  lines  AF,  AG,  LM,  LN,  be  termi- 
nated in  the  same  straight  line  FN,  and  CD,  CE,  BH, 
BK,  be  terminated  in  the  same  straight  line  DK :  the 
solid  AH  shall  be  equal  to  the  solid  AK. 

First,  let  the  parallelograms  DG,  HN,  which  are 
opposite  to  the  base  AB,  have  a  common  side  HG, 
Xhen,  because  the  solid  AH  is  cut  by  the  plane 
AGHC  passing  through  the  diagonals,  AG,  CH,  of 
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the  opposite  planes  ALGF,  CBHD,  AH  U  cut  into 
two  equal  parte  *  by  the  plane  AGHC ;  therefore  the  +**•  u. 
solid  AH  is  double  of  the  pf  ism  which 
is  contained    betwixt   the   triangles 
ALG,  CBH:  for  the  same  reason, 
because  the  solid  AK  is  cut  by  the 
plane  LGHB,  through   the  diago- 
nals LG,  BH  of  the  opposite  planes 
ALNG,  CBKH,  the  solid  AK  is  double  of  the  same 
prism  which  is  contained  betwixt  the  triangles  ALG, 
CBH :  therefore  the  solid  AH  is  equal  f  to  the  solid  1 6  Ax. 
AK. 

Next,  let  the  parallelograms  DM,  EN,  opposite  to  the 
base,  have  no  common  side.     Then,  because  CH,  CK, 
are  parallelograms,  CB  is  equal*  to  each  of  the  opposite 
sides  DU,  EK;  wherefore  DH  is  equal  to  EK:  add, 
or.  take   away   the 
common  part  HE; 
then  DE  is  equal  f 
to  HK:  wherefore 
also    the    triangle 
CDE  is  equal*  to 
the  triangle  BHK, 


•34.1. 


fforSAs. 


•38.1. 


•36.1. 


•t4.lt. 


arid  the  parallelogram  DG  is  equal*  to  the  paral- 
lelogram HN  :  for  the  same  reason,  the  triangle 
AFG  is  equal  to  the  triangle  LMN:  and  the  pa* 
rallelogram  CF  is  equal  *  to  the  parallelogram  BM,  and 
CG  to  BN;  for  they  are  opposite*  Therefore  the  prism 
which  is  contained  by  the  two  triangles  AFG,  CDE,  and 
the  three  parallelograms,  AD,  DG,  GC,  is  equal  *  to  the  •  c*  "• 
prism  contained  by  the  two  triangles  LMN,  BHK,  and  . 
the  three  parallelograms,  BM,  MK,  KL.  If  therefore 
the  prism  LMN,  BH  K,  be  taken  from  the  solid  of  which 
the  base  is  the  parallelogram  AB,  and  in  which  FDKN 
is  the  one  opposite  to  it ;  and  if  from  this  same  solid 
there  be  taken  the  prism  AFG,  CDE ;  the  remaining 
solid,  viz.  the  parallelopiped  AH,  is  equal  f  to  the  re-  1 3  Ax. 
mainiug  parallelopiped  AK.  Therefore  solid  parallel- 
opipeds,  &c.     Q.  E.  D. 

PROP.  XXX.    THEOR. 

Solid  parallelopipeds  upon  the  same  base,  and  of  the  same  Ses  N. 
altitude,  the  insisting  straight  lines  of  which  are  not 
terminated  in  the  same  straight  line$  in  the  plane  op- 
posite to  the  base,  are  equal  to  one  another. 
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«9.  11. 


SwN. 


WK 


Let  the  parallelopipeds  CM,  CN,  be  upon  the  same 
base  AB,  and  of  the  same  altitude,  but  their  insisting 
straight  lines  AF,  AG,  LM,  LN,  CD,  CE,  BH,  BK 
not  terminated  in  the  same  straight  lines :  the  solids 
CM,  CN  shall  be  equal  to  one  another. 

Produce  FD,  MH,  and  NG*'  KE,  and  let  them 
meet  one  another  in  the  points 
O,  P,  Q,  R;  and  join  AO,  LP, 
BQ,  CR.  And  because  the 
plane  LBHM  is  parallel  to  the 
opposite  plane  A  CDF,  and  that 
the  plane  LBHM  is  thatin  which 
are  the  parallels  LB,  MHPQ, 
in  which  also  is  the  figure  BLPQ; 
and  the  plane  ACDF  is  that  in 
which  are  the  parallels  AC,  FDOR,  in  which  also 
js  the  figure  CAOR;  therefore  the  figures  BLPQ, 
CAOR,  are  in  parallel  planes:  in  like  manner,  because 
the  plane  ALNG  is  parallel  to  the  opposite  plane 
CBKE,  and  that  the  plane  ALNG  is  that  in  which 
are  the  parallels  AL,  OPGN,  in  which  also  is  the 
figure  ALPO ;  and  the  plane  CBKE  is  that  in  which 
are  the  parallels  CB,  RQEK,  in  which  also  is  the 
figure  CBQR ;  therefore  the  figures  ALPO,  CBQR, 
are  in  parallel  planes :  and  the  planes  ACBL,  ORPQ, 
aref  parallel;  therefore  the  solid  CP  is  a  parallelopiped: 
but  the  solid  CM  is  equal  *  to  the  solid  CP,  because  they 
are  upon  the  same  base  ACBL, 
and  their  insisting  straight  lines 
AF,  AO,  CD,  CR;  LM,  LP, 
BH,  BQ,  are  in  the  same 
straight  lines  FR*  MQ:  and  the 
solid  CP  is  equal*  to  the  solid 
CN,  for  they  are  upon  the  same 
base  ACBL,  and  their  insisting 
straight  lines  AO*  AG,  LP, 
LN ;  CR,  CE,  BQ,  BK  are  in  the  same  straight  lines 
ON,  RK :  therefore  the  solid  CM  is  equal  to  the  solid 
CN.     Wherefore  solid  parallelopipeds,  &c«    Q*  E*  V. 

PROP.  XXXI    THEOR. 

Solid  parallelopipeds,  which  are  upon  equal  bases,  and  of 
the  same  altitude,  are  equal  to  (Me  another* 

Let  the  solid  parallelopipeds  AE,  CF,  be  upon  equal 
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bases  AB,  CD,  and  be  of  the  same  altitude :  the  aolid 
AE  shall  be  equal  to  the  solid  CF. 

First,  let  the  insisting  straight  lines  be  at  right  angles 
to  the  bases  AB,  CD,  and  let  the  bases  be  placed  in  the 
same  plane,  and  so  that  the  sides  CL,  LB  may  be  ip  a 
straight  line;  therefore  the  straight  line  LM,  which  is 
at  right  angles  to  the  plane  in  which  th*  bases  are,  in 
the  point  L,  is  common*  to  the  two  solids  AE,  CF  i  *  i&  11. 
let  the  other  insisting  lines  of  the  solids  be  AG,  HK, 
BE ;  DF,  OP,  CN :  and  6rat,  let  the  angle  ALB  be 
equal  to  the  angle  CLD :  then  AL,  LD  are  in  a  straight 
line*.     Produce  OD,  HB,  and  let  tbem  meet  in  Q,  *  "•  1. 
and  complete  the  solid  parallelopiped  LR,  the  base  of 
which  is  the  parallelogram  LQ,  and  of  which  LM  is 
one  of  its  insisting  straight  lines.  Therefore,  because  tbe 
parallelogram  AB  is  equal  to  CD,  as  the  base  AB  is  to 
the  base XQ,  so  is*  the  base  CD  to  the  base  LQ.    And  *  7*  *• 
because  the  solid  parallelopiped  AR  is  cut  by  the  plane 
LMEB,  which  is  parallel  to  tbe  opposite  planes  AK# 
DR ;  as  the  base  AB  is  to  the  base  LQ,  so  is*  the  solid  *  **•  "• 
AE  to  the  solid  Lit:    for   the 
same  reason,  because  the  solid 
parallelopiped  CR  is  cut  by  the 
plane  LMFD,  which  is  parallel 
to  the  opposite  planes,  CP,  BR ; 
as  the  base  CD  to  the  base  LQ, 
so  is  the  solid  CF  to  the  solid 
LR :  but  as  the  base  AB  to  the  base  LQ,  so  the  base 
CD  tp  the  base  LQ,  as  before  was  proved ;  therefore, 
as  the  solid  AE  to  the  aolid  LRf,  so  is  the  solid  CF  to  1 11. 5. 
the  solid  LR :  and  therefore  the  solid  AS  is  equal*  to  •  *  *• 
the  solid  CF. 

But  let  the  solid  parallelepipeds  SE,  CF,  be  upon 
equal  bases  SB,  CD,  and  be  of  the  same  altitude,  and 
let  their  insisting  straight  lines  be  at  right  angles  to  the 
bases ;  and  place  the  bases  SB,  CD  in  the  same  plane, 
so  that  CL,  LB  may  be  in  a  straight  line ;  and  letthe 
angles  SLB,  CLD  be  unequal :  the  solid  SE  shall  be 
equal  to  tbe  solid  CF.  Produce  DL,  TS  until  they 
meet  in  A,  and  from  B  draw  BH  parallel  to  DA;  and 
let  HB,  OD  produced  meet  in  Q,  and  complete  the 
solids  AE,  LR:  therefore  the  solid  AE  is  equal*  to 
the  solid  SE;  because  they  are  upon  the  same  base  LE, 
and  of  the  same  altitude,  and  their  insisting  straight  lines, 
viz.  LA,  LS,  BH,  BT ;  MG,  MV,  EK,  EX,  are  in 
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the  same  straight  lines  AT,  GX:    and   because   the 

parallelogram  AB  is  equal*  to  SB,  for  they  are  upon 

the  same  base  LB,  and  between  the  same  parallels  LB, 

AT;   and  that  the  base  SB  is 

equal  to  the  base  CD ;  therefore 

the  base  AB  is  equal  to  the  base 

CD;  and  the  angle  ALB  is  equal 

to  the  angle  CLD;  therefore,  by 

the  first  case,  the  solid  AE  is 

equal  to  the  solid  CF :  but  the 

solid  AE  is  equal  to  the  solid  SE,  as  was  demonstrated; 

therefore  the  solid  SE  is  equal  to  the  solid  CF. 

But  if  the  insisting  straight  lines  AG,  HK,  BE,  LM; 
CN,  RS,  DF,  OP  be  not  at  right  angles  to  the  bases 
AB,  CD;  in  this  case  likewise  the  solid  AE  shall  be 
equal  to  the  solid  CF.  From  the  points  G,  K,  E,  M; 
N,  S,  F,  P,  draw  the  straight  lines  GQ,  KT,  EV, 
MX;  NY,  SZ,  FI,  PU,  perpendicular*  to  the  planes 
in  which  are  the  bases  AB,  CD ;  and  let  them  meet 
them  in  the  points  Q,  T,  V,  X ;  Y,  Z,  I,  U ;  and  join 
QT,  TV,  VX,  XQ ;  YZ,  ZI,  IU,  UY.  Then,  be- 
cause GQ,  KT,  are  at  right  angles  to  the  same  plane 
they  are  parallel* 

to    one    another :  M   E  P      F 

and  MG,  EK  are 
parallels;  therefore 
the  planes  MQ, 
ET,  of  which  one 
passes  through  MG,  GQ,  and  the  other  through  EK, 
KT,  which  are  parallel  to  MG,  GQ,  and  not  in  the 
same  plane  with  them,  are  parallel*  to  one  another : 
for  the  same  reason,  the  planes  MV,  GT  are  parallel 
to  one  another :  therefore  the  solid  QE  is  a  parallel- 
opiped.  In  like  manner,  it  may  be  proved,  that  thfe 
solid  YF  is  a  parallelopiped.  But  from  what  has  been 
demonstrated,  the  solid  EQ  is  equal  to  the  solid  FY, 
because  they  are  upon  equal  bases  MK,  PS,  and  of  the 
same  altitude,  and  have  their  insisting  straight'  lines  at 
right  angles  to  the  bases :  and  the  solid  EQ  is  equal* 
to  the  solid  AE,  and  the  solid  FY  to  the  solid  CF,  be- 
cause they  are  upon  the  same  bases  and  of  the  same 
altitude ;  therefore  the  solid  AE  is  equal  to  the  solid 
CF.     Wherefore,  solid  parallelopipeds,  &c.     Q.  E.  z>. 
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PROP.  XXXII.    THEOR. 

Solid  parallelepipeds  which  have  the  same  altitude,  are  io  *••  N. 

one  another  as  their  bases. 

Let  AB,  CD  be  solid  parallelepipeds  of  the  same 
altitude :  they  shall  be  to  one  another  as  their  bases ; 
that  is,  as  the  base  AE  to  the  base  CF,  so  shall  the 
solid  AB  be  to  the  solid  CD. 

To  the  straight  line.  FG  apply  the  parallelogram  FH 
equal*  to  AE,  so  that  the  angle  FGH  may  be  eaual  •  Cor. 45.1. 
to  the  angle  LCG ;  and  upon  the  base  FH  complete 
the  solid  parallelopiped  GK,  one  of  whose  insisting 
lines  is  FD,  whereby  the  solids  CD,  GK  must  be  of 
the  same  altitude :  therefore  the  solid  AB  is  equal*  to  *  31. 11. 
the  solid  GK,  because  they  are  upon  equal  bases  AE, 
FH,  and  are  of  the  same  alti- 
tude:   and   because  the  solid 
parallelopiped   CK  is  cut  by 
the  plane  DG, [which  is  parallel 
to  its  opposite  planes,  the  base 

HF  is*vto  the  base  FC,  as  the  —  *-  ~  **  *"  •  ts.  11. 
solid  HD  to  the  solid  DC :  but  the  base  HF  is  equal 
to  the  base  AE,  and  the  solid  GK  to  the  solid  AB ; 
therefore  as  the  base  AE  to  the  base  CF,  so  is  the  solid 
A  B  to  the  solid  CD.  Wherefore,  solid  parallelopi- 
peds,  &c.     Q.  E.  D. 

Cor.  From  this  it  is  manifest,  that  prisms  upon  tri- 
angular bases,  of  the  same  altitude,  are  to  one  another 
as  their  bases. 

Let  the  prisms,  the  bases  of  which  are  the  triangles 
AEM,  CFG,  and  NBO,  PDQ  the  triangles  opposite 
to  them,  have  the  same  altitude :  they  shall  be  to  one 
another  as  their  bases.  Complete  the  parallelograms 
AE,  CF,  and  the  solid  parallelopipeds  AB,  CD,  in  the 
first  of  which  let  MO,  and  in  the  other  let  GQ  be  one 
of  the  insisting  lines.  And  because  the  solid  paralklo* 
pipeds  AB,  CD  have  the  same  altitude,  they  are  to 
one  another  as  the  base  AE  is  to  the  base  CF :  where- 
fore the  prisms,  which  are  their*  halves,  are  to  one  •ss.  xu 
another,  as  the  base  AE  to  the  base  CF ;  that  is,  as 
the  triangle  AEM  to  the  triangle  CFG. 
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PROP.  XXXIIL    THEOR. 

Similar  solid  parallelepipeds  are  one  to  another  in  the 
triplicate  ratio  of  their  homologous  sides. 

Let  AB,  CD  be  similar  solid  parallelopipeds,  and 
the  side  AE  homologous  to  the  side  CF:  the  solid  AB 
shall  have  to  the  solid  CD  the  triplicate  ratio  of  that ' 
which  AE  has  to  CF. 

Produce  AE,  GE,  HE,  and  in  these  produced  take 
EK  equal  to  CF,  EL  equal  to  FN,  and  EM  equal  to 
FR;  and  complete  the  parallelogram  KL,  and  the  solid 
KO.     Because  KE»  EL  are  equal  to  CF,  FN  each  to 
each,  and  the  angle  KEL  equal  to  the  angle  CFN,  be* 
cause  it  is  equal  to  the  angle  AEG,  which  is  equal  toCFN, 
by  reason  that  the  solids  AB,  CD  are  similar ;  there- 
fore the  parallelogram  KL  is  similar  and  equal  to  the 
parallelogram  CN.     For  the  same  reason  the  parallelo- 
gram MK  is  similar  and  equal  to  CR,  and  also  OE  to 
FD.     Therefore  three  parallelo* 
grams,  of  the  solid  KO  are  equal 
and   similar  to  three   parallelo- 
grams of  the  solid  CD :  and  the 
three  opposite  ones  in  each  solid 
are  equal*  and  similar  to  these : 
therefore  the  solid  KO  is  equal* 
and    similar   to  the  solid   CD, 
Complete  the  parallelogram  GK ;  and  upon  the  bases 
GK,  KL,  complete  the  solids  EX,  L'P,  so  that  EH  be 
an  insisting  straight  line  in  each  of  them,  whereby  they 
must  be  of  the  same  altitude  with  the  solid  AB.  And  be- 
cause the  solids  AB,  CD  are  similar,  and,  by  permuta- 
tion, as  AE  is  to  CF,  so  is  EG  to  FN,  and  so  is  EH  to 
FR :  but  FC  is  equal  to  EK,  and  FN  to  EL,  and  FR 
to  EM;  therefore,  as  AE  to  EK,  so  is  EG  to  EL,  and 
so  is  HE  to  EM :    but  as  AE  to  EK,  so*  is  the  paral- 
lelogram AG  to  the  parallelogram  GK ;  and  as  GE  to 
EL,  so  is*  GK  to  KL;  and  as  HE  to  EM,  so*  is 
PE  to  KM :  therefore  as  the  parallelogram  AG  to  the 
parallelogram  GK,  so  is  GK  to  KL,  and  PE  to  KM: 
but  as  AG  to  GK,  so  is*  the  solid  AB  to  the  solid 
EX ;  and  as  GK  to  KL,  so*  is  the  solid  EX  to  the 
solid  PL ;  and  as  PE  to  KM,  so*  is  the  solid  PL  to 
the  solid  KO :  and  therefore  as  the  solid  AB  to  the 
solid  EX,  so  is  EX  to  PL,  and  PL  to  KO :  but  if 
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four  magnitudes  be  continued  proportionals,  the  first  is 
said  to  have  to  the  fourth  the  triplicate  f  ratio  of  fiiDef.5. 
which  it  has  to  the  second ;  therefore  the  solid  AB  has 
to  the  solid  KO,  the.  triplicate  ratio  of  that  which  AB 
has  to  EX :  but  as  AB  is  to  EX,  so  is  the  parallel- 
ogram AG  to  the  parallelogram  GK,  and  the  straight 
line  AE  to  the  straight  line  £K ;  wherefore  the  solid 
AB  has  to  the  solid  KO,  the  triplicate  ratio  of  that 
which  AE  has  to  EK :  but  the  solid  KO  is  equal  to 
the  solid  CD,  and  the  straight  line  EK  is  equal  to  the 
straight  line  CF ;  therefore  the  solid  AB  has  to  the  so- 
lid CD  the  triplicate  ratio  of  that  which  the  side  AE 
has  to  the  homologous  side  CF.  Therefore,  similar 
solid  parallelopipeds,  &c.     Q.  E.  D. 

Cor.  From  this  it  is  manifest,  that,  if  four  straight 
lines  be  continual  proportionals,  as  the  first  is  to  the 
fourth,  so  is  the  solid  parallelopiped  described  from  the 
first  to  the  similar  solid  similarly  described  from  the 
second ;  because  the  first  straight  line  has  to  the  fourth  * 
the  triplicate  ratio  of  that  which  it  has  to  the  second. 

PROP.  D.    THEOR. 

Solid  parallelopipeds  which  are  contained  by  parallels  8m  N. 
grams  equiangular  to  one  another,  each  to  each,  that  is, 
of  which  the  solid  angles  are  equal*  each  to  each,  have 
to  one  another  the  ratio  which  is  the  same  with  the  ra- 
tio compounded  of  the  ratios  of  their  sides. 

Let  AB,  CD  be  solid  parallelopipeds,  of  which  AB 
is  contained  by  the  parallelograms  AE,  AF,  AG  which 
are  equiangular,  each  to  each,  to  the  parallelograms 
CH,  CK,  CL,  which  contain  the  solid  CD.  The  ratio 
which  the  solid  AB  has  to  the  solid  CD,  shall  be  the 
same- with  that  which  is  compounded  of  the  ratios  of  the 
sides  AM  to  DL,  AN  to  DK,  and  AO  to  DH. 

Produce  MA,  NA,  OA  to  P,  Q,  R,  so  that  AP  be 
equal  to  DL,  AQ  to  DK,  and  AR  to  DH ;  and  com- 
plete the  solid  parallelopiped  AX  contained  by  the  pa- 
rallelograms AS,  AT,  AV  similar  and  equal  to  CH, 
CK,  CL,  each  to  each.  Therefore  the  solid  AX  is 
equal  *  to  the  solid  CD.  Complete  likewise  the  solid  *  c« 1U 
AY,  the  base  of  which  is  AS,  and  AO  one  of  its  in- 
sisting straight  lines.  Take  any  straight  line  a,  and  as 
MA  to  AP,  so  makef  a  to  b ;  and  as  NA  to  AQ,  so  f  is.  6, 
make  b  to  c ;  and  as  AO  to  AR,  so  c  to  d.     Then,  be* 
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cause  tbe  parallelogram  AE  is  equiangular  to  AS,  AS 
is  to  AS,  as  the  straight  line  a  to  c,  as  is  demonstrated 
in  the  23d  Prop.  Book  VI. :  and  the  solid*  AB,  AY, 
being  betwixt  the  parallel  planes  BOY,  EAS,  are  of 
the  same  altitude  :  therefore  the  solid  AB  is  to  the  so- 
lid AY,  as  *  the  base  AE  to  the  base  AS ;  that  is,  as 
the  straight  line  a  is  to  c.  And  the  solid  AY  is  to  the 
solid  AX,  as  *  the  base  OQ  is  to  the  base  QR ;  that  is, 
as  the  straight  line  OA  to 
AR;  that  is,  as  the  straight 
line  c  to  the  straight  line  d. 
And  because  the  solid  AB 
is  to  the  solid  AY,  as  a  is 
to  c,  and  the  solid  AY  to 
the  solid  AX,  as  c  is  to  d; 
ex  sequali,  the  solid  AB  is 
to  the  solid  AX,  or  CD 
which  is  equal  to  it,  as  the  straight  line  a  is  to  d.  But 
*Def.A.5.  the  ratio  of  a  to  d  is  said  to  be  compounded  *  of  the 
ratios  of  a  to  b,  b  to  c,  and  c  to  d,  which  are  the  same 
with  the  ratios  of  the  sides  MA  to  AP,  NA  to  AQ, 
and  OA  to  AR,  each  to  each  :  and  the  sides  AP,  AQ, 
AR  are  equal  to  the  sides  DL,  DK,  DH,  each  to  each : 
therefore  the  solid  AB  has  to  the  solid  CD  the  ratio 
which  is  the  same  with  that  which  is  compounded  of 
the  ratios  of  the  sides  AM  to.DL,  AN  to  DK,  and 
AO  to  DH.     Q.  e.  D. 

PROP.  XXXIV.    THEOR. 

See  N.  The  bases  and  altitudes  of  equal  solid  parallelopipeds9 
are  reciprocally  proportional :  and  if  the  bases  and  al- 
titudes be  reciprocally  proportional,  the  solid  paralldo- 
pipeds  are  equal. 

Let  AB,  CD  be  two  solid  parallel  opipeds :  and  first, 
let  the  insisting  straight  lines  AG,  EF,  LB,  HK; 
CM,  NX,  OD,  PR,  be  at  right  angles  to  the  bases. 

If  the  solid  AB  be  equal  to  the  solid  CD,  their  bases 
shall  be  reciprocally  proportional  to  their  altitudes; 
that  is,  as  the  base  EH  is  to  the  base  NP,  so  shall  CM 
be  to  AG. 

If  the  base  EH  be  equal  to  the 
base  NP,  then  because  the  solid 
AB  is  likewise  equal  to  the  solid 
CD,  CM  shall  be  equal  to  AG:  be- 
cause if  the  bases  EH,  NP  be  equal, 
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bat  the  altitudes  AG,  CM  be  not  'equal,  neither  shall 
thecal*}  AB  be  equal  to  the  solid  CD :  but  the  solids 
are  equal,  by  the  hypothesis;  therefore  the  altitude 
CM  is  not  unequal  to  the  altitude  AG;  that  is,  they 
are  equal.  Wherefore,  as  the  base  EH  to  the  base  NP, 
so  is  CM  to  AG. 

Next,  let  the  bases  EH,  NP  not  be  equal,  but  EH 
greater  than  the  other :  then  since  the  solid  AB  is  equal 
to  the  solid  CD,  CM  is  therefore 
greater  than  AG :  for  if  it  be  not, 
neither  also  in  this  case  would  the 
solids  AB,  CD  be  equal,  which, 
by  the  hypothesis,  are  equal.  Make 
thep  CT  equal  to  AG,  and  com- 
plete the  solid  parallelopiped  CV, 
of  which  the  base  is  NP,  and  altitude  CT.     Because 
the  solid  AB  is  equal  to  the  solid  CD,  therefore  the 
solid  AB  is  to  the  solid  C  V,  as  *  the  solid  CD  to  the  •  r.  3. 
solid  CVt  but  as  the  solid  AB  to  the  solid  CV,  so  *  is  •3j.11. 
die  base  EH  to  the  base  NP ;  for  the  solids  AB,  CV 
are  of  the  same  altitude:  and  as  the  solid  CD  to  CV, 
so*  is  the  base  MP  to  the  base  PT,  and  so  is  the  **5. 11. 
straight  line  MC  *  to  CT;  and  CT  is  equal  to  AG:  •1.6. 
therefore  as  the  base  EH  to  the  base  NP,  so  is  MC  to 
AG.     Wherefore  the  bases  of  the  solid  parallelopipeds 
AB,  CD  are  reciprocally  proportional  to  their  altitudes. 

Let  now  the  bases  of  the  solid  parallelopipeds  AB, 
CD  be  reciprocally  proportional  to  their  .altitudes,  viz. 
as  the  base  EH  is  to  the  base  NP,  so  let  CM  be  to  AG: 
the  solid  AB  shall  be  equal  to  the  solid  CD. 

If  the  base  EH  be  equal  to  the 
base  NP,  then  since  EH  is  to JNP       K^JB  _R     D 
as  the  altitude  of  the  solid 
to  the  altitude  of  the  solid 
therefore  thealtitudeof  CD 
to  the  altitude  of  AB:  but  solid  pa- 
rallelopipeds upon  equal  bases,  and  of  the  same  altitude* 
are  equal  *  to  one  another;  therefore  the  solid  AB  is  •si.  11. 
equal  to  the  solid  CD. 

But  let  the  bases  EH,  NP  be  unequal,  and  let  EH 
be  the  greater  of  the  two.  Therefore,  since,  as  the 
base  EH  to  the  base  NP,  so  is  CM  the  altitude  of  the 
solid  CD  to  AG  the  altitude  of  AB,  CM  is  greater  *  •  A.  5. 
than  AG.  Therefore,  as  before,  take  CT  equal  to  AG, 
and  complete  the  solid  CV.     And  because  the  base  EH 
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is  to  the  base  NP,  as  CM  to  AG, 
and  that  AG  is  equal  to  CT,  there- 
fore the  base  EH  is  to  the  base 
NP,  as  MC  to  CT.  But  as  the 
base  EH  is  to  NP,  so*  is  the  solid 
AB  to  the  solid  CV;  for  the  solids 
AB,  CV  are  of  the  same  altitude: 
and  as  MC  to  CT,  sof  is  the 
base  MP  to  the  base  PT,  and  the  solid  CD  to  the 
solid*  CV:  therefore  as  the  solid  AB  to  the  solid 
CV,  so  is  the  solid  CD  to  the  solid  CV ;  that  is,  each 
of  the  solids  AB,  CD  has  the  same  ratio  to  the  solid 
C V ;  and  therefore  the  solid  AB  is  equal  f  to  the  solid 
CD. 

Second  general  case.  Let  the  insisting  straight  Enes 
FE,  BL,  GA,  KH ;  XN,  DO,  MC,  RP  not  be  at 
angles  to  the  bases  of  the  solids. 

In  this  case,  likewise,  if  the  solids  AB,  CD  be  equal, 
their  bases  shall  be  reciprocally  proportional  to  their 
altitudes,  viz.  the  bafee  EH  to  the  base  NP,  as  the  al- 
titude of  the  solid  CD  to  the  altitude  of  the  solid  AB. 

From  the  points  F,  B,  K,  G;  X,  D,  R,  M  draw 
perpendiculars  to  the  planes  in  which  are  the  bases 
EH,  NP,  meeting  those  planes  in  the  points  S,  Y,  V, 
T;  Q,  I,  U,  Z;  and  complete  the  solids  FV,  XU, 
which  are  parallelopipeds,  as  was  proved  in  the  last  part 
of  Prop.  31,  of  this  Book. 

Because  the  solid  AB  is  equal  to  the  solid  CD,  and 
*«9.or30.  that  the  solid  AB  is  equal  *  to  the  solid  BT,  for  they 
are  upon  the  same  base 
FK,  and  of  the  same  al- 
titude; and  that  the  solid 
CD  is  equal*  to  the  solid 
DZ,  being  upon  the  same 
base  XR,  and  of  the  same 
altitude ;  therefore  the 
solid  BT  is  equal  to  the 

solid  DZ :  but  the  bases  are  reciprocally  proportional 
to  the  altitudes  of  equal  solid  parallelopipeds  of  which 
the  insisting  straight  lines  are  at  right  angles  to  their 
bases,  as  before  was  proved ;  therefore  as  the  base  FK 
to  the  base  XR,  so  is  the  altitude  of  the  solid  DZ  to 
the  altitude  of  the  solid  BT:  and  the  base  FK  is  equal 
to  the  base  EH,  and  the  base  XR  to  the  base  NP ; 
wherefore,  *s  the  base  EH  to  thebaseNP,  so  is  the  altitude 


n. 
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of  the  solid  DZ  to  the  altitude  of  the  solid  BT:  bat  the 

altitudes  of  the  solids  DZ,  DC,  as  also  of  the  solids 
BT,  BA,  are  the  same;  therefore  as  the  bane  EH  to 
the  base  NP,  so  is  the  altitude  of  the  solid  CD  to  the 
altitude  of  the  solid  AB;  that  is,  the  bases  of  the  solid 
parallelepipeds  AB,  CD  are  reciprocally  proportional 
to  their  altitudes. 

Next,  let  the  bases  of  the  solids  AB,  CD  be  recipro- 
cally proportional  to  their  altitudes,  viz.  the  base  EH 
to  the  base  NP,  as  the  altitude  of  the  solid  CD  to  the 
altitude  of  the  solid  AB:  the  solid  AB  shall  be  equal  to 
the  solid  CD.  The  same  construction  being  made;  be- 
cause, as  the  base  EH  to  the  base  NP)  so  is  the  altitude 
of  the  solid  CD  to  the  altitude  of  the  solid  AB ;  and  that 
the  base  EH  is  equal  to  the  base  FK,  and  NP  to  XR ; 
therefore  the  base  FK  is  to  the  base  XR,  as  the  altitude 
of  the  solid  CD  to  the 
altitude  of  AB:  but  the 
altitudes  of  the  solids  AB, 
BT  are  the  same,  as  also 
of  CD  and  DZ;  therefore 
as  the  base  FK  to  (he  base 
XR,  so  ib  the  altitude  of 
the  solid  DZ  to  the  alti- 
tude  of  the  solid   BT : 

wherefore  the  bases  of  the  solids  BT,  DZ  are  recipro- 
cally proportional  to  their  altitudes:  and  their  insist- 
ing straight   lines  are  at  right  angles  to   the   bases;  . 
wherefore,  as  was  before  proved,  the  solid  BT  is  equal 
to  the   solid  DZ :  but  BT  is  equal*  to  the  solid  BAj  *  *» 
and  DZ  to  the  solid  DC,  because  they  are  upon  the  "' 
same  bases,  and  of  the  same  altitude;  therefore  the  solid 
AB  is  equal  to  the  solid  CD.     Therefore,  the  bases, 
Sic     «..£■  D. 


PROP.  XXXV.    THEOR. . 

If,  from  the  vertices  of  two  equal  plane  angles,  there  be  s«  N. 

.  drawn  two.  straight  lines  elevated  above  the  planes  in 
•which  the  angles  are,  and  containing  equal  angles  with 
the  sides  of  those  angles,  each  to  each ,-  and  if  in  the 
lines  above  the  planes  there  be  taken  any  points,  and 

■  from  them  perpendiculars  be  drawn  to  the  planes  in 

.  .which  the  first  named  angles  are }   and  from  the  points 
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in  which  they  meet  the  planes,  straight  lines  be  drawn 
to  the  vertices  of  the  angles  first  named :  these  straight 
lines  shall  contain  equal  angles  with  the  straight  lines 
'•    which  are  above  the  planes  of  the  angles. 

Let  BAC,  EDF  be  two  equal  plane  angles:  and 
from  the  points,  A,  D  let  the  straight  lines  AG,  DM 
be  elevated  above  the  planes  of  the  angles,  making  equal 
angles  with  their  sides,  each  to  each,  viz.  the  angle  GAB 
equal  to  the  angle  MDE,  and  G AC  to  MDF ;  and  ill 
AG,  DM  let  any  points  G,  M  be  taken,  and  from  them 
let  perpendiculars  GL,  MN  be 
t  li.  11.  drawnf  to  the  planes  BAC, 
EDF,  meeting  these  planes  in 
the  points  L,  N;  and  join  LA, 
ND:  the  angle  GAL  shall  beN 
equal  to  the  angle  MDN. 

Make  AH  equal  to  D  M,  and 
through  H  draw  HK  parallel  to  GL :  but  GL  is  per- 
pendicular to  the  plane  BAC;  wherefore  HK  is  per- 

*  8.  li.        pendicular*  to  the  same  plane.    From  the  points  K,  N, 

to  the  straight  lines  AB,  AC,  DE,  DF,  draw  perpen- 
diculars KB,  KC,  NE,  NF;  and  join  HB,  BC,  ME, 
EF.  Because  HK  is  perpendicular  to  the  plane  BAC, 
the  plane  HBK  which  passes  through  HK  is  at  right 

*18.  n.  angles*  to  the  plane  BAC;  and  AB  is  drawn  in  the 
plane  BAC  at  right  angles  to  the  common  section  BK 

•4Def.ii.  of  the  two  planes ;   therefore  AB  is  perpendicular*  td 

•3Def.ii.  the  plane  HBK,  and  makes  right  angles*  with  every 
straight  line  meeting  it  in  that  plane :  but  BH  meets 
it  in  that  plane;  therefore  ABH  is  a  right  angle:  for 
the  same  reason  DEM  is  a  right  angle,  and  is  therefore 

t  Hyp,  equal  to  the  angle  ABH:  and  the  angle  HAB  is  equal f 
to  the  angle  MDE:  therefore  in  the  two  triangles 
HAB,  MDE  there  are  two  angles  in  one  equal  to  two 
angles  in  the  other,  each  to  each,  and  one  side  equal 
to  one  side,  opposite  to  one  of  the  equal  angles  in  each, 
viz.  HA  equal  to  DM;  therefore  tne  remaining  sides 

*  26.  l.        are  equal*,  each  to  each:  wherefore  AB  is  equal  to  DE. 

In  the  same  manner,  if  HC  and  MF  be  joined,  it  may 

be  demonstrated  that  AC  is  equal  toDF:  therefore, 

since  AB  is  equal  to  DE,  B  A  and  AC  are  equal  to  ED 

t  Hyp.        and  DF  each  to  each ;    and  the  angle  BAC  if  equalf 

*  4.  l.         to  the  angle  EDF:   wherefore  the  base  BC  is  equal* 

to  the  base  EF,  and  the  remaining  angles  to  the  re- 
maining angles;   therefore  the  angle  ABC  ia  equal  to 
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the  angle  DEF :  and  the  right 
angle  ABK  is  equal  to  the  right 
angle  DEN;  whence  the  remain- 
ing angle  CBK  is  equal  to  the 
remaining  angle  FEN :  for  the 
same  reason,  the  angle  BCK  is 
equal  to  the  angle  EFN :  there* 
fore  in  the  two  triangles  BCK,  EFN*  there  are  two 
angles  in  one  equal  to  two  angles  in  the  other,  each  to 
each,  and  one  side  equal  to  one  side  adjacent  to  the 
equal  angles  in  each,  viz.  BC  equal  to  EF;  therefore 
the  other  sides  are  equal  to  the  other  sides ;  BK  then 
is  equal  to  EN:  and  AB  is  equal  toDE;  wherefore 
AB,  BK  are  equal  to  DE,  EN,  each  to  each ;  and  they 
contain  right  angles;  wherefore  the  base  AK  is  equal 
to  the  base  DN.  And  since  AH  is  equal  to  DM,  the 
square  of  AH  is  equal  to  the  square  of  DM:  but  the 
squares  of  AK,  KH  are  equal  to  the  square*  of  AH,  **?•*• 
because  AKH  is  a  right  angle;  and  the  squares  of  DN, 
NM  are  equal  to  the  square  of  DM,  for  DNM  is  a 
right  angle:  wherefore  the  squares  of  AK,  KH  are 
equal  to  the  squares  of  DN,  NM :  and  of  these  the 
square  of  AK  is  equal  to  the  square  of  DN;  therefore 
the  remaining  square  of  KH  is  equal  to  the  remaining 
square  of,  NM;  and  the  straight  line  KH  to  the 
straight  line  NM  :  and  because  HA,  AK,  are  equal  to 
MD,  DN,  each  to  each,  and  the  base  HK  to  the  base 
,  MN,  as  has  been  proved ;  therefore  the  angle  HAK  is 
equal*  to  the  angle  MDN.  Therefore,  if  from  the 
vertices,  &c.    Q.  E.  D. 

Cor.  From  this  it  is  manifest,  that  if  from  the  ver- 
tices of  two  equal  plane  angles,  there  be  elevated  two 
equal  straight  lines  containing  equal  angles  with  the 
sides  of  the  angles,  each  to  each;  the  perpendiculars 
drawn  froai  the  extremities  of  the  equal  straight  lines 
to  the  planes  of  the  first  angles  are  equal  to  one  an- 
other. 


8. 1. 


Another  Demonstration  of  the  Corollary. 

Let  the  plane  angles  BAC,  EDF  be  equal  to  one 
another,  and  let  AH,  DM,  be  two  equal  straight  lines 
above  the  planes  of  the  angles,  containing  equal  angles 
with  BA,  AC,  ED,  DF,  each  to  each,  viz.  the  angle 
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HAB  equal  to  MDE,  and  H AC  equal  to  the  angle 
MDF ;  and  from  H,  M,  let  HK,  MN  be  perpendicu- 
lars to  the  planes  B AC,  EDF :  HK  shall  be  equal  to 
MN. 

Because  the  solid  angle  at  A  is  contained  by  the 
three  plane  angles  BAC,  BAH,  HAC,  which  are,  each 
to  each,  equal  to  the  three  plane  angles  EDF,  EDM, 
MDF,  containing  the  solid  angle  at  D;  the  solid  angles 
at  A  and  D  are  equal,  and  therefore  coincide  with  one 
another;  to  wit,  if  the  plane  angle  BAC  be  applied  to 
the  plane  angle  EDF,  the  straight  line  AH  coincides 
with  DM,  as  was  shewn  in  Prop.  B.  of  this  book :  and 
because  AH  is  equal  to  DM,  the  point  H  coincides 
with  the  point  M  :  wherefore  HK,  which  is  perpendi- 
•13. 11.  cular  to  the  plane  BAC,  coincides  with  MN*  which  is 
perpendicular  to  the  plane  EDF,  because  these  planes 
coincide  with  one  another.  Therefore  HK  is  equal  to 
MN.    q.  E.  D. 

PROP.  XXXVI.    THEOR. 

SeeN.  If  three  straight  lines  be  proportionals,  the  solid  paral- 
lelopiped  described  from  all  three,  as  its  sides,  is  equal 
to  the  equilateral  parallelopiped  described  from  the 
mean  proportional,  one  of  the  solid  angles  of*mhich  is 
contained  by  three  plane  angles  equal,  each  to  each,  to 
the  three  plane  angles  containing  one  of  the  solid  angles 
of  the  other  figure. 

Let  A,  B,  C  be  three  proportionals,  viz.  A  to  B,  as 
B  to  C :  the  solid  described  from  A,  B,  C  shall  be 
£qual  to  the  equilateral  solid  described  from  B,  equi- 
angular to  the  other. 

Take  a  solid  angle  D  contained  by  three  plane 
angles  EDF,  FDG,  GDE;  and  make  each  of  the 
straight  lines  ED,  DF,  DG  equal  to  B,  and  complete 
the  solid  parallelopiped  DH :  make  LK  equal  to  A, 
*  S6. 11.  and  at  the  point  K  in  the  straight  line  LK,  make*  a 
solid  angle  contained  by  the  three  plane  angles  LKM, 
MKN,  NKL,  equal  to  the  angles  EDF,  FDG,  GDE, 
each  to  each;  and  make  KN  equal  to  B,  and  KM  equal 
to  C;  and  complete  the  solid  parallelopiped  KO.  And 
because,  as  A  is  to  B,  so  is  B  to  C,  and  that  A  is 
equal  to  LK,  and  B  to  each  of  the  straight  lines  DE, 
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DF,  and  C  to  KM ;  therefore 
LK  is  to  ED  as  DF  to  KM; 
that  is,  the  sides  about  the 
equal  angles  are  reciprocally 
proportional;  therefore  the  pa- 
rallelogram LM  is  equal*  to 
EF:  and  because  EDF,  LKM 
are  two  equal  plane  angles,  and 

the  two  equal  straight  lines  DG,  KN  are  drawn  from 
tbeir  vertices  above  their* planes;  and  contain  equal 
angles  with  their  sides;  therefore  the  perpendiculars 
from  the  points  G,  N,  to  the  planes  EDF,  LKM  are 
equal  to*  one  another :  therefore  the  solids  KO,  DH  *  Cor.  35. 
are  of  the  same  altitude :  and  they  are  upon  equal  bases  11* 
LM,  EF ;  and  therefore  they  are  equal*  to  one  another:  *  **•  **• 
but  the  solid  KO  is  described  from  the  three  straight 
lines  A,  B,  C,  and  the  solid  DH  from  the  straight  line 
B :  therefore  if  three  straight  lines,  &a     q.  &  d. 


PROP.  XXXVIL    THEOR. 

If  Jour  straight  lines  be  proportionals,  tJte  similar  solid  SeeN. 
parallelopipeds  similarly  described  from  them  shall  also 
be  proportionals.     And  if  the  similar  parallelopipeds 
similarly  .described  from  four  straight  lines  be  propor- 
tionals, the  straight  lines  shall  be  proportionals. 

Let  the  four  straight  lines  AB,  CD,  EF,  GH  be 
proportionals,  viz.  as  AB  to  CD,  so  EF  to-  GH ;  and 
let  the  similar  parallelopipeds  AK,  CL,  EM,  GN  be 
similarly  described  from  them,  AK  shall  be  to  CL,  as 
EM  to  GN. 

Make*  AB,  CD,  O,  P  continual  proportionals,  as  •  11. 6. 
also  EF,  GH,  Q,  R:  and  be- 
cause  as  AB  is  to  CD  so  EF 

to  GH ;  and  that.  CD  is*  to        > — Pi  K—k  *  u.  5. 

0,  as  GH  to  Q,  and  O  to 
P,  as  Q  to  R;  therefore,  ex 


ajquali*,  A  B  is  to  P,  as  EF 
to  R:  but  as  AB  to  P,  so* 
is  the  solid  AK,  to  the  solid 
CL;  and  as  EF  to  R,  so*. is 
the  solid   EM  to  the  solid 


J£L.£. 


£ 


•t*.5. 
•Cor.  35. 

Gil  IF   TC    •  Cor.  33. 

11. 


GN;  therefore*  as  the  solid  AK  to, the  solid. CL,  $o  is  •  u,  5. 
the  solid  EM  to.  the  solid  GN. 
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Next  let  the  solid  A  K  be  to  tbe  solid  CL,  as  the 
solid  EM  to  the  solid  GN :  the  straight  line  AB  shall 
be  to  CD,  as  EF  to  GH. 

Take  as  AB  to  CD,  so  EF  to  ST,  and  from  ST 

*  27.  ii#      describe*  a  solid  parallelopiped  SV  similar  and  simi- 

larly situated  to  either  of  the 
solids  EM,  GN.  And  be- 
cause AB  is  to  CD,  as  EF  to 
ST,  and  that  from  AB>  CD 
the  solid  parallelopipeds  AK, 
CL  are  similarly  described ; 
and  in  like  manner  the  solids 
EM,  SV  from  the  straight 
lines  EF,  ST ;  therefore  AK 
is  to  CL,  as  EM  to  SV;  but 
by  the  hypothesis,  AK  is  to  CL,  as  EM  to  GN;  there- 

*  9.  5.         fore  GN  is  equal*  to  SV:  bqt  it  is  likewise  similar  and 

similarly  situated  to  SV;  therefore  the  planes  which 
contain  the  solids  GN,  SV  are  similar  and  equal,  and 
their  homologous  sides  GH,  ST  equal  to  one  another: 
and  because  as  AB  to  CD,  so  EF  to  ST,  and  that  ST 
is  equal  to  GH,  therefore  AB  is  to  CD,  as  EF  to  GH. 
Therefore,  if  four  straight  lines,  &c.     Q.  E.  j>9 


PROP.  XXXVIII.    THEOR. 


See  N.  «  Jf  a  'plane  be  perpendicular  to  another  plane,  and  a 
"  straight  line  be  drawn  from  a  point  in  one  of  the 
w  planes  perpendicular  to  the  other  plane,  this  straight' 
"  line  shall  fall  on  the  common  section  of  the  planes  " 

"  Let  the  plane  CD  be"  perpendicular  to  the  plane 
u  AB,  and  let  AD  be  the  common  section :  if  any  point 
"  E  be  taken  in  the  plane  CD,  the  perpendicular  drawn 
"  from  E  to  the  plane  AB  shall  fall  on  AD. 

"  For,  if  it  does  not,  let  it,  if  possible,  fall  elsewhere, 
"  as  EF ;  and  let  it  meet  the  plane  AB  in  the  point  F; 
"  and  from  F  draw*  in  the  plane  AB,  a  perpendicular 
w  FG  to  DA,  which  is  also  perpendicu- 
•4 Dei: ii.  «  jar#  to  the  plane  CD;  and  join  EG. 

"  Then  because  FG  is  perpendicular  to 
"  the  plane  CD,  and  the  straight  line 
"  EG,  which  is  in  that  plane,  meets 
*3Def.  u.  «  it;  therefore  FGE  is  a  right  angle*: 
"  but  EF  is  also  at  right  angles  to  the 


•  is.  i. 
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"plane  AB;    and  therefore  EFG  is  a  right  angle: 

*'  wherefore  two  of  the  angles  of  the  triangle  EFG  are 

"  equal'  together  to  two  right  angles;  which  bf  absurd:  rW.i. 

*  therefore  the  perpendicular  from  the  point  E  to  the 

"  plane  AB,  does  not  fall  else  who  re  than  upon  the 

"  straight  line  AD;  it  therefore  falls  upon  it.   If  there* 

"  fore  a  plane,  &c.     Q.  x.  v." 


PROP.  XXXIX.    THEOR, 

In  a  solid  parallelepiped,  if  the  sides  of  two  of  the  oppo-  l 
site  planes  be  divided,  each  into  two  equal  parts,  the 
common  section  of  the  planet  passing  through  the  points 
of  division,  and  the  diameter  of  the  solid  parallel- 
opiped,  cut  each  other  into  two  equal  parts. 


w 


Let  (he  sides  of  the  opposite  planes  CF,  AH,  of  the 
solid  parallelopiped  AF,  be  divided  each  into  two  equal 
parts  in  the  points  K,  L,  M,  N;  X,  O,  P.  R;  and 
join  KL,  MN,  XO,  PRi  and  because  DK,  CL  are 
equal  and  parallel,  KL  is  parallel*  to  DC :  for  the  • 
same  reason,  MN  is  parallel  to  BA :  and  BA  is  paral- 
lel to  DC ;  therefore,  because  KL,  BA  are  each  of 
them  parallel  to  DC,  and  not  in 
the  same  plane  with  it,  KL  is 
parallel*  to  BA :  and  because 
KL,  MN  are  each  of  them  paral- 
lel to  BA,  and  not  in  the  same 
plane  with  it,  KL  is  parallel* 
to  MN:  wherefore  KL,  MN  are 
in  one  plane.  In  like  manner  it 
may  be  proved,  that  XO,  PR 
are  in  one  plane.  Let  YS  be 
the  common  section  of  the  planes  KN,  XR;  and  DG 
the  diameter  of  the  solid  parallelepiped  AF:  YS  and 
DCt  shall  meet,  and  cut  one  another  into  two  equal 
parts. 

Join  DY,  YE,  BS,  SG.     Because  DX  ia  parallel  to 
OE,  the  alternate  angles  DXY,  YOE  are  equal*  to  • 
one  another :  and  because  DX  is  equal  to  OE,  and 
XY  to  YO,  and  that  they  contain  equal  angles,  the 
base  DY  is  equal*  so  die  base  YE,  and  the  other  angles  ' 
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•  14. 1. 


•  9.  11. 
*3S.  1. 


*  29. 1. 

*  15.  1. 


•  96. 1. 


are  equal;  therefore  the  angle 
XYD  is  equal  to  the  angle 
OYE,  and  DYE  is  a  straight* 
line :  for  the  same  reason  BSG 
is  a  straight  line,  and  BS  equal 
to  SG.  And  because  CA  is 
equal  and  parallel  to  DB,  and 
also  equal  and  parallel  to  EG ; 
therefore  DB  is  equal  and  paral- 
lel* to  EG:  and  DEI,  BG  join  their  extremities;  there- 
fore DE  is  equal  and  parallel*  to  BG:  and  DG,  YS  are 
drawn  from  points  in  the  one,  to  points  in  the  other ; 
and  are  therefore  in  one  plane  :  whence  it  is  manifest, 
that  DG,  YS  must  meet  one  another :  let  them  meet 
in  T.  And  because  DE  is  parallel  to  BG,  the  alter- 
nate angles  EDT,  BGT,  are*  equal :  and  the  angle 
DTY  is  equal*  to  the  angle  GTS:  therefore  in  the 
triangles  DTY,  GTS  there  are  two  angles  in  the  one 
equal  to  two  angles  in  the  other,  and  one  side  equal  to 
one  side,  opposite  to  two  of  the  equal  angles,  viz.  DY 
to  GS;  for  they. are  the  halves  of  DE,  BG:  therefore 
the  remaining  sides  are  equal*,  each  to  each :  where- 
fore DT  is  equal  to  TG,  and  YT  equal  to  TS.  Where- 
fore,  if  in  a  solid,  &c.     q.  E.  z>. 


PROP.  XL.    THEOR. 

JftheH  be  two  triangular  prisms  of  the  same  altitude,  the 
base  of  one  of  which  is  a  parallelogram,  and  the  base 
of  the  other  a  triangle;  if  the  parallelogram  be  double 
of  the  triangle,  the  prisms,  shall,  be  equal  to  one  another. 


Let  the  prisms  ABCDEF,  GHKLMN  be  of  the 
same  altitude,  the  first  whereof  is  contained  by  the  two 
triangles  ABE,  CDF,  and  the  three  parallelograms 
AD,  DE,  EC;  and:  the.  other  by  the  two  triangles 
GHK*  LMN,  and  the  three  parallelograms  LH,  HN, 
NG ;  and  let  one  of  them  have  a  parallelogram  AF, 
and  the  other  a  triangle  GHK,  for  its  base:  if  the 
parallelogram  AF  be  double  of  the  triangle,  GHK,  the 
prism  ABCDEF  shall  be  equal  to  the  prism  GHKLMN. 
i  Complete,  the  solids. AX,  GO:  and  because  the 
parallelogram .  AF  is  double  of  the  -  triangle .  GHK; 
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SSi 


and  the  parallelogram  HK 

double  *  of  the  same  triangle;      8 J>  M O     •  34.  i. 

therefore  the  parallelogram 
AF  is  equal  to  HK:  but  solid 
parallelopipeds  upon   equal  ' 
bases,  and  of  the  same  alti- 
tude, are  equal*  to  one  another;  therefore  the  solid  *si. n. 
AX  is  equal  to  the  solid  GO:  and  the  prism  ABCDEF 
is  half*  of  the  solid  AX;  and  the  prism  GHKLMN  *  **•  "- 
half*  of  the  solid  GO :   therefore  the  prism  ABCDEF  •  f».  ti. 
is  equal  to  the  prism  GHKLMN*  Wherefore,  if  there 
be  two,  &c.    q.  E.  D. 


THE 
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BOOK  XII. 


LEMMA  I. 

Which  is  the  first  proposition  of  the  tenth  book,  and  is  necessary  to 
some  of  the  propositions  of  this  book. 

See  N.        If  from  the  greater  of  two  unequal  magnitudes,  there  be 
'  taken  more  than  its  half  and  from  the  remainder  more 
than  its  half,-  and  so  on  :  there  shall  at  length  remain 
a  magnitude  less  than  the  least  of  the  proposed  magni- 
tudes. 

Let  AB  and  C  be  two  unequal  magnitudes,  of  which 
AB  is  the  greater.     If  from  AB  there  be  taken   more 
than  its  half,   and  from  the  remainder  more  than  its 
half,   and  so  on ;  there  shall  at  length  remain 
a  magnitude  less  than  C.  A    ^ 

For  C  may  be  multiplied  so  as  at  length  to 
become  greater  than  AB.  Let  it  be  so  multi- 
plied,  and  letDE  its  multiple  be  greater  than  H 
AB,  and  let  DE  be  divided  into  DF,  FG,  GE, 
each  equal  to  C.  From  AB  take  BH  greater 
than  its  half,  and  from  the  remainder  AH  B  C  E 
take  HK  greater  than  its  half,  and  so  on,  un- 
til there  be  as  many  divisions  in  AB  as  there  are  in 
DE:  and  let  the  divisions  in  AB  be  AK,  KH,  HB; 
and  the  divisions  in  DE  be  DF,  FG,  GE.  And  be- 
cause DE  is  greater  than  AB,  and  that  EG  taken  from 
DE  is  not  greater  .than  its  half,  but  BH  taken  from  AB 
is  greater  than  its  half;  therefore  the  remainder  GD  is 
greater  than  the  remainder  HA.  Again,  because  GD 
is  greater  than  HA,  and  that  GF  is  not  greater  than 
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the  half  of  GD,  but  HK  is  greater  than  the  half  of  HA; 
therefore  the  remainder  FD  is  greater  than  the  re- 
mainder AK.  And  FD  is  equal  to  C,  therefore  C  is 
greater  than  AK ;  that  is,  AK  is  less  than  C.  Q.  E.  D. 
And  if  only  the  halves  be  taken  away,  the  same  thing 
may  in  the  same  way  be  demonstrated. 

PROP.  L    THEOR. 

Similar  polygons  inscribed  in  circles^  are  to  one  another 
as  the  squares  of  their  diameters* 

Let  ABCDE,  FGHKL  be  two  circles,  and  in  than 
the  similar  polygons  ABCDE,  FGHKL;  and  let  BM, 
GN  be  the  diameters  of  the  circles :  as  the  square  of 
BM  is  to  the  square  of  GN,  so  shall  the  polygon 
ABCDE  be  to  the  polygon  FGHKL. 

Join  BE,  AM,  GL,  FN :  and  because  the  polygon 
ABCDE  is  similar  to  the  polygon  FGHKL,  the  angle 
BAE  b  equal  to  the  angle  GFL,  and  as  BA  to  AE,  so 
is  GF  to  FL :  therefore  the  two  triangle*  BAE,  GFL 
haying  one  angle  in  one  equal 
to  one  angle  in  the  other,  and  A_ 

the  sides  about  the  equal  an-        /y   ^\ 
gles  proportionals,  are  equi-     **—^ 
angular;    and  therefore   the 
angle  AEB  is  equal  to  the  an- 
gle FLG:  but  AEB  is  equal  *  •  ft.  a. 
to  AMB,  because  they  stand  upon  the  same  circum- 
ference: and   the  angle  FLG  is,  for  the  same  rea- 
son, equal  to  the  angle  FNG:     therefore  also  the, 
angle  AMB  is  equal  to  FNG:   and  the  right  angle 
BAM  is  etjual  to  the  right*  angle  GFN;  wherefore  msi.5. 
the  remaining  angles  in.the  triangles  ABM,  FGN  are 
equal,  and  they  are  equiangular  to  one  another :  there- 
fore as  BM  to  GN,  so  *  is  BA  to  GF ;  and  therefore  •  4. 6. 
the  duplicate  ratio  of  BM  to  GN,  is  the  same*  with  •ioDef.5. 
the  duplicate  ratio  of  BA  to  GF:  but  the  ratio  of  the  &  M*5* 
square  of  BM  to  the  square  of  GN,  is  the  duplicate  *  #  ,0#  6' 
ratio  of  that  which  BM  has  to  GN;    and  the  ratio  of 
the  polygon  ABCDE  to  the  polygon  FGHKL  is  the 
duplicate*  of  that  which  BA  has  to  GF:    therefore  as  **<>•& 
the  square  of  BM  to  the  square  of  GN,   so  is  the 
polygon  ABCDE  to  the  polygon  FGHKL.     Where- 
fore, similar  polygons,  &c     Q.  E.  D. 
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PROP.  II.    THEOR. 

SeeN.  Circles  are  to  one  another  as  the  squares  of  their    . 

diameters. 

Let  ABCD,  EFGH  be  two  circles,  and  BD,  FH 
their  diameters :  as  the  square  of  BD  to  the  square  of 
FH,  so  shall  the  circle  ABCD  be  to  the  circle  EFGH. 

For,  if  it  be  not  so,  the  square  of  BD  must  be  to  the 
square  of  FH,  as  the  circle  ABCD  is  to  some  space 
either  less  than  the  circle  EFGH,  or  greater  than  it  %. 
First  let  it  be  to  a  space  S  less  than  the  circle  EFGH ; 
1 6. 4.  and  in  the  circle  EFGH  f  describe  the  square  EFGH. 
This  square  is  greater  than  half  of  the  circle  EFGH; 
because,  if,  through  the  points  E,  F,  G,  H,  there  be 

*  41.  l.        drawn  tangents  to  the  circle,  the  square  EFGH  is  half* 

of  the  square  described  about  the  circle:  and  the  circle  is 
less  than  the  square  described  about  it ;  therefore  the 
square  EFGH  is  greater*  than  half  of  the  circle. 
Divide  the  circumferences  EF,  FG,  GH,  HE,  each 
into  two  equal  parts  in  the  points  K,  L,  M,  N,  and  join 
EK,  KF,  FL,  LG,  GM,  MH,  HN,  NE:  therefore 
each  of  the  triangles  EKF,  FLG,  GMH,  HNE,  is 
greater  than  half  of  the  segment  of  the  circle  in  which 
it  stands ;  because,  if  straight  lines  touching  the  circle 
be  drawn  through  the  points  K,  L,  M,  N,  and  the 
parallelograms  upon  the  straight  lines,  EF,  FG,  GH, 
HE  be  completed,  each  of  the  triangles  EKF,  FLG, 

*  41.  i.        GMH,  HNE,  is  the  half*    of  the  parallelogram  in 

,  which  it  is :  but  every  segment  is  less  than  the  paral- 
lelogram in  which  it  is;  wherefore  each  of  the  triangles 
EKF,  FLG,  GMH,  HNE,  is  greater  than  half  the 
segment  of  the  circle  which  contains  it  Again,  if  the 
remaining,  circumferences  be  divided  each  into  two 
equal  parts,  and  their  extremities  be  joined  by  straight 

•   lines,  by  continuing  to  do  this,  there  will  at  length 

t  For  there  is  some  square  equal  to  the  circle  ABCD ;  let  P  be  the 
side  of  it,  and  to  three  straight  lines,  BD,  FH,  and  P,  there  can  be  a 
f  Hi.  6.  fourth  proportional ;  let  this  be  Q:  therefore  t  the  squares  of  these 
four  straight  lines  are  proportionals ;  that  is,  to  the  squares  of  BD, 
FH,  and  the  circle  ABCD  it  is  possible  there  may  be  a  fourth  pro- 
portional. Let  this  be  S.  And  in  like  manner  are  to  be  understood 
soma  things  in  some  of  the  following  propositions.        * 
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remain  segments  of  the  circle,  which-  together  are  lest 

than  the  excess  of  the  circle  EFGH  above  the  space  S; 

because  by  the  preceding  Lemma,  if  from  the  greater 

of  two  unequal    magnitudes    there  be  taken    more 

than  its  half,  and  from  • 

the    remainder     more 

than  its  half,   and  so 

on,  there  shall  at  length 

remain    a     magnitude 

less  than  the  least  of  the 

proposed     magnitudes. 

<  Let  then  the  segments  EK,  KF,  FL,  LG,  GM,  MH, 

HN,  NE,  be  those  that  remain,  and  are  together  leas 

than  the  excess  of  the  circle  EFGH  above  S :  therefore 

the  rest  of  the  circle,  yiz.  the  polygon  EKFLGMHN  is 

greater  than  the  space  S.  Describe  likewise  in  the  circle 

A  BCD  the  polygon  AXBOCPDR  similar  to  the  polygon 

EKFLGMHN  :  as  therefore  the  square  of  BD  is  to  the 

square  of  FH  *,  so  is  the  polygon  AXBOCPDR  to  the  •  1#  lf- 

polygon  EKFLGMHN:  but  the  square  ofBD  is  also  to 

the  square  of  FHf ,  as  the  circle  A  BCD  is  to  the  space  S;  f  Hyp. 

therefore  as  the  circle  A  BCD  is  to  the  space  S,  so  is  *  the  •  n.  5. 

polygon  AXBOCPDR  to  the  polygon  EKFLGMHN: 

but   the  circle  ABCD   is   greater  than   the  polygon 

contained   in  it;    wherefore   the   space  S  is  greater*  •14,5. 

than  the  polygon  EKFLGMHN:   but  it  is  likewise 

less,  as  has  been  demonstrated;  which  is  impossible. 

Therefore   the  square  of  BD  is   not   to  the   square 

of  FH,  as  the  circle   ABCD  is  to  any  space  less 

than  the  circle  EFGH.     In  the  same  manner,  it  may 

be  demonstrated,  that  neither  is  the  square  of  FH  to  the 

square  of  BD,  as  the  circle  EFGH  is  to  any  space  less  » 

than  the  circle  ABCD.      Nor  is  the  square  of  BD 

to  the  square  of  FH,  as  the  circle  ABCD  is  to  any 

space  greater  than  the  circle  EFGH.     For  if  possible, 

let  it    be   so   to  T,  a  space   greater  than    the  circle 

EFGH :  therefore  inversely,  as  the  square  of  FH  to 


the  square  of  BD,  so  is  the  space  T  to  the  circle 
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ABCD:  but  as  the  space:):  T  is  to  the  circle  ABCD, 
so  is  the  circle  EFGH  to  some  space,  which  must  be 
*  14. 5.  Jess  *  than  the  circle  ABCD,  because  the  space  T  is 
greater,  by  hypothesis,  than  the  circle  EFGH ;  there- 
fore as  the  square  of  FH  is  to  the  square  of  BD,  so  is  the 
circle  EFGH  to  a  space  less  than  the  circle  ABCD, 
which  has  been  demonstrated  to  be  impossible :  there- 
fore the  square  of  BD  is  not  ta  the  square  of  FH  as  the 
circle  ABCD  is  to  any  space  greater  than  the  circle 
EFGH :  and  it  has  been  demonstrated  that  neither  is 
the  square  of  BD  to  the  square  of  FH,  as  the  circle 
ABCD  to  any  space  lessr  than  the  circle  EFGH: 
wherefore,  as  the  square  of  BD  to  the  square  of  FH,  so 
is  the  circle  ABCD  to  the  circle  EFGH  §.  Circles 
therefore  are,  &c.     Q.  E.  D. 


PROP.  III.    THEOR. 

See  N.  Every  pyramid  having  a  triangular  base>  may  be  divided 
into  two  equal  and  similar  pyramids  having  triangular 
basesy  and  'which  are  similar  to  the  whole  pyramid ; 
and  into  two  equal  prisms  which  together  are  greater 
than  half  of  the  whole  pyramid. 

Let  there  be  a  pyramid  of  which  the  base  is  the 
triangle  ABC  and  its  vertex  the  point  D :  the  pyramid 
ABCD  may  be  divided  into  two  equal  and 
_  similar  pyramids  having  triangular  bases, 
and  similar  to  the  whole;  and  into  two  equal 
,  prisms  which  together  shall  be  greater  than 
half  of  the  whole  pyramid. 

Divide  A  B,  BC,  C A,  AD,  DB,  DQ  each 
into  two  equal  parts  in  the  points  E,  F, 
G,  H,  K,  L,  and  join  EH,  EG<  GH, 
HK,  KL,  LH,  EK,  KF,  FG.  Because 
AE  is  equal  to  EB,  and  AH  to  HD,  HE 

X  For  as,  in  the  foregoing  note  at  *,  it  was  explained  how  it  was 
possible,  thete  could  be  a  fourth  proportional  to  the  squares  of  BD, 
FH,  and  the  circle  ABCD,  which  was  named  S;  so,  in  like  manner, 
there  dan  be  a  fourth  proportional  to  this  other  space,  named  T,  and 
the  circles  ABCD,  EFGH.  And  the  like  is  to  be  understood  in  some 
of  the  following  propositions. 

§  Because,  as  a  fourth  proportional  to  the  squares  of  BD,  FH,  and 
the  circle  ABCD,  is  possible,  and  that  it  can  neither  fce  less  nor  greater 
than  the  circle  EFGH,  it  must  be  equal  to  it. 
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is  parallel  *  to  DB :  for  the  tame  reason,  HK  is  pa*  •  s.  6. 

raifeJ  to  AB:   therefore  HEBK   is  a  parallelogram, 

and  HK  equal*   to  EB:   but   EB  is  equal  to  AE;  *"•*• 

therefore  alio  AE  is  equal  to  HK  :  and  AH  is  equal 

to  HD;  wherefore  EA,  AH,  are  equal  to  KH,  HD, 

each  to  each;  and  the  angle  EAH  is  equal*  to  the  *«9.  l. 

angle  KHD ;   therefore  the  base  EH  is  equal  to  the 

base  K£>,  and  the  triangle  AEH  equal  *  and  similar  to  •  4.  l. 

the  triangle  HKD.    For  the  same  reason,  the  triangle 

AGH    is  equaji   and   similar  to  the  triangle   HLD. 

Again,  because  the  two  straight  lines  EH,  HG,  which 

meet  one  another,  are  parallel  to  KD,  DL,  that  meet 

one  another,  and  are  not  in  the  same  plane  with  them, 

they  contain  equal  *  angles;  therefore  the  angle  EHG  *  to.  li. 

is  equal  to  the  angle  KDL:   and  because  EH,  HG, 

ere  equal  to  KD,  DL,  each  to  each*  and  the  angle  EHG 

equal  to  the  angle  KDL ;  therefore  the  base  EG  is 

equal  to  the  base  KL,  and  the  triangle  EHG  equal #  •*•*• 

and  similar  to  the  triangle  KDL*     For  the  same  re*» 

son,  the  triangle  AEG  is  also  equal  and  similar  to  the 

triangle  HKL.     Therefore  the  pyramid,  of  which  the 

base  is  the  triangle  AEG,  and  of  which  the  vertex  is 

the  point  H,  is  equal  *  and  similar  to  the  pyramid,  the  *  C.11. 

base  of  which  is  the  triangle  KHL,  and 

vertex  the  point  D.     And  because  HK  is 

parallel  to  AB,  a  side  of  the  triangle  ADB, 

the   triangle  ADB  is  equiangular  to  the 

■triangle  HDK,  and  their  sides  are*  pro-      K/'AWr     *4. 6. 

portionals:  therefore  the  triangle  ADB  is 

similar  to  the  triangle  HDK :  and  for  the 

same  reason,  the  triangle  DBC  is  similar 

to  the  triangle  DKL;   and  the  triangle 

ADC  to   the  triangle  HDL;  and  also  the  triangle 

ABC  to  the  triangle  AEG ;  but  the  triangle  AEG  is 

similar  to  the  triangle  HKL,  as  before  was  proved; 

therefore  the  triangle  ABC  is  similar  *  to  the  triangle  *  **•  *• 

HKL :  and  therefore  the  pyramid  of  which  the  base  is 

the  triangle  ABC,  and  vertex  the  point  D,  is  similar  *  •  B.  it.  & 

to  the  pyramid  of  which  the  base  is  the  triangle  HKL,  llPe  ,11- 

and  vertex  the  same  point  D:  but  the  pyramid  of  which 

the  base  is  the  triangle  HKL,  and  vertex  the  point  D, 

is  similar,  as  has  been  proved,  to  the  pyramid  the  base 

of  which  is  the  triangle  AEG,  and  vertex  the  point  H; 

wherefore  the  pyramid,  the  base  of  which  is  tjbe  triangle 

ABC,  and  vertex  the  point  D,  is  similar  to  the  pyramid 

2« 
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of  which  the  base  is  the  triangle  AEG,  and  vertex_H : 
therefore  each  of  the  pyramids  AEGH,  HKLD  is 
similar  to  the  whole  pyramid  ABCD.     And  because 

•  41.  l.        BF  is  equal  to  FC,  the  parallelogram  EBFG  is  double  * 

of  the  triangle  GFC :  but  when  there  are  two  prisms 
of  the  same  altitude,  of  which  one  has  a  parallelogram 
for  its  base, .  and  the  other  a  triangle  that  is  half  of  the 

•  40.  ii.      parallelogram,  these  prisms  are  equal  *  to  one  another; 

therefore  the  prism  having  the  parallelogram  EBFG  for 
its  base,  and  the  straight  line  KH  opposite  to  it,  is 
equal  to  the  prism  having  the  triangle  GFC  for  its  base, 
and  the  triangle  HKL  opposite  to  it ;:  for  they  are  of  the 

•  i5.li.      same  altitude,  because  they  are  between  the  parallel  * 

planes  ABC,  HKL:  and 'it  is  manifest  that  each  of 
these  prisms  is  greater  than  either  of  the  pyramids  of 
which  the  triangles  AEG,  HKL,  are  the  bases,  and 
the  vertices  the  points  H,  D;  because,  if  EF  be  joined, 
the  prism  having  the  parallelogram  EBFG  for  its  base* 
and  KH  the  straight  line  opposite  to  it,  is  greater  than 
the  pyramid  of  which  the  base  is  the  triangle  EBF, 

•  C.  n.       and  vertex  the  point  K  :  but  this  pyramid  is  equal*  to 

the  pyramid,  the  base  of  which  is  the  triangle  AEG, 
and  vertex  the  point  H ;  because  they  are  contained  by 
equal  and  similar  planes :  wherefore  the  prism  having 
the  parallelogram  EBFG  for  its  base,  and  opposite  side 
KH,  is  greater  than  the  pyramid  of  which  the  base  is 
the  triangle  AEG,  and  vertex  the  point  H :  and  the 
prism  of  which  the  base  is  the  parallelogram  EBFG, 
and  opposite  side  KH,  is  equal  to  the  prism  having  the 
triangle  GFC  for  its  base,  and  HKL  the  triangle  op- 
posite to  it ;  and  the  pyramid  of  which  the  base  is  the 
triangle  AEG,  and  vertex  H,  is  equal  to  the  pyramid 
of  which  the  base  is  the  triangle  HKL,  and  the  vertex 
D :  therefore  the  two  prisms  before  mentioned  are 
greater  than  the  two  pyramids  of  which  the  bases  are 
the  triangles  AEG,  HKL,  and  vertices  the  points  TO, 
D.  Therefore  the  whole  pyramid  of  which  the.  base  is 
the  triangle  ABC,  and  vertex  the  point  D,  is  divided 
into  two  equal  pyramids  similar  to  one  another,  and  <  to 
the  whole  pyramid;  and  into  two  equal  prisms;  and 
the  two  prisms  are  together  greater  than  half  of  the 
whole  pyramid.    Q.  E.  z*. 
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PROP.  IV.    THEOR. 

If  there  be  two  pyramids  of  the  same  altitude*  upon  tri-  See  N. 
angular  bases,  and  each  of  them  be  divided  into  two 
equal  pyramids  similar  to  the  whole  pyramid,  and  also 
into  two  equal  prisms ;  and  if  each  of  these  pyramids 
be  divided  in  the  same  manner  as  the  first  two,  and  so 
on :  as  the  base  of  one  of  the  Jirst  two  pyramids  is  to 
the  base  of  the  other,  so  shall  all  the  prisms  in  one  of 
them  be  to  aU  the  prisms  in  the  other,  that  are  produced 
by  the  same  number  of  divisions. 

Let  there  be  two  pyramids  of  the  same  altitude  upon 
the  triangular  bases  ABC,  DEF,  and  having  their 
vertices  in  the  points  G,  H;  and  let  each  of  them  be 
divided  into  two  equal  pyramids  similar  to  the  whole, 
and  into  two  equal  prisms ;  and  let  each  of  the  pyra- 
mids thus  made  be  conceived  to  be  divided  in  tbe  like 
manner,  and  so  on  :  as  the  base  ABC  is  to  the  base 
DEF,  so  shall  all  the  prisms  in  the  pyramid  ABCO 
be  to  all  the  prisms  in  the  pyramid  DEFH  made  by 
the  same  number  of  divisions. 

Make  the  same  construction  as  in  the  foregoing  pro- 
position :  and  because  BX  is  equal  to  XC,  and  AL  to 
LC,  therefore  XL  is  parallel*  to  AB,  and  tbe  triangle  •  s.  6. 
ABC  similar  to  the  triangle  LXC.     For  the  same 
reason,  the  triangle  DEF  is  similar  to   RVF.     And 
because  BC  is  double  of  CX,  and  EF  double  of  FV, 
therefore^  BC  is  to  CX,  as  EF  to  FV:  and  upon  BC,  t  C.5. 
CX,  are  described  the  similar  and  similarly  situated 
rectilineal  figures  ABC,  LXC :  and  upon  EF,  FV,  in 
like  manner  are  described   the  similar  figures  DEF, 
RVF:  therefore,  as  the  triangle  ABC  is  to  the  tri- 
angle LXC,  so*  is  the  triangle  DEF  to  the  triangle  ♦  jt.  6. 
RVF,  and,  by  permutation,  as  the  triangle  ABC  to  the 
triangle  DEF,  so  is  the  triangle  LXC  to  the  triangle 
RVF.     And  because  the  planes  ABC,  OMN,  as  also 
the  planes  DEF,  STY,  are  parallel #,  the  perpehdi*  •  15.  it. 
culars  drawn  from  the  points  G,  H,  to  tbe  bases  ABC, 
DEF,  which,  by  the  hypothesis,  are  equal  to  one  an- 
other, shall  be  cut  each  into. two  equal  *  parts  by  the*  17. 11. 
planes  OMN,  STY,  because  the  straight  lines  GC,  HF, 
are  cut  into  two  equal  parts  in  the  points  N,  Y,  by 
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•  the  same  planes:  therefore  the  prisms  LXCOMN, 
RVFSTY,  are  of  the  same  altitude ;  and  therefore,  as 
the  base  LXC  to  the  base  RVF,  that  is,  as  the  triangle 

•  Cor.  3*.     ABC  to  the  triangle  DEF,  so*  is  the  prism  having  the 
tu  .  triangle  LXC  for  its  base,  and  OMN  the  triangle  op- 

posite  to  it,  to  the  prism  of  which  the  base  is  the  tri- 
angle RVF,  and  the  opposite  triangle  STY :  and  be- 
cause the  two  prisms  in  the  pyramid  ABCG  are  equal 
to  one  another,  and  also  the  two  prisms  in  the  pyramid 
DEFH  equal  to  one  another';  as  the  prism  of  which 
the  base  is  the  parallelogram  KBXL  and  opposite  side 
MO,  to  the  prism  having  the  tri- 
angle LXC  for  its  base,  find  OMN 
the  triangle  opposite  to  it;  so  is  the 

*  r.  5.         prism  of  which  the  base  *  is  the  pa- 

rallelogram PEVR,  and  opposite 
side  TS,  to  the  prism  of  which 
the  base  is  the  triangle  RVF, 
and  opposite  triangle  STY:  there- 
fore, componendo,  as  the  prisms 
KBXLMO,  LXCOMN,  together,  are  unto  the  prism 
LXCOMN,  so  are  the  prisms  PEVRTS,  RVFSTY 
to  the  prism  RVFSTY;  and,  permutando,  as  the  prisms 
KBXLMO,  LXCOMN,  are  to  the  prisms  PEVRTS* 
RVFSTY,  so  is  the  prism  LXCOMN  to  the  prism 
RVFSTY :  but  as  the  prism  LXCOMN  to  the  prism 
RVFSTY,  so  is,  as  has  been  proved,  the  base  ABC  to 
the  base  DEF;  therefore,  as  the  base  ABC  to  the  base 
PEF,  so  are  the  two  prisms  in  the  pyramid  ABCG  to 
the  two  prisms  in  the  pyramid  DEFH :  and  likewise 
if  the  pyramids  now  made,  for  example,  the  two  OMNG^ 
(STYH,  be  divided  in  the  same  manner;  as  the  base 
OMN  is  to  the  base  STY,  so  are  the  two  prisms  in  the 
pyramid  OMNG  to  the  two  prisms  in  the  pyramid 
STYH:  but  the  base  OMN  is  to  the  base  STY,  as  the 
base  ABC  to  the  base  DEF;  therefore,  as  the  base  ABC 
to  the  base  DEF,  so  are  the  two  prisms  in  the  pyramid 
ABCG  to  the  two  prisms  in  the  pyramid  DEFH;  and 
so  are  the  two  prisms  in  the  pyramid  OMNG  to  the 
two  prisms  in  the  pyramid  STYH ;  and  io  are  all  four 
to  all  fourt  and  the  same  thing  may  be  shewn  of  the 
prisms  made  by  dividing  the  pyramids  AKLO  and 
X)PRS,  and  of  all  made  by  the  same  number  of  ditU 
sions,    Q,  E.  #. 
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PROP.  V.    THEOR. 

Pyramids  of  the  same  altitude  which  have  triangular  SeeN. 
bases,  are  to  one  another  as  their  bases. 

Let  the  pyramids  of  which  the  triangles  ABC,  DEF 
are  the  bases,  and  of  which  the  vertices  are  the  points 
G,  H,  be  of  the'  same  altitude :  as  the  base  ABC  to 
the  base  DEF,  so  shall  the  pyramid  ABCG  be  to  the 
pyramid  DEFH. 

For,  if  it  be  not  so,  t,he  base  ABC  must  be  to  the 
base  EVEF,  as  the  pyramid  ABCG  to  a  solid  either  less 
than  the  pyramid  DEFH,  or  greater  than  it}.     Firsf, 
let  it  be  to  a  solid  less  than  it,  viz.  to  the  solid  Q :  and 
divide  the  pyramid  DEFH  into  two  equal  pyramids, 
similar  to  the  whole,  and  into  two  equal  prisms ;  there- 
fore these  two  prisms  are  greater*  than  the -half  of  the  •  a.  it. 
-whole  pyramid.     And  again,  let  the  pyramids  mode  by 
this  division  be  in  like  manner  divided,  and  so  onf  t  Lemma, 
until  the  pyramids  which   remain  undivided  in  the  1,1S* 
pyramid  DEFH  be,  all  of  them  together,  less  than  the 
excess  of  the  pyramid  DEFH  above  the  solid  Q :  let 
these,  for  example,  be  the  pyramids  DPRS,  STYH : 
therefore  the  prisms,  which  make  the  rest  of  the  pyra- 
mid DEFH,  are  greater   than  the  solid  Q.     Divide 
likewise  the  pyramid  ABCG  in  the  same  manner,  and 
into  as  many  parts  as  the  pyramid  DEFH.     Therefore 
as  the  base  ABC  to  the  base  DEF,  so  *  are  the  prisms  +4.  it. 
in  the  pyramid  ABCG  to  the  prisms  in  the  pyramid 
DEFH :  but  as  the  base  ABC  to  the  base  DEF,  so, 
by  hypothesis,  is  the  pyramid  ABCG  to  the  solid  Q; 
and  therefore,  as  the  pyramid  ABCG  to  the  solid  Q, 
so   are   the   prisms   in   the   pyramid   ABCG  to  the 
prisms    in   the   pyramid   DEFH ;   but  the   pyramid 
ABCG  is  greater  than  the  prisms  contained  in  it; 
wherefore  *    also    the   solid    Q   is    greater   than   the  *  14. 5. 
prisms   in    the  pyramid   DEFH:   but  it  is  also  less, 
which  is  impossible.     Therefore  the  base  ABC  is  not 
to  the  base  DEF,  as  the  pyramid  ABCG  to  any  solid 
which  is  less  than  the  pyramid  DEFH.     In  the  same 
manner  it  may  be  demonstrated,  that  the  base  DEF  is 
not  to  the  base  ABC,  as  the  pyramid  DEFH  to  any 
solid  which  is  less  than  the  pyramid  ABCG.    Nor  can 

t  This  may  be  explained  in  the  same  way  as  at  the  note  t  in  Pro- 
position 2,  in  the  like  case. 
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the  base  ABC  be  to  the  base  DEF,  as  the  pyramid 
ABCG  to  any  solid  which  is  greater  than  the  pyramid 
DEFH.  For,  if  it  be  possible,  let  it  be  so  to  a  greater, 
viz.  the  solid  Z.  And  because  the  base  ABC  is  to  the 
base  DEF  as  the  pyramid  ABCG  to  the  solid  Z;  by 
inversion,  as  the  base 
DEF  to  the  base  ABC 
so  is  the  solid  Z  to  the 
pyramid  ABCG  :  but 
as  the  solid  Z  is  to  the 
pyramid  ABCG,  so  is 
the  pyramid  DEFH  to 
some  solid  J,  which  must 
be  less*  than  the  pyra- 
mid ABCG,  because  the  solid  Z  is  greater  than 
the  pyramid  DEFH;  and  therefore,  as  the  base  DEF 
to  the  base  ABC,  so  is  the  pyramid  DEFH  to  a  solid 
less  than  the  pyramid  ABCG ;  the  contrary  to  which 
has  been  proved :  therefore  the  base  ABC  is  not  to 
the  base  DEF,  as  the  pyramid  ABCG  to  any  solid 
which  is  greater  than  the  pyramid  DEFH.  And  it 
has  been  proved  that  neither  is  the  base  ABC  to  the 
base  DEF,  as  the  pyramid  ABCG  to  any  solid  which 
is  less  than  the  pyramid  DEFH.  Therefore,  as  the 
base  ABC  is  to  the  base  DEF,  so  is  the  pyramid  ABCG 
to  the  pyramid  DEFH.     Wherefore,  pyramids,  &c. 


PROP.  VI.    THEOR. 

Stft'N,        Pyramids  of  the  same  altitude  which  have  polygons  far 

their  bases,  are  to  one  another  as  their  bases. 

Let  the  pyramids  which  have  the  polygons  ABCDE, 

FGHKL,  tor  their  bases,  and   their  vertices  in  the 

points  M,  N,  be  of  the  same  altitude:   as  the  base 

,  ABCDE. to  the  base  FGHKL,  so  shall  the  pyramid 

ABCDEM  be  to  the  pyramid  FGHKLN. 

Divide  the  base  ABCDE  into  the  triangles  ABC, 
ACD,  ADE,  and  the  base  FGHKL  into  the  triangles 
FGH,  FHK,  FKL:  and  upon  the  bases  ABC,  ACD, 
ADE,  let  there  be  as  many  pyramids  of  which  the 
common  vertex  is  the  point  M,  and  upon  the  remain- 

t  This  may  be  explained  the  same  way  as  the  like  at  the  mark  f 
in  Prop.  f. 
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ing  bases  as  many  pyramids  having  their  common  ver- 
tex in  the  point  N.  Therefore  since  the  triangle  ABC 
is  to  the  triangle  FGH,  as*  the  pyramid  ABCM  to  *  *•  it. 
the  pyramid  FGHN;  and  the  triangle  ACD  to  the 
triangle  FGH,  as  the  pyramid  ACDM  to  the  pyramid 
FGHN  ;  and  also  the  triangle 
ADE,  to  the  triangle  FGH, 
as  the  pyramid  ADEM  to  the 
pyramid  FGHN;  as  all  the 
first  antecedents  to  their  com- 
mon consequent,  so*  are  all 
the  other  antecedents  to  their 

common  consequent;  that  is,  as  the  base  ABCDE  to 
the  base  FGH,  so  is  the  pyramid  ABCDEM  to  the 
pyramid  FGHN :  and  for  the  same  reason,  as  the  base 
FGHKL  to  the  base  FGH,  so  is  the  pyramid  FG  HKLN 
to  the  pyramid  FGHN;  and,  by  inversion,  as  the  base 
FGH  to  the  base  FGHKL,  so  is  the  pyramid  FGHN 
to  the  pyramid  FGHKLN :  then  because,  as  the  base 
ABCDE  to  the  base  FGH,  so  is  the  pyramid  ABCDEM 
to  the  pyramid  FGHN;  and  as  the  base  FGH  to  the 
base  FGHKL,  so  is  the  pyramid  FGHN  to  the  pyra- 
mid FGHKLN;  therefore,  ex  sequali*,  as  the  base  *ts.  5. 
ABCDEtothebaseFGHKL,sothepyramidABCDEM 
to  the  pyramid  FGHKLN.     Therefore,  pyramids,  &c 

Q.  E.  D. 

PROP.  VII.    THEOR. 

Every  prism  having  a  triangular  base  may  be  divided  into 
three  pyramids  that  have  triangular  bases9  and  are 
equal  to  one  another. 

Let  there  be  a  prism  of  which  the  base  is  the  triangle 
ABC,  and  DEF  the  triangle  opposite  to  it :  the  prism 
ABCDEF  may  be  divided  into  three  equal  pyramids 
having  triangular  bases. 

Join  BD,  EC,  CD:  and  because  ABED  is  a  paral- 
lelogram of  which  BD  is  the  diameter,  the  triangle 
ABD  is  equal*  to  the  triangle  EBD;  therefore  the  #34. 1. 
pyramid  of  which  the  base  is  the  triangle  ABD  and 
vertex  the  point  C,  is  equal*  to  the  pyramid  of  which  *  5.  tf. 
the  base  is  the  triangle  EBD,  and  vertex  the  point  C : 
but  this  pyramid  is  the  same  with  the  pyramid  the  base 
of  which  is  the  triangle  EBC,  and  vertex  the  point  D ; 


04*  X* 


&*  EUCLID'S  ELEMENTS. 

for  they  are  contained  by  the  same  planes:  therefore  the 
pyramid  of  which  the  base  is  the  triangle  ABD,and  ver- 
tex the  point  C,  is  equal  to  the  pyramid,  the  base  of  which 
is  the  triangle  EBC,  and  vertex  the  point  D.  Again,  be- 
cause FCBE  is  a  parallelogram  of  which  the  diameter  is 
CE,the  triangle  ECFisequai*  to  the  triangle 
ECB;  therefore  the  pyramid  of  which  the  y 

base  isthe  triangle  ECB,  and  vertex  the  ^ 
point  D,  is  equal  to  the  pyramid  the  base 
of  which  is  the  triangle  ECF,  and  vertex 
the  point  D  :  but  the  pyramid  of  which  the  AL 
base  is  the  triangle  ECB,  and  vertex  the 
point  D,  has  been  proved  equal  to  the  pyramid  of  which 
the  base  is  the  triangle  ABD,  and  vertex  the  point  C: 
therefore  the  prism  ABCDEF  is  divided  into  three 
equal  pyramids  having  triangular  bases,  viz.  into  the 
pyramids  ABDC,  EBDC,  ECFD.  And  because  the 
pyramid  of  which  the  base  is  the  triangle  ABD,  and 
vertex  the  point  C,  is  the  same  with  the  pyramid  of 
which  the  base  is  the  triangle  ABC,  and  vertex  the 
point  D,  for  they  are  contained  by  the  same  planes ; 
and  that  the  pyramid  of  which  the  base  is  the  triangle 
ABD  and  vertex  the  point  C,  has  been  demonstrated 
to  be  a  third  part  of  the  prism,  the  base  of  which  is  the 
triangle  ABC  and  DEF  the  opposite  triangle ;  there- 
fore the  pyramid  of  which  the  base  is  the  triangle  ABC, 
and  vertex  the  point  D,  is  the  third  part  of  the  prism 
which  has  the  same  base,  viz.  the  triangle  ABC,  and 
DEF  its  opposite  triangle.     Q.  E.  D. 

Cor.  1.  From  this  it  is  manifest,  that  every  py- 
ramid is  the  third  part  of  a  prism  which  has  the  same 
base,  and  is  of  an  equal  altitude  with  it:  for  if  the 
base  of  the  prism  be  any  other  figure  than  a  triangle, 
it  may  be  divided  into  prisms  having  triangular  bases. 

Cor.  2.  Prisms  of  equal  altitudes  are  to  one  another 
as  their  bases ;  because  the  pyramids  upon  the  same 
*  6.  12.      bases,  and  of  the  same  altitude,  are#  to  one  another  as 
their  bases* 


PROP.  VIII.    THEOR. 

Similar  pyramids,  having  triangular  bases,  are  one  to 
another  in  the  triplicate  ratio  of  that  of  their  homo- 
logous sides. 
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Let  the  pyramids  having  the  triangles  ABC,  DEF* 
for  their  bases,  and  the  points  G,  H  for  their  vertices* 
be  similar  and  similarly  situated :  the  pyramid  ABCG 
shall  have  to  the  pyramid  DEFH,  the  triplicate  ratio 
of  that  which  the  side  BC  has  to  the  homologous  side 
EF.  * 

Complete  the  parallelograms  ABCM,  GBCN,  ABGK, 
and  the  solid  parallelopiped  BGML,  contained  by  these 
planes  and  those  opposite  to  them  :  and,  in  like  man- 
ner, complete  the  solid  parallelopiped  EHPO  con-         • 
tained   by  the  three  parallelograms  DEFP,  HEFR, 
DEHX,  and  those  opposite  to  them.     And  because 
the  pyramid  ABCG  is  similar  to  the  pyramid  DEFH 
the  angle  ABC  is  equal*  to  the  angle  DEF,  and  the  *  "  Def. 
angle  GBC  to  the  angle  HEF,  and  ABG  to  DEH :  ll' 
and   AB  is*  to  BC,  as  DE  toEF;    that  is,  the  sides    •iDcf.d. 
about  the  equal  angles  are  pro- 
portionals :  wherefore  the  pa- 
ral  lelogram  BM  is  similar  to 
EP :  for  the  same  reason,  the 
parallelogram  BN  is  similar 
to  ER,  and  BK  to  EX :  there- 
fore the  three  parallelograms 
BM,  BN,  BK,  are  simSar  to 
the  three  EP,  ER,  EX :  but  the  three  BM,  BN,  BK, 
ate  equal  and  similar*  to  the  three  which  are  opposite  *  *4. n. 
to  them,  and  the  three  EP,  ER,  EX,  equal  and  simi- 
lar to  the  three  opposite  to  them :  wherefore  the  solids 
BGML,  EHPO  are  contained  by  the  same  number  of 
similar  planes  :  and  their  solid  angles  are*  equal ;  and  *  B*  11. 
therefore  the  solid  BGML  is  similar*  to  the  solid  * h  *>«fc 
EHPO:    but  similar  solid  parallelopipeds  have  the  lla 
triplicate*  ratio  of  that  which  their  homologous  sides  *  33.  **• 
have;    therefore  the  solid  BGML  has  to  the  solid 
EHPO  the  triplicate  ratio  of  that  which  the  side  BC 
had  to  the  homologous   side   EF:    but   as   the   solid 
BGML  is  to  the  solid   EHPO,  so  is*  the  pyramid  M5.5. 
ABCG  to  the  pyramid  DEFH;  because  the  pyramids 
are  the  sixth  part  of  the  solids,  since  the  prism,  which    * 
is  the  half*  of  the  solid  parallelopiped,  is  triple*  of  J*8'*1* 
the  pyramid :  wherefore  likewise  the  pyramid  ABCG 
baa  to  the  pyramid  DEFH,  the  triplicate  ratio  of  that 
which  BC  has  to  the  homologous  side  EF*    g.  e.  d. 
Co*.  From  this  it  is  evident,  that  simitar  pyramids, 
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which  have  multangular  bases,  are  likewise  to  one  an- 
other in  the  triplicate  ratio  of  their  homologous  sides. 
For  they  may  be  divided  into  similar  pyramids  having 
triangular  bases,  because  the  similar  polygons,  which 
are  their  bases,  may  be  divided  into  the  same  number 
of  similar  triangles  homologous  to  the  whole  polygons: 
therefore  as  one  of  the  triangular  pyramids  in  the  first 
multangular  pyramid  is  to  one  of  the  triangular  pyra- 
t  **•*•  mids  in  the  otherf,  so  are  all  the  triangular  pyramids 
in  the  first  to  all  the  triangular  pyramids  in  the  other; 
that  is,  so  is  the  first  multangular  pyramid  to  the  other: 
but  one  triangular  pyramid  is  to  its  similar  triangular 
pyramid  in  the  triplicate  ratio  of  their  homologous 
sides ;  and  therefore  the  first  multangular  pyramid  has 
to  the  other  the  triplicate  ratio  of  that  which  one  of 
the  sides  of  the  first  has  to  the  homologous  side  of  the 
other. 

PROP.  IX.     THEOR. 

The  bases  and  altitudes  of  equal  pyramids  having  trianr 
gular  bases  are  reciprocally  proportional:  and  trian- 
gular pyramids^  of  which  ihe  bases  and  altitudes  are 
reciprocally  proportional,  are  equal  to  one  another. 

Let  the  pyramids  of  which  the  triangles  ABC,  DEF, 
are  the  bases,  and  which  have  their  vertices  in  the 
points  G,  H,  be  equal  to  one  another:  the  bases  and  al- 
titudes of  the  pyramids  ABCG,  DEFH,  shall  be  reci- 
procally proportional,  viz.  the  base  ABC  shall  be  to  the 
base  DEF,  as  the  altitude  of  the  pyramid  DEFH  to 
the  altitude  of  the  pyramid  ABCG. 

Complete  the  parallelograms  AC,  AG,  GC,  DF, 
DH,  HF;  and  the  solid  parallelopipeds  BGML, 
EHPO,  contained  by  these  planes  and  those  which  are 
opposite  to  them.  And  because  the  pyramid  ABCG 
is  equal  to  the  pyramid  DEFH,  and  that  the  solid 
MB.  11.       BGML  is  sextuplef  of  the  pyramid  ABCG,  and  the 

•  7-  **•  solid  EHPO  sextuple  of  the  pyramid  DEFH ;  there- 
fore the  solid  BGML  is  equal*  to  the  solid  EHPO:  but 
the  bases  and  altitudes  of  equal'  solid  parallelopipeds  are 

•  34. 11.      reciprocally  proportional*;  therefore  as  the  base  BM 

to  the  base  EP,  so  is  the  altitude  of  the  solid  EHPO 
to  the  altitude  of  the  solid  BGML :   but  as  the  base 

•  15. 5.        BM  to  the  base  EP,  so  is*  the  triangle  ABC  to  the  tri- 
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angle  DEF;  therefore  as  the 
triangle  ABC  to  the  triangle 
DEF,  so  is  the  altitude  of  the 
solid  EHPO  to  the  altitude 
of  the  solid  SGML:  bnt  the 
altitude  of  the  solid  EHPO 
is  the  same  with  the  alti- 
tude of  the  pyramid  DEFH; 

and  the  altitude  of  the  solid  BGML  is  the  same  with 
the  altitude  of  the  pyramid  ABCG;  therefore,  as  the 
base  ABC  to  the  base  DEF,  so  is  the  altitude  of  the 
pyramid  DEFH  to  the  altitude  of  the  pyramid  ABCG: 
wherefore,  the  bases  and  altitudes  of  the  pyramids 
ABCG,  DEFH,  are  reciprocally  proportional. 

Again,  let  the  bases  and  altitudes  of  the  pyramid* 
ABCG,  DEFH,  be  reciprocally  proportional,  viz.  the 
base  ABC  to  the  base  DEF,  as  the  altitude  of  the 
pyramid  DEFH  to  the  altitude  of  the  pyramid  ABCG: 
the  pyramid  ABCG  shall  be  equal  to  the  pyramid 
DEFH. 

The  same  construction  being  made,  because  a*  the 
base  ABC  to  the  base  DEF,  so  is  the  altitude  of  the 
pyramid  DEFH  to  the  altitude  of  the  pyramid  ABCG; 
and  as  the  base  ABC  to  the  base  DEF,  so  is  the  paral- 
lelogram BM  to  the  parallelogram  EP :  therefore  the 
parallelogram  BM  is  to  EP,  as  the  altitude  of  the 
pyramid  DEFH  to  the  altitude  of  the  pyramid  ABCG: 
but  the  altitude  of  the  pyramid  DEFH  is  the  same  with 
the  altitude  of  the  solid  parallelopiped  EHPO;  and 
the  altitude  of  the  pyramid  ABCG  is  the  same  with 
the  altitude  of  the  solid  parallelopiped  BGML  i  there-  ; 
fore  as  the  base  BM  to  the  base  EP,  so  is  the  altitude 
of  the  solid  parallelopiped  EHPO  to  the  altitude  of  the 
solid  parallelopiped  BGML :  but  solid  parallelopipeds 
having  their  bases  and  altitudes  reciprocally  propor- 
tional, are  equal*  to  one  another1;  therefore  the  solid  • 
parallelopiped  BGML  is  equal  to  the  solid  parallelo- 
piped EHPO :  and  the  pyramid  ABCG  is  the  sixth 
part  of  the  solid  BGML,  and  the  pyramid  DEFH  is 
the  sixth  part  of  the  solid  EHPO;  therefore  the  pyra- 
mid ABCG  is  eqiialf  to  the  pyramid  DEFH.  There-  t. 
fore  the  bases,  &c     a.  e.  d. 
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PROP.  X.    THEOB. 

Every  cone  is  the  third  part  of  a  cylinder  which  has  the 
same  base  and  is  of  an  equal  altitude  with  it. 

Let  a  cone  have  the  same  base  with  a  cylinder,  viz, 
the  circle  ABCD,  and  the  same  altitude.  The  cone 
shall  be  the  third  part  of  the  cylinder;  that  is,  the 
cylinder  shall  be  triple  of  the  cone. 

If  the  cylinder  be  not  triple  of  the  cone,  it  mujst 
either  be  greater  than  the  triple,  or  less  than  it.  First, 
let  it  be  greater  than  the  triple  ;  and  inscribe  the  square 
ABCD  in  the  circle :  this  square  is  greater  J  than  the 
half  of  the  circle  ABCD.  Upon  the  square  ABCD 
erect  a  prism  of  the  same  altitude  with  the  cylinder ; 
this  prism  shall  be  greater  than  half  of  the  cylinder: 
for  lei  a  square  be  described  about  the  circle,  and  let  a 
prism  be  erected  upon  the  square,  of  the  same  altitude 
with  the  cylinder :  then  the  inscribed  square  is  half  of 
that  circumscribed ;  and  upon  these  square  bases  are 
erected  solid  parallelopipeds,  viz.  the  prisms  of  the 
«ame  altitude;  therefore  the  prism  upon  the  square 
•ABCD  is  the  half  of  the  prism  upon  the  square  de* 
scribed  about  the  circle;  because  they  are  .to  one  an* 
* ss.  11.  other*  as  their  bases ;  and  the  cylinder  is  less  than  the 
prism  upon  the  square  described  about  the  circle  ABCD* 
therefore  the  prism  upon  the  square  ABCD  of  the  same 
altitude  with  die  cylinder,  is  greater  than  half  of  the 
'  cylinder.  Bisect  the  circumferences  AB,  BC,  CD, 
DA,  in  the  points  E,  F,  G,  H;  and  join  AE>  EB,  BF, 
FC,  CG»  GD,  DH,  HA  s  then,  each  of  the  triangle* 
AEB,  BFC,  CGD,  DHA  is  greater  than  the  half  of 
the  segment  of  the  circle  in  which  it  stands,  us  was 
shewn  in  Prop.  £»  of  this  Book.  Erect 
prisma  upon  each,  of  these  triangles,  of 
the  same  altitude  with  the  cylinder;, 
each  of  these  prisms  shall  be  greater 
than  half  of  the  segment  of  the  cylinder 
is  which  it  is;  because. if  through  the 
points  E,  F,  G;  H,  parallels  be  drawn 
to  AB,  BC,  CD,  DA,  and  parallelograms  be  completed 

$  As  was  shewn  in  Prop.  2.  of  this  Book, 
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upon  the  same  AB,  BC,  CD,  DA,  and  solid  pfttftlletar 

piped*  be  erected  upon  the  parallelograms ;  the  prisms  '    " 

upon  the  triangles  AEB,  BFC,  CGD,  DHA,  are  the 
halves  of  the  solid  parallelopipeds  *;  and  the  segments  •«  Cor.7. 
of  the  cylinder  which  are  upon  the  segments  of  the  lf  • 
circle  cut  off  by  AB,  BC,  CD,  DA,  are  less  than  the 
solid  parallelopipeds,  which  contain  them;  therefore  the 
prisms  upon  the  triangles  AEB,  BFC,  CGD,  DHA* 
are  greater  than  half  of  the  segments  of  the  cylinder  ia 
which  they  are:  therefore,  if  each  of  the  circumferences 
be  divided  into  two  equal  parts,  and  straight  lines  be 
drawn  from  the  points  of  division  to  the  extremities  of 
the  circumferences,  and  upon  the  triangles  thus  made 
prisms  be  erected  of  the  same  altitude  with  the  cylinder, 
and  so  on,  there  must  at  length  remain  some  segments 
of  the  cylinder  which  together  are  less*  than  the  excess  *  Lemma, 
of  the  cylinder  above  the  triple  of  -the  cone:  let  them 
be  those  upon  the  segments  of  the  circle  AE,  EB,  BF, 
FC,  CG,  GD,  DH,  HA ;  therefore  the  rest  of  the 
cylinder,  that  is,  the  prism  of  which  the  base  k  the  po- 
lygon AEBFCGDH,  and  of  which  the  altitude  is  the 
same  with  that  of  the  cylinder,  is  greater  than  the  triple 
of  the  cone:  but  this  prism  is  triple*  of  the  pyramid  *iCor.  7. 
upon  the  same-  base,  of  which  the  vertex  is  the  same  lfa 
with  the  vertex  of  the  cone;  therefore  the  pyramid 
upon  the  base  AEBFCGDH,  having  the  same  vertex  >  > 

with  the  cone,  is  greater  than  the  cone,  of  which  the 
base  is  the  circle  ABCD :  but  it  is  also  less,  for  the 
pyramid  is  contained  within  the  cone  j  which  is  impos- 
sible: therefore  the  cylinder  is  not  greater  than  the 
triple  of  the  cone. 

Nor  can  the  cylinder  be  less  than  the  triple  of  the 
cone.  Let  it  be  less,  if  possible;  therefore,  inversely, 
the  cone  is  greater  than  the  third  part  of  the  cylinder. 
In  the  circle  ABCD  inscribe  a  square:  this  square  is 
greater  than  the  half  of  the  circle:  and  upon  the  square 
ABCD  erect  a  pyramid,  having  the  seme  vertex  with 
the  cone;  this  pyramid  is  greater  than  the  half  of  the 
cone;  because,  as  was  before  demonstrated,  if  a  square 
be  described  about  the  circle,  the  square  ABCD  is  the 
half  of  it ;  and  if  upon  these  sqtftaregt  there  be  erected 
solid  parallelopipeds  of  the  same  altitude  with  the  cone, 
which  are  -also  prisms,  the  prism  upefci  the  square 
ABCD  is  the  half  of  that  whteh  is  upon  the  square 
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described  about  the  circle;  for  they  are 
•  St.  11.  to  one  another  as  their  bases  #;  as  are 
also  the  third  parts  of  them:  therefore 
the  pyramid,  the  base  of  which  is  the 
square  ABCD,  is  half  of  the  pyramid 
upon  the  square  described  about  the 
circle :  but  this  last  pyramid  is  greater 
than  the  cone  which  it  contains ;  there- 
fore the  pyramid  upon  the  square  ABCD,  having  the 
same  vertex  with  the  cone,  is  greater  than  the  half  of 
the  cone.  Bisect  the  circumferences  AB,  BC,  CD, 
DA,  in  the  points  E,  F,  G,  H,  and  join  AE,  EB,  BF, 
FC,  CG,  GD,  DH,  HA:  therefore  each  of  the  triangles 
AEB,  BFC,  CGD,  DHA,  is  greater  than  hal<  pf  the 
segment  of  the  circle  in  which  it  is:  upon  eaeh  of  these 
triangles  erect  pyramids  having  the  same  vertex  with, 
the  cone:  therefore  each  of  those  pyramids  is  greater, 
than  the  half  of  the  segment  of  the  cone  in  which  it  ifc 
as  before  was  demonstrated  of  the  prisms  and  segments 
of  the  cylinder:  and  thus  dividing  each  of  the  circum- 
ferences into  two  equal  parts,  ana  joining  the  points. of 
division  and  their  extremities  by  straight  lines,  and  up- 
on the  triangles  erecting  pyramids  having  their  vertices 
the  same  with  that  of  the  cone,  and  so  on,  there  must 
at  length  remain  some  segments  of  the  cone,  which, 
t  Lemma. « together  are  lessf  than  the  excess  of  the  cone  above 
the  third  part  of  the  cylinder :  let  these  be  the  segments 
upon  AE,  EB,  BF,  FC,  CG,  GD,  DH,  HA:  there- 
fore the  rest  of  the  cone,  that  is,  the  pyramid  of  which 
the  base  is  the  polygon  AEBFCGDn,  and  of  which 
the  vertex  is  the  same  with  that  of  the 
cone,  is  greater  than  the  third  part  of 
the  cylinder :  but  this  pyramid  is  the 
third  part  of  the  prism  upon  the  same 
base  AEBFCGDH,  and  of  the  same 
altitude  with  the  cylinder;  therefore 
this  prism  is  greater  than  the  cylinder 
of  which  the  base  is  the  circle  ABCD :  but  it  is  also 
less,  for  it  is  contained  within  the  cylinder;  which  is 
impossible :  therefore  the^  cylinder  is  not  less  than  the 
triple  of  the  cone.  And  it  has  been  demonstrated  that 
neither  is  it  greater  than  the  triple:  therefore  the 
cylinder  is  triple  of  the  cone,  or,  the  cone  is  the  third 
part  of  the  cylinder.  Wherefore,  every  cone,  &c.  Q.  m.  d. 
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PROP.  XL    THEOR. 

Cones  and  cylinders  of  the  same  altitude,  are  to  one  an-  See  N. 

other  as  their  bases. 

Let  the  cones  and  cylinders,  of  which  the  bases  are 
the  circles-  ABCD,  EFGH,  and  the  axes  KL,  MN, 
and  AC,  EG  the  diameters  of  their  bases,  be  of  the  same 
altitude.  As  the  circle  ABCD  to  the  circle  EFGH,  so 
shall  the  cone  AL  be  to  the  cone  EN. 

If  it  be  not  so,  the  circle  ABCD  must  be  to  the 
circle  EFGH,  as  the  cone  AL  to  some  solid  either  less 
than  the  cone  EN,  or  greater  than  it.     First,  let  it  be 
to  a  solid  less  than  EN,  viz.  to  the  solid  X;  and  let  Z 
be  the  solid  which  is  equal  to  the  excess  of  the  cone 
EN  above  the  solid  X;  therefore  the  cone  EN  is  equal 
to  the  solids  X,  Z,  together.     In  the  circle  EFGH  in- 
scribe the   square   EFGH;  therefore   this   square   is 
greater    than  the  half  of  the  circle :  upon  the  square 
EFGH  erect  a  pyramid  of  the  same  altitude  with  the 
cone ;  this  pyramid  shall  be  greater  than  half  of  the 
cone :  for,  if  a  square  be  described  about  the  circle,  and 
a  pyramid  be  erected  upon  it,  having  the  same  vertex 
with  the  cone  %y  the  pyramid  inscribed  in  the  cone  is 
half  of  the  pyramid  circumscribed  about  it,  because 
they  are  to  one  another  as  their  bases*:  but  the  cone  *&  **. 
is  less  than  the  circumscribed  pyramid ;  therefore  the 
pyramid  of  which  the  base  is  the  square  EFGH,  and 
its  vertex  the  same  with  that  ' 
of  the  cone,  is  greater  than 
half  of  the   cone*     Divide 
the  circumferences  EF,  FG, 
GH,    HE,   each    into   two 
equal  parts  in  the  points  O, 
P,    R,    S,    and   join    EO, 
OF,    FP,   PG,   GR,   RH, 
HS,  SE :  therefore  each  of 
the  triangles   EOF,    FPG, 
GRH,  HSE,  is  greater  than  __ 

half  of  the  segment  of  the  n]z_J  Qt^3 

circle  in  which  it  is:  upon 

%  Vertex  U  put  in  place  of  altitude,  which  is  in  the  Greek,  because 
the  pyramid,  in  what  follows,  is  supposed  to  be  circumscribed  about 
the  cone,  and  so  mnst  have  the  same  vertex.  And  the  same  change 
is  made  in  seme  places  foltowing. 


^ 
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each  of  these  triangles  erect  a  pyramid  having  the  «u»e 
vertex  with  the  pone;  each  of  these  pyramids  is  greater 
than  the  half  of  the  segment  of  the  cone  in  which  it  tk 
and  thus  dividing  each  of  these  circumferences  into  two 
/  equal  parts,  and  from  the  points  of  division  drawing 
straight  lines  to  the  extremities  of  the  circumferences* 
and  upon  each  of  the  triangles  thus  made  erecting 
pyramids  having  the  same'  vertex  with  the  cone,  and 
so  on,  there  must  at  length  reniain  some  segments  of 
•Lemma,  the  cone  which  are  together  less*  than  the  solid  Z;  let 
these  be  the  segments  upon  EO,  OF,  FP,  PG,  GR» 
RH,  HS,  SE:  therefore  the  remainder  of  the  cone, 
viz.  the  pyramid  of  which  the  base  is  the  polygon 
EOFPGRHS,  and  its  vertex  the  same  with  that  of  the 
cone,  is  greater  than  the  solid  X.  In  the  circle  ABCD 
inscribe  the  polygon  ATBYCVDQ  similar  to  the  poly- 
gon EOFPGRHS,  and  upon  it  erect  a  pyramid  having 
the  same  vertex  with  the  cone  AL :  and  because  as  the 
square  of  AC  is  to  the  square  of  EG,  so*  is  the;  pplygqu 
ATBYCVDQ  to  the  polygon  EOFPGRHS*  and. jii 
the  square  of  AC  to  the  square  of  EG,  so  is  *  the 
circle  ABCD  to  the  circle  EFGH;  therefore  the 
circle  ABCD  is*  to  the  circle  EFGH,  as  the  polygon 
ATBYCVDQ  to  the  poly- 
gon  EOFPGRHS:  but  as 
the  circle  ABCD  to  the 
circle  EFGH,  so  is  the  cone 
AL  to  the  solid  Xjand  as  the 
polygon  ATEiY'CVDQ  to 
the  polygon  EOFPG  RHS,, 
so  is*  the  pyramid  of  which, 
the  base  is  the  first  of  these 
polygons,  and  vertex  L,  to 
the  pyramid  of  which  tkjs 
base  is  the  other  polygon, 
and  its  vertex  N:  therefore, 

as  the  cone  AL  to  the  solid  X,  so  is  the  pyramid  of 
which  the  base  is  the  polygon  ATBYCVDQ,  and 
vertex  L,  to  the  pyramid  the  base  of  which  is  the  poly- 
gon EOFPGRHS,  and  vertex  N:  but  the  cone  AL  is 
greater  than  the  pyramid  contained  in  it;  therefore  the 
solid  X  is  greater  *  than  the  pyramid  in  tiie  cone  EN: 
but  it  is  Jess,  as  was  shewn;  which  is  absurd  :  therefore 
the  circle  ABCD  is  not  to  the  circle  EFGH,  as  the 
cone  AL  to  any  solid  which  is  less  than  the  cone  EN. 


*  l.  it. 


*  *.  1 «. 
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•  6.  u. 
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Iy>  the  same  manner  it  may  be  demonstrated,  that  fM 
tirble  EFGH  is  not  to  the  circle  A  BCD,  as  the  co.ne 
EN  to  any  polid  less  than  the  cone  AL.  Nor  can  the 
circle  ABCD  be  to  the  circle  EFGH,  as  the  cone  AL,  to 
any  solid  greater  than  the  cone  EN.  For,  if  it  be  possible, 
let  It  be  so  to  the  solid  I,  which  is  greater  than  the 
cone  EN:  therefore,  by  inversion,  as  the  circle  EFGH 
to  the  circle  ABCD,  so  is  the  solid  I  to  the  cone  AL : 
but  as  the  solid  I  to  the  cone  AL,  so  ift  the  cone  EN  to 
some  solid,  which  must  be  less*  than  the  cone  AL,  be-  *  14. 5# 
cause  the  solid  1-  is  greater  than  the  cone  EN ;  there- 
fore, as  the  circle  EFGH  is  to  the  circle  ABCD,  so  is 
the  cone  EN  to  a  solid  less  than  the  cone  AL,  which 
was  shewn  to  be  impossible :  therefore  the  circle  ABCD 
is  not  to  the  circle  EFGH,  as  the  cone  AL  is  to  any 
solid  greater  than  the  cone  EN.  And  it  has  been  de- 
monstrated, that  neither  is  the  circle  ABCD  to  the 
circle  EFGH,  as  the  cone  AL  to  any  solid  less  than 
the  cone  EN :  therefore  the  circle  ABCD  is  to  the 
circle  EFGH,  ns  the  cone  AL  to  the  cone  EN:  but  as 
Ihe  cone  is  to  the  cone,  so  *  is  the  cylinder  to  the  *  *5. 5. 
dyJihdef,  because  the  cylinders  are  triple*  of  the  cones,  *  to.  is. 
each*  of -each-:  therefore  as  the  circle  ABCD  to  the 
circle  EFGH,  so  are  the  cylinders  upon  them  of  the 
same  altitude.  Wherefore,  cones  and  cylinders  of  the 
same  altitude  are  to  one  another  as  their  bases.  Q.  E.  D. 

PROP.  XIL   ;THEOR* 

•  *  * 

Similar  cones  and  cylinders  have  to  one  another  the  tripli~  See  N. 
cate  ratio  of  that  which  the  diameters  of  their  bases 
hqve* 

Let  the  cones  and  cylinders  of  which  the  bases  are 
the  circles  ABCD,  EFGH,  and  the  diameters  of  the 
bases  AC,  EG,  and  KL,  MN  the  axes  of  the  cones  or 
joylinders,  be  similar:  the  cone  of  which  the  base  is  the 
circle  ABCD  and  vertex  the  point  L,  shall  have  to  the 
cose  of  which  the  base  is  the  circle  EFGH  and  vertex 
N,  the  triplicate  ratio  of  that  which  AC  has  to  EG. 

1  For  if  the  cpne  ABCDL  has  not  to  the  cone  EFGHN 
the  triplicate  ratio  of  that  which  AC  has  to  EG,  the  cone 
ABCDL  must  have  the  triplicate  of  that  ratio  to  some 
.solid  which  is  less  or  greater  than  the  cone  EFGHN. 
Fiitet,  let  it  have  it  to  a  less,  viz.  to  the  solid  X.   Make 

r2 


244 


EUCLHWS  ELIMESffS; 

the  same  construction  ns  inil*  preceding?  pjepoeitiaiiv 
and  it  may  be  demonstrated  the  very  same  way  as  in  that 
proposition,  that  the  pyramid  of  which  the  base  is  the 
polygon  EOFPGRHS,  and  vertex  N,  is  greater  than 
the  solid  X.  Inscribe  also  in  the  circle  ABCD  the  poly- 
gon ATB  YC  VDQsimilar  to  the  polygon  EOFPG  RHS» 
upon  which  erect  a  pyramid  having  the  same  vertex 
with  the  cone;  and  let  LAQ  be  one  of  the  triangles  con- 
taining  the  pyramid  upon  the  polygon  ATB YCVDQ> 
^he  vertex  of  which  is  L  ;  and  let  NESbe  one  o£*ha 
triangles  containing  the  pyramid  upon  the  polygon 
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*  15.  5. 
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EOFPGRHS  of  which  the  vertex  is  N;  and  join  KQ, 
MS.  Then,  because  the  cone  ABCDL  ia, similar  to 
the  cone  EFGHN,  AC  is*  to  EG  as  the  axis,  KL  to 
the  axis  MN;  and  as  AC  to  EG,  so*  is  AK  Jx>  EM;- 
therefore  as  AK  to  EM,  so  is  KL  to  MN;  endaltetf* 
nately,  AK  to  KL,  as  EM  to  MN:  and  the  right 
angles  AKL,  EMN*  are  equal:  therefore,  the  aides 
about  these. equal  angles  being  proportionals,  the  tri- 
angle AKL  is  similar  *  to  the  triangle  EMN*  Again, 
because  AK  is  to  KQ,  as  E»M  to  MS,  and  that  these 
sides  are  about  equal  angles  AKQ,  EMS,  because  these 
angles  are,  each  of  them,  the  st\me  part  of  four  right 
angles  at  the  centres  K,  M;  therefore  the  triangle 
AKQ  is  -similar*  to  the  triangle  EM3.  And  because 
it  has  been  shewn  that  as  AK  to  KL,  so  is  EM  to  MN* 
and  that  AK  is  equal  to  KQ,  and  EM  to  MS:  there*- 
fore  as  QK  to  KL,  so  is  SM  to  MN:  and  therefore, 
the  sides  about  the  right  angles  QKL,  SMN  being, 
proportionals,  the  triangle  LKQ  is  similar  to  the  .tri- 
angle NMS.  And  because  of  the  similarity  of  the  tri- 
angles  AKL,  EMN,  as  LA  is  to  AK,.  so  is  NE  to  EM ; 
and  by  the  similarity  of  the  triangles  AKQ,  EMS,  as 
KA  to  AQ,  so  ME  to  ES:  therefore  ex  fiequali  *  LA, 
is  to  AQ,  as  NE  to  ES,     Again,  because  of  the  si/n> 
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Jaidty  ef  theUriariglesf'I^KviNJSM,^  LQ  to  QK,  to 
NS  to  SM ;  and  from  the  similarity  of  the  -triangle* 
KAQ,  MES,  as  KQ  to  QA,  bo  MS  to  SE :  therefore 
ex  seqaali  *,  LQ  is  to  QA,  a*  NS  to  SE :  and  it  was  *  **.  *• 
proved  that  QA  is  to  AL,  as  SE  to  EN  :  therefore, 
again*  ex  sequalv  as  QL  to  LA,  so  is   SN  to  NE: 
wherefore  the  triangles  LQA,  NSE,  having  the  sides 
about  alt  their  angles-  proportionals,  are  equiangular*  *5.  d. 
and  similar  to  one  another :  and  therefore  the  pyramid 
of  which  the  baseJs  the  triangle  AKQ,  and  vertex  L, 
is  similar  to  the  pyramid  the  base  of  which  is  the  tri- 
angle EMS,  and  vertex  N,  because  their  solid  angles 
are  equal*  to  one  another,  and  they  are  contained  by  *B.  11. 
the  same  number  of  similar  planes :  but  similar  pyra- 
mids which  have  triangular  bases  have  to  one  another 
the  triplicate*  ratio  of  that  which  their  homologous  •  8.  is. 
sides  have ;  therefore  the  pyramid  AKQL  has  to  the 
pyramid  EMSN  the  triplicate  ratio  of  that  which  AK 
has  to  "JEM.     In  the  same  manner,  if  straight  lines  be 
drawn  from  the  points  D,  V,  C,  Y,  B,  T,  to  K,  and 
from  the  points  H,  R,  G,  P,  F,  O,  to  M,  and  pyra- 
mids be  erected  upon  the  triangles  having  the  same 
vertices  with  the  cones,  it  may  be  demonstrated  that 
each  pyramid  in  the  first  cone  has  to  each  in  the  other, 
taking  them  in  the  same  order,  the  triplicate  ratio  of 
that  which  the  side  AK  has  to  the  side  EN ;  that  is, 
which  AC  has  to  EG:  but  as  one  antecedent  to  its  con- 
sequent,  so  are  all  the  antecedents  to  all  the  conse- 
quents* ;  therefore  *s  the  pyramid  AKQL  to  the  py-  *  H  *• 
ramid    EMSN,  so  is  the  whole  pyramid  the  base  of 
which  is  the  polygon  DQATBYCV,  and  vertex  L,  to 
die  whole  pyrafnid  'ot  Which  the  base  is  the  polygon 
HSEOFPGR,  and  vertex  N  :  wherefore  also  the  first 
of  these  two  last-named  pyramids  has  to  the  other  the 
triplicate  ratio  of  that  which  AC  has  to  EG;  but,  by  the 
hypothesis,  the  cone  of  which  the  base  is  the  circle 
ABCD,  and  vertex  L,  has  to  the  solid  X,  the  triplicate 
ratio  of  that  which  AC  has  to  EG ;  therefore,  as  the 
dDtte  of  which  ther  base  is  the  circle  ABCD,  and  vertex 
L>  fe  to  the  solid  X,  so  is  the  pyramid  the  base  of  which 
is- the  polygon  DQATBYCV,  and  vertex  L,  to  the 
pyramid  the  base  of  which  is  the  polygon  HSEOFPGR, 
mid  vertex  N?  but  the  stiid  cotie  is  greater  than  the 
pyramid   contained   in   it ;   therefore   the  solid  X  is 
greater  *  than  the  pyramid,  the  base  of  which  is  the  *  !*•  *• 
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polygon  HSEOFPGR,  and  vertex  N :  but  it  is  also 
less ;  which  is  impossible :  therefore  the  cone,  of  which 


•  14. 5. 


•  15.  3„ 
1 10.  12. 
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the  base  is  the  circle  ABCD  and  vertex  L,  has  not  to 
any  solid  which  is  less  than  the  cone  of  which  the  base 
is  the  circle  EFGH  and  vertex  N,  the  triplicate  ratio  of 
that  which  AC  has  to  EG.  In  the  same  manner  it 
maybe  demonstrated,  that  neither  has  the  cone  EFGJHjJ 
to  any  solid  which  is  less  than  the  cone  ABCDL,  tfae 
triplicate  ratio  of  that  which  EG  has  to  AC.  Nor  cap 
the  cone  ABCDL  have  to  any  solid  which  is  grfatqr 
than  the  cone  EFGHN,  the  triplicate  ratio  of  that 
which  AC  has  to  EG.  For,  if  it  be  possible*  let,  it 
have  it  to  a  greater,  viz.  to  the  solid  Z:.  therefore,  in- 
versely, the  solid  Z  has  to  the  cone  ABCDL,  the  tri- 
plicate ratio  of  lhat  which  EG  has  to  AC :  but  as  the 
solid  Z  is  to  thecone  ABCDL,  so  is  the  cone  EFGHN  to^ 
some  solid,  which  must  be  less*  than  tfie  cone  ABCDL, 
because  the  solid  Z  is  greater  than  the  cone  EFGHN; 
therefore  the  cone  EFGHN  has  to  a  solid  which  is  le,S9 
than  the  cone  ABCDL  the  triplicate  ratio  of  that  which 
EG  has  to  AC,  which  was  demonstrated  to  be  impos- 
sible :  therefore  the  cone  ABCDL  ha$  not  to  any  solid 
greater  than  the  cone  EFGHN,  the  triplicate  ratio  of 
that  which  AC  has  to  EG :  and  it  was  demonstrated, 
that  it  Could  not  have  that  ratio  to  any  solid  less  than 
the  cone  EFGHN:  therefore  the  cone  ABCDL  has 

_        _     _  ■  ■ 

to  the  cone  EFGHN,  the  triplicate  ratio  of  that  which 
AC  has  to  EG,  but  as  the  cone  is  to  the  cone,  so* 
the  cylinder  to  the  cylinder;  for  every  cone  is  the 
third-)-  part  of  the  cylinder  upon  the  same  base,  and  of 
the  same  altitude:  therefore  also  the  cylinder  has' to 
the  cylinder,  the  triplicate  ratio  of  that  which  AC  ^as 
to  EG.     Wherefore,  similar  cones,  &c.     Q.  E.  p. 
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If  a  cylinder  be  ait  by  a  plane  parallel  to  its  opposite  Bm  N. 
planes,  or  baas,  it  divides  Ike  cylinder  into  too  cylin- 
ders, one  of  which  is  to  the  other  at  the  axit  of  the  first 
to  the  axis  of  the  other. 

Let  the  cylinder  AD  be  cut  by  the  plane  GH  paral- 
lel to  the  opposite  planes  AB,  CD,  meet- 
ing the  axis.  EF  in  the  point  K,  and  let 
the  line  GH  be  the  common  section  of 
the  plane  GH  and  the  surface  of  the  cy- 
linderAD.  Let  XEFC  be  the  parallelo- 
gram in  any  position  of  it,  by  the  revolu- 
tion of  which  about  the  straight  line  EF 
the  cylinder  AD  is  described ;  and  let 
GK  be  the  common  section  of  the  plane 
GH,  and.  the  plane  AEFC  And  be- 
cause the  parallel  planes  AB,  GH  are 
cut  by  the  plane  AEKG,  AE,  KG  their 
common  sections  with  it,  are  parallel  *:  wherefore  AK  "  '«■  It. 
Is  a  parallelogram,  and  GK  equal  to  EA  the  straight 
line  from  the  centre  of  the  circle  AB  :  for  the  same 
reason,  each  of  the  straight  lines  drawn  from  the  point 
K.  to  the  line  GH  may  be  proved  to  be  equal  to  those 
which  are  drawn  from  the  centre  of  the  circle  AB  to 
its  circumference,  and  are  therefore  nil  equal  to  one 
another ;  therefore  the  line  GH  is  the  circumference 
of  a  circle*  of  which  the  centre  is  the  point  K:  there-  •lSDef.i. 
fore  the  plane  GH  divides  the  cylinder  AD  into  the 
cylinders  AH,  GD;  for  they, are  the  same  which  would 
be  described  by  the  revolution  of  the  parallelograms 
AK,  GF,  about  the  straight  lines  EK,  KB':  and  it  is  to 
be  shewn,  that  the  cylinder  AH  is  to  the  cylinder  HC, 
as  the  axis  EK  to  the  axis  KF. 

Produce  the  axis  EF  both 'ways;  and  take  any  num- 
ber of  straight  lines  EN,  NL,  each  equal  to  EK;  and 
any  number  FX,  XM,  each  equal  to  FK;  and  let 
planes  parallel  to  AB,  CD,  pass  through  the  points  L, 
N,  X,  M:  therefore  the  common  sections  of  these 
planes  with  the  cylinder  produced  are  circles  the  centres 
of  which  are  the  points  L,  N,  X,  M,  as  was  proved  of 
the  plane  GH;and  these  planes  cut  ofF  the  cylinders  PR, 
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,  RB,  DT,  TQ-,    An<J  because  the  axes 
LN,  NE,  EK,  are  all  equal,,  therefore . 

•  U.  is.      the  cylinders,  PR,  RB,  BG,  are*  to 

one  another  as  their  bases:  but  their 
bases  are  equal,  and  therefore  the  cy- 
linders PR,  RB,  BG-,  are  e^ual:  arid 
because  the  axes  LN,  NE,  EK,  are 
equal  to  one  another,  as  also  thecylinders 
PR,  RB,  BG,  and  that  there  are  as  many 
axes  as  cylinders;  therefore,  whatever 
multiple  the  axis  KL  is  of  the  axis  KE,  "■ 
the  same  multiple  is  the  cylinder  PGiof  the  cylinder 
GB  :  for  the  same  reason,  whatever  multiple  the  axra 
MK  is  of  the  axis  KF,  the  same  multiple  is  the  cylin- 
der QG  of  the  cylinder  GD :  and  if  the  axis  KL  be 
equal  to  the  axis  KM,  the  cylinder  PG  is  equal  to 
the  cylinder  GQ;  and  if  the  axis  KL  be  greater 
lhan  the  axis  KM,  the  cylinder  PG  is  greater  than 
the  cylinder  GQ;  and  if  less,  less:  therefore,  since, 
there  are  four  magnitudes,  viz.  the  axes  EK,  KF, 
and  the  cylinders  BG,  GD;  and  that  of  the  axis  EK 
and  cylinder  BG  there  have  been  taken  any  equimul- 
tiples whatever,  viz.  the  axis  KL  and  cylinder  PG,  and 
of  the  axis  KF  and  cylinder  GD,  any  equimultiples 
whatever,  viz.  the  axis  KM  and  cylinder  GQ;  and 
since  it  has  been  demonstrated,  that  if  the  axis  KL  be 
greater  than  the  axis  KM,  the  cylinder  EG»is  greater  • 
than  the  cylinder  GQ;  and  if  equal,  equal;  and  if  less, : 

•  5  Def.  5.  less:  therefore*  as  the  axis  EK  ifrto  the  .axis  KF,  so  is 

the  cylinder  BG  to  the  cylinder  jGnD.     Wherefore,  it «a 
cylinder,  &c.     Q..JS.  D.  ,   ...       ;  •  ■«  /    '  *•    »l! 
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PROP.  XIV.    THEOR.: 

Cones  and  cylinders  upon  equal  bases  are  to  one  another 

as  their  altitudes. 

Let  the  cylinders  EB,  FD,  be  upon,  the  equal  bases 
AB,  CD:  as  the  cylinder  EB  to  the  cylinder  FD,  so 
shall  the  axis  GH  be  to  the. axis  KL. 

Produce  the  axis  KL  to  the  point  N*  and  make 
LN  equal  to  the  axis  GH,  and  let  CM  be  a  cylinder  of 
which  the  base  is  CD,  and  axis  LN.  Then  because 
the  cylinders  EB,  CM,  have  the  same  altitude,  they  are 
to  one  another  as  their. bases*:  but  their  bases  are  equal, 
therefore  also  the  cylinders  EB,  CM,  are  equal:  and 
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because  the  cylinder  FM  »  cut  by  " 
the  plane  CD  parallel  tplts  Apposite 
planes,  as  the  cylinder. CM  to  the 
cylinder  FD,  so  it.*' the  axis  LN  to 
the  axis  KL:  bat  the  cylinder  CM 
is  equal  to  the  cylinder  EB,  and 
the  axis  LN  to  theaxis  GH;  there- 
fore as  the  cylinder  EB  to  the 
cylinder  FD,  so  is  the  axis  OH  to  the  axis  KL:  and 
as  the  cylinder  EB  to  the  cylinder  FD,  so  is*  the  * 
cone  ABO  to  the  cone  CDK,  because  the  cylinders 
are  triple  *  of, the  cones:  therefore  also  the  axis  GH  is  * 
to  the  axis  KL,  as  the  cone  ABG  to  the  cone  CDK, 
and  as  the  cylinder:  EB  to  the  cylinder  FD.  Where- 
fore cones,  -Sec.     q.  js.  d. 


PROF.  XV.    THEOR. 

The  bases  and  altitudes  of  equal  cones  and  cylinders  are  Se"  N- 
reciprocally  proportional  /  and  if  the  bases  and  alti- 
tudes be  reciprocally  proportional,  the  cones  and  cy- 
Htideri  are  equal  to  one  another. 

Let  the  circles  ABCD,  EFGH,  the  diameters  of 
wjuch  are  AC,  EG,  be  the  bases,  and  KL,  MN, 
the  axes,  as  also  the  altitudes,  of  equal  cones  and 
cylinders  ;  and  Itrt  ALC,  ENG  be  the  cones,  and  AX, 
EO,  the  cylinders:  ihe  bases  aud  altitudes  of  the 
cylinders  AX*  EO  shall  be  reciprocally  proportional; 
that  is,  «a  tlie  base  ABCD  t*  the  bnse  EFGH  so  shall 
the  altitude  MN  be  to  the  altitude  KL. 

Either  the  altitude  MN  is  equal  to  the  altitude  KL, 
or  these  altitudes  are  not  equal.  First  let  them  be 
equal;  and  the  cylinders  AX,  EO  being  also  equal,  and 
cones  and  cylinders  of  the  same  altitude  being  to  one 
another  as  their  bases",  therefore  the  base  ABCD  is  ****  **■ 
equal  •  to  the  bnse  EFGH ;  and  us  the  base  ABCD  is  *  A  ■  *• 
to  the  base  EFGH  so  is  the  altitude  MN  to  the  altitude 
KL.  But  let  the  altitudes  KL, 
MN,  be  unequal,  and  MN  the 
greater  of  the  two,  and  from 
MN  take  MP  equal  to  KL,  and 
through  the  point  F  cut  the  cy- 
linder EO  by  the  plane  TYS, 
parallel  to  die  opposite  planes  of 
die  circles  EFGH,  RO;  there- 


in  "  >    ,o 


260  EUCLID'S  ELEMENT* 

fore  the  common  section  of  the  plane  TYS  and  the  cy- 
linder EO  is  a  circle,  and  consequently  ES  is  a  cylin- 
der, the  base  of  which  is  the  circle  EFGH,  and  alti- 
tude MP;  and  because  the  cylinder  AX  is  equal  to  the 

•  7. 5.         cylinder  EO,  as  AX  is  to  the  cylinder  ES,  so*  is  the 

cylinder  EO  to  the  same  ES :  but  as  the  cylinder  AX 

* 11;  **•       to  the  cylinder  ES,  so  *  is  the  base  ABCD  to  the  base 

EFGH;  for  the  cylinders  AX,  ES  are  of  the  same  alti- 

•  13.  n.      fU(je .  an(j  as  tne  Cylinder  EO  to  the  cylinder  ES,  so*- 

is  the  altitude  MN  to  the  altitude  MP,  because  the 
cylinder  EO  is  cut  by  the  plane  TYS*  parallel  to  its 
opposite  planes;  therefore  as  the  base  ABCD  to  the 
base  EFGH,  so  is  the  altitude  MN  to  the  altitude  MP: 
but  MP  is  equal  to  the  altitude  KL :  wherefore  as  the 
base  ABCD  to  the  base  EFGH,  so  is  the  altitude  MN 
to  the  altitude  KL;  that  is,  the  bases  and  altitudes  of 
the  equal  cylinders  AX,  EO,  are  reciprocally  propor- 
tional. 

But  let  the  bases  and  altitudes  of  the  cylinders  AX, 
EO  be  reciprocally  proportional,  viz.  the  base  ABCD 
to  the  base  EFGH,  as  the  altitude  MN  to  the  altitude 
KL:  the  cylinder  AX  shall  be  equal  to  the  cylin- 
der EO. 

First,  let  the  base  ABCD  be  equal  to  the  base 
EFGH:  then  because  as  the  base  ABCD  is  to  the 
base  EFGH,  so  is  the  altitude  MN  to  the  altitude  KL; 

•  A,  5.        jfljj  |s  eqUai#  to  KL;  and  therefore  the  cylinder  AX  is 

•  n.  12.       equal *  to  the  cylinder  EO. 

But  let  the  bases  ABCD,  EFGH  be  unequal,  and  let 
ABCD  be  the  greater:  and  because  as  ABCD  is  to  the 
base  EFGH,  so  is  the  altitude  MN  to  the  altitude  KL; 
therefore  MN  is  greater*  than  KL.  Then,  the  same 
construction  being  mad«  as  before,  because  as  the  base 
ABCD  to  the  base  EFGH,  so  is  the  altitude  MN  to 
the  altitude  KL;  and  because  the  altitude  KL  is  equal 

•  u*  lf-      to  the  altitude  MP;  therefore  the  base  ABCD  is*  to 

the  base  EFGH  as  the  cylinder  AX  to  the  cylinder  ES; 
and  as  the  altitude  MN  to  the  altitude  MP  or  KL,  so 
is  the  cylinder  EO  to  the  cylinder  ES  :  therefore  the 
cylinder  AX  is  to  the  cylinder  ES,  as  the  cylinder  EO 
is  to  the  same  ES:  whence  the  cylinder  AX  is  equal  to 
the  cylinder  EO:  and  the  same  reasoning  holds  in  cones. 
Q.  E.  D. 


•  A.  5. 
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PEOPl  XVI.    PROB. 

«  > 

Z#  /A*  greater  of  two  circles  thai  have  iht  same  centre*  to 
.,  inscribe  a  polygon  of  en  even  number  <f  equal  side*, 
.  that- shall  not  meet  the  lesser  circle* 

Let  ABCD,  EFGH  be  two  given  circles  having  the 
same  centre  K:  if;  is  required  to  inscribe  in  the  greater 
pirtle  ABCD,  a  polygon  of  an  even  number  or  equal 
skies,  that  shall  not  meet  the  lesser  circle. 

Through  the  centre  K  draw  the  straight  line  BD, 
and  from  thepoint  G.  where  it  meets  the  circumference 
of  the  lesser  circle,  draw  GA  at  right  angles  to  BD, 
and  produce  it  to  C;  therefore  AC  touches*  the  circle  *Cor.id. 
EFGH:  then,  if  trie  circumference  BAD  be  bisected,     ' 
and  the  half  of  it  be  again  bisected,  and  so  on,  there 
must  at  length  remain  a  circumference  less*  than  AD: 
let  this  be  LD;  and  from  the  point  L  draw  LM  per- 
pendicular to  BD,  and  produce  it  to 
N;  and  join  LD,  DN :  therefore  LD  is 
equal,  to  DN:  and  because  LN  is  pa- 
rallel to  AC,  and  that  AC  touches  the 
cirble  EFGH;  therefore  LN  does  not 
meet  the  circle  EFGH;  and  much  less 
shall  the  straight  lines  LD,  DN  meet 
the  circle  EFGH:  sq  that  if  straight  lines  equal  to  LD 
be  applied  in  the  circle  ABCD  from  the  point  L  around 
to  N,  there  shaft  be  inscribed  in  the  circle  a  polygon 
of  an  even  number  of  ^qual  sfdps  not  meeting  the  lesser 
circle.     Which  was  to  be  done. 

/'  '  'LIJMMA  1L 

If  two  trapeziums  ABCD,  EFGH  be  inscribed  in  the 
circles,  the  centres  of  which  are  the  points  K,  L ;  and 
if  the  sides,  AB,  DC  be  parallel,  as  also  EF,  HG  ; 
and  the  other  four  sides  AD,  BC,  EH,  FG,  be  all 
equal  to  one  another ;  but  the  side  AB  greater  than 
EF,  and  DC  greater  than  HG  :  the  straight  line  KA 
from  the  centre  of  the  circle  in  which  the  greater  sides 
are,  is  greater  than  the  straight  line  LE  drawn  from 
the  centre  to  the  circumference  of  the  other  circle* 

If  it  be  possible,  let  KA  be  not  greater  than  LE; 
then  KA  must  be  either  equal  to  it,  or  less  than  it. 
First,  let  KA  be  equal  to  LE:  therefore,  because  in 
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two  equal  circles  AD,  BQ»  ii>  the  one,  are  equal  to 
EH,  FG  in  the  other,  the"  circumferences  AD,  BC,  are 

*  28. 3.  equal #  to  the  circumferences  EH,  FG ;  but  because 
.  /  the  straight  lines  AB,  DC'are  respectively  greater  than 
EF*  GH,  the  circumferences  AB,  DC  are  greater  than 
EF,  HG;  therefore  the  whole  circumference  ABCD  is 
greater  than  the  whole  EFGH :  but  it  is  also  equal  to 
it,  which  is  impossible:  therefore  the  straight  line  KA 
fs  not  equal  to  LE. 

But  let  KA  be  less  than  LE,  and  make  LM  equal 
to  KA,  and  from  the  centre  L,  and  distance  LM,  de- 
scribe the  circle  MNOP,  meeting  the  straight  lines  X.Et 
LF,  LG,    LH,    in    M,    N,    O,    P;    and  join    MN, 

•2.6.  NO,  OP,  PM  which  are  respectively  parallel  *  to  and 
less  than  EF,  FG,  GH,  HE:  then  because  EH  is 
greater  than  MP,  AD  is  greater  than  MP ;  and  the 
[  circles  ABCD,  MNOP  are  equal ;  therefore  the  cir- 
cumference AD  is  greater  than  MP:  for  the  same  rea- 
son the  circumfer- 
ence BC  is  greater  t>/^ ^^  n, 

than  NO:  and  be- 
cause the  straight 
line  AB  is  greater 
than  EF,  which  is 
greater  than  MN, 
much  more  is  AB 

greater  than  MN:  therefore  the  circumference  AB  is 
greater  than  MN ;  and  for  the  same  reason,  the  cir- 
cumference DC  It  greater  than  PO:  therefore  the  whole, 
circumference  ABCD  is  greater  than  the  whole 
MNOP:  but  it  is  likewise  equal  to  it,  which  is  impos- 
sible; therefore  KA  is  not  less  than  LE:  nor  is  it 
equal  to  it;  therefore  the  straight  line  KA  must  be 
greater  than  LE.     q.  e.  d. 

Cor.  And  if  there  be  an  isosceles  triangle,  the  sides 
of  which  are  equal  to  AD,  BC,  but  its  base  less  than 
AB  the  greater  of  the  two  sides  AB,  DC;  the  straight 
line  KA  may,  in  the  same  manner,  be  demonstrated  to 
be  greater  than  the  straight  line  drawn  from  the  centre 
to  the  circumference  of  the  circle  described  about  the 
triangle. 


i 
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PROP.  XVII.    PROB. 

In  the  greater  of  too  spheres  which  have  the  same  centre,  See  N. 
to  inscribe  a  solid  polyhedron,  the  superficies  of  xtohich 
shall  not  meet  the  lesser  sphere. 

• 

<  Let  there  be  two  spheres  about  the  same  centre  A  : 
it  is  required  to  inscribe  in  the  greater  a  solid  polyhe- 
dron, the  superficies  of  which  shall  not  meet  the  leaser 
sphere*  , 

-  Let  the  spheres  be  cut  by  a  plane  passing  through 
the  centre;  the  common  section?  of  k  with  the  spheres 
shall  be  circles;  because  the  sphere  is  described  by  the 
revolution  of  a  semicircle  about  the  diameter  remaining 
immoveable;  so  that  in  whatever  position  the  semi* 
circle  be  conceived,  the  common  section  of  the  plane  in 
wftich  it  is  with  the  superficies  of  the  sphere  is  the  cir- 
cumference of  a  circle;  and  this  is  a  great  circle  of  the 
sphere,  because  the  diameter  of  the  sphere,  which  is 
likewise  the  diameter  of  the  circle,  is  greater  *  than  »  15%  5# 
any  straight  line  in  the  circle  or  sphere.     Let  then  the 
circle  made  by  the  section  of  the  plane  with  the  greater 
sphere' be  BCDE,  and  with  the  lesser  sphere  be  FGH; 
and  draw  the  two  diameters  BD,  CE,  at  right  angles 
to  one  another;  and  in  BCDE,  the  greater  of  the  two 
c|roh?s,  inscribe  *  a  polygon  >of  an  even   number  of  •  16.  it. 
equal  sides  not  meeting  the  lesser  circle  FGH;   and 
let  it*  sides,  jn  BE  the  fcurth  part  of  the  circle,  be  BK, 
KX,  LM,  .ME;  join  KA*and  produce  it  to  N;  and 
from  A  drqwf  AX  at  right  angles  to  the  plane  of  the  f  it.  11. 
circle  BCDE*  meeting  the  superficies- of  the  sphere  in 
the,  point  X :  ancj  let  planes  pass  through  AX,  and  each 
of  the  straight  lines  BD,  KN,  which,  from  what  has  been 
said,  shall  produce  great  circles  on  the.  superficies  of 
the  sphere,  and  let.BAD,  KXN  be  the  semicircles  thus 
made  upon  the  diameters  BD,  KN:  therefore,  be- 
cause XA  is  at  right  angles  to  the  plane  of  the  circle 
BCDE,  every  plane  which  passes  through  XA  is  at 
right*  angles  to  the  plane  of  the  circle  BCDE;  where-  *  18. 11. 
fore  the  semicircles  BXD,  KXN  are  at  right  angles  to 
that  plane:  and  because  the  semicircles  BED,  BXD, 
KXN  upon  the  equal  diameters  BD,  KN,  are  equal  to 
one  another,  their  halves  BE,  BX,  KX,  are  equal  to 
one  another ;  therefore  as  many  sides  of  the  polygon 
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stare  in  BE,  so  many  are  there  in  BX,  KX,  equal  to 
the  sides  BK,  KL,  LM,  ME:  let  these  polygons  be  de- 
scribed, and  their  sides  be  BO,  OP,  PR,  RX;  KS,  ST, 
TY,  YX;  and  join  OS,  PT,  RY;  and  from  the  points 
O,  S,  draw  OV,  SQ  perpendiculars  to  AB,  AK:  aud 
because  the  plane  BOXD  is  at  right  angles  to  the 
plane  BCDE,  and  in  one  of  them  BOXD,  OV  is 
drawn    perpendicular    to   AB   the    common    section 

*4Def.n.  of  the  planes,  therefore  OV  is  perpendicular*  to  the 
plane  BCDE:  for  the  same  reason  SQ  is  perpendicu* 
lar  to  the  same  plane,  because  the  plane  KSX  is*  at 
right  angles  to  the  plane  BCDE.  Joia  VQ:  and  because 
in  the  equal  semi- 
circles BXD,  KXN, 
the  circumferences 
BO,  KS  are  equal, 
and  OV,  SQ  are  per- 
pendicular   to    their 

•  *6. 1.  .  diameters,  therefore* 
OV  is  equal  to  SQ; 
and  BV  equal  to 
KQ:  but  the  whole 
BA  is  equal  to  the 
whole  KA,  therefore 
the  remainder  VA 
equal    to   the  re- 


's. 6. 


*  6. 11. 


S3.  1« 
9.  11. 


•  9. 11. 


•2.11. 


IS 


i  •> 


mainder  QA:  therefore,  as' BV  is  to  VA,  so  ie  KQ 
QA;  wherefore -VQ  is  piairaiteL*  to  BK~  and  ^because 
OV;  SQ  are  each oflbeniijatirigM  aigles  to*  *he  plane 
of  the  circle  BCDBp  O^V  k  ^otrallel*  to  SQ$  and 
it  has  been  prdved*  that  4$  k  alsaeqaaLtio  itrthirefotfe 
QV,  SO  are  equal*  awL  parallel  and  btffciuse  QV  is 
parallel  to  SO,  aadeabro  to  KB;  GSis  parallel*  to 'BK; 
and  therefore- BO,  KS,  which  join  them  arein  the1  same 
plane  in  which  these  parallels  are^  and  tbe<juadrihrterft4 
figure  KBOSisin  one  plane:  and- if  PB,  TK  be  joined, 
and perpendicnlars be drawn from  thepoitrts I\  T  to*h£ 
_  straight  lines  AB,  AK,  it*  mny  be  demonstrated,  that 
TP  h  parallel  to  KB  in  the  very  same  way  tlratSO 
was  shewn  to  be  parallel  to  the  same  KB;  wherefore* 
TP  is  parallel  to  SO,  and  the  quadrilateral  figure 
SOPT  is  in  one  plane:  for  the  same  reason  the  qua-- 
drilateral  TPRY  is  in  one  plane:  and 'the figure  YRX* 
k  also  in  one  plane:  therefore,  if  from  the*  points 
O,  S,  P,  T>  R,  Y,  there  be  drawn  straight  Hales  to  the 
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point  A,  there  will  be  formed  a  solid  polyhedron  be* 
twceo  the  circumferences  BX,  KX,  composed  of  pyra- 
mid?,  the  bases  of  which  tire  the  quadrilaterals  KBOS* 
SOPT,  TPRY,  and  the  triangle  YRX,  and  of  which 
tine  common  vertex  is  the.  point  A:  arid  if  the  pa  Die 
construction  be  made  upon  each  of  the  sides  KL,  LM, 
ME,  as  has  been  done  upon  BK,  and  the  like  be  done 
also  in  the  other  three  quadrants,  and  in  the  other 
hemisphere;  there  will  be  formed  a  solid  polyhedron 
inscribed  in  the  sphere,  composed  of  pyramids,  the  base* 
of  which  are  the  aforesaid  quadrilateral  figures,  and 
the  triangle  YRX,  and  those  formed  in  the  like  manner 
in  the  rest  of  the  sphere,  the  common  vertex  of  them  all 
being  the  point  A. 

Also  the  superficies  of  this  .solid  polyhedron,  shall 
not  nleet  the  lesser  sphere  in  which  is  the  circle  FGH. 
For,  from  the  point  A  draw  *  AZ  perpendicular  to  the  *  ".  u. 
plane  of  the  quadrilateral  KBOS,  meeting  it  in  Z,  and 
join  BZ,  ZK :  and  because  AZ  is  perpendicular  to  the 
plane  KBOS,  it  makes  right  angles  with  every  straight 
line  meeting  it  in  that  plane;  therefore  AZ  is  perpen- 
dicular »to  BZ  and  ZK:  and  because  AB  is  equal  to 
AK,  and  that  the  squares  of  AZ,  ZB  are  equal  to  the 
square  of  ABy  and  the  squares  of  AZ*  ZK,  to  the 
square  of  AK*;  therefore  the  squares  of  AZ,  ZB,  are  *  47- 1* 
equal  to  the  squares  of  AZ,~ZK:  take  fr6m  these  equals 
tha  Square  of  AZ,  and  the  remaining  square  of  BZ  is 
equal  todbe  remaining  square  of  ZK;  and  therefore 
the  straight  line  BZ  i$>equnlf  to-ZK;  in  the  like  man- 
ner it; -may  be  demonstrated  that  the  straight  lines 
drawn  (from  theipoioo  Z  to-  the  pouttsQ,  S,  are  equal 
lo  QZ  or;  ZK;  therefore /the:  circle  described  from  the 
centre  Z,  and  distance  ZB  will  pass  through  the  points 
&}  O,  S,  and  KBOS  will  be  a  quadrilateral  figure  in 
)lhe  circle :  and  because  KB  is  greater  than  QV,  and 
QV  equal  to  SO,  therefore  KB  is  greater  tfian  SO: 
but  KB  is  equal  tb  each  of  the  straight  lines  BO,  KS; 
wherefore  each  of  the  circumferences  cut  off  by  KB, 
BO,  KS,  is  greater  than  that  cut  off  by  OS;  and  these 
three  circumferences,  together  with  a  fourth  equal  to 
one  of  them,  are  greater  than  the  same  three  together 
with  that  cat  off  by  OS;  that  is,  than  the  whole  cir- 
cumference of  the  circle;  therefore  the  circumference 
subtended  by  KB  is  greater  than  the  fourth  part  of 
the  whose  circumference  of  the  circle  KBOS,  and  con-r 
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13.3. 


*  '4.  1. 


•8.6. 


sequeutly  the  angle 
BZK  at  the  centre  is 
greater  than  a  right 
angle :  and  because 
the  angle  BZK  is 
obtuse,  the  square 
of  BK  is  greater* 
than  the  squares  of 
BZ,  ZK;  that  is, 
greater  than  twice 
the  square  of  BZ. 
Join  KV:  and  be- 
cause in  the  triangles 
KBV,    OBV,    KB, 

BV,  are  equal  to  OB,  BV,  and  that  they  contain  equal 
angles ;  the  angle  K  VB  is  equal  *  to  the  angle  O  VB : 
and  OVB  is  a  right  angle;  therefore  also  KVB 
is  a  -right  angle:  and  because  BD  is  less  than  twice 
DV;  the  rectangle  contained  by  BD,  BV,  is  less  than 
twice  the  rectangle  DVB;  that  is  *,  the  square  of  KB 
is  less  than  twice  the  square  of  KV :  but  the  square  of 
KB  is  greater  than  twice  the  square  of  BZ ;  therefore 
the  square  of  KV  is  greater  than  the  square  of  BZ:  and 
because  BA  is  equal  to  AK,  and  that  the  squares  of 
BZ,  ZA  are  equal  together  to  the  square  of  BA,  and 
the  squares  of  KV,  VA  to  the  square  of  AK;  therefore 
the.  squares  of  BZ,  ZA  are  equal  to  the  squares  of  K V, 
VA;  and  of  these  the  square  of  KV  is  greater  than  the 
square  of  BZ;  therefore  the  square  of  VA  is  less  than 
the  square  of  ZA,  and  the  straight  line  AZ  greater 
than  VA:  much  more  then  is  AZ  greater  than  AG; 
because,  in  the  preceding  proposition,  it  was  shewn 
that  KV  falls  without  the  circle  FGH:  and  AZ  is 
perpendicular  to  the  plane  KBOS,  arid  is  therefore  the 
shortest  of  all  the  straight  lines  that  can  be  drawn  from 
A,  the  centre  of  the  sphere,  to  that  plane.  Therefore 
the  plane  KBOS  does  not  meet  the  lesser  sphere. 

And  that  the  other  planes  between  the  quadrants 
BX,  KX,  fall  without  the  lesser  sphere,  is  thus  demon- 
strated. From  the  point  A  draw  AI  perpendicular  to 
the  plane  of  the  quadrilateral  SOPTj  and  join  IO;  and, 
as  was  demonstrated  of  the  plane  KBOS  and  the  point 
Z,  in  the  same  way  it  may  be  shewn  that  the  point  I  is 
the  centre  of  a  circle  described  about  SOPT ;  and  that 
OS  is  greater  than  PT;  and  PT  was  shewn    to  be 
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Sarallel  to  OS :  therefore,  because  the  two  trapeziums 
[BOS,  SOPT  inscribed  in  circles  have  their  sides 
BK,OS,  parallel,  as  also  OS,  PT;  and  their  other 
sides  BO,  KS,  OP,  ST,  all  equal  to  one  another,  and 
that  BK  is  greater  than  OS,  and  OS  greater  than  PT, 
therefore  the  straight  line  ZB  i*  greater*  than  IO.  **Lem.if. 
Join  AO  which  will  be  equal  to  AB ;  and  because  AIO, 
AZB  are  right  angles,  the  squares  of  A  I,  IO  are  equal 
to  the  square  of  AO  or  of  AB ;  that  is,  to  the  squares 
of  AZ,  ZB ;  and  the  square  of  ZB  is  greater  than  the 
square  of  IO*  therefore  the  square  of  AZ  is  less  than 
the  square  of  A I ;  and  the  straight  line  AZ  less  than 
the  straight  line  AI :  and  it  was  proved,  that  AZ  is 
greater  than  AG ;  much  more  then  is  AI  greater  than 
AG :  therefore  the  plane  SOPT  falls  wholly  without 
the  lesser  sphere.  In  the  same  manner  it  may  be  de- 
monstrated, that  the  plane  TPRY  falls  without  the 
same  sphere,  as  also  the  triangle  YRX,  viz.  by  the 
Cor.  of  2d  Lemma.  And  after  the  same  way  it  may 
be  demonstrated,  that  all  the  planes  which  contain  the 
solid  polyhedron,  fall  without  the  lesser  sphere.  There- 
fore in  the  greater  of  two  spheres,  which  have  the  same 
centre,  a  solid  polyhedron  is  inscribed,  the  superficies 
of  which  doe&not  meet  the  lesser  sphere.  Which  was  to 
be  done. 

But  the  straight  line  AZ  may  be  demonstrated  to  be 
greater  than  AG  otherwise,  and  in  a  shorter  manner, 
without  the  help  of  Prop.  16,  as  follows.  From  the 
point  G  draw  GU  at  right  angles  to  AG,  and  join  AU. 
If  then  the  circumference  BE  b6  bisected,  and  its  half 
again  bisected,  and  so  on,  there  will  at  length  be  left  a 
circumference  less  than  the  circumference  which  is  sub- 
tended by  a  straight  line  equal  to  GU,  inscribed  in  the 
circle  BCDE:  let  this  be  the  circumference  KB:  there- 
fore the  straight  line,  KB  is  less  than  GU :  and  because 
the  angle  BZK  is  obtuse,  as  was  proved  in  the  preceding, 
therefore  BK  is  greater  than  BZ:  but  GUis  greaterthan 
BK ;  much  more  then  is  GU  greater  than  BZ,  and  the 
square  of  GU  than  the  square  of  BZ :  and  AU  is  equal 
to  AB;  therefore  the  square  of  AU,  that  is,  the  squares 
of  AG,  GU,  are  equal  to  the  square  of  AB,  that  is,  to 
the  squares  of  AZ,  ZB:  but  the  square  of  BZ  is  ' 
less  than  the  square  of  GU ;  therefore  the  square  of 
,  AZ  is  greater  than  the  square  of  AG,  and  the  straight 
line  AZ  consequently  greater  than  the  straight  line  AG. 

s 
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Cob.  And  if  in  the  lesser  sphere  there  be  inscribed  a 
solid  polyhedron,  by  drawing  straight  lines  betwixt  the 
points  in  which  the  straight  lines  from  the  centre  of  the 
sphere  drawn  to  all  the  angles  of  the  solid  polyhedron 
in  the  greater  sphere  meet  the  superficies  of  the  lesser ; 
in  the  same  order  in  which  are  joined  the  points  in 
which  the  same  lines  from  the  centre  meet  the  super- 
ficies of  the  greater  sphere ;  the -solid  polyhedron  in  the 
sphere  BCDE  shall  have  to  this  other  solid  polyhedron 
the  triplicate  ratio  of  that  which  the  diameter  of  the 
sphere  BCDE  has  to  the  diameter  of  the  other  sphere. 
For  if  these  two  solids  be  divided  into  the  saiqe  number 
of  pyramids,  and  in  the  same  order,  the  pyramids  shall 
be  similar  to  one  another,  each  to  each :  because  they 
have  the  solid  angles  at  their  common  vertex,  the  centre 
of  the  sphere,  the  same  in  each  pyramid,  and  their  other 
solid  angles  at  the  bases,  equal  to  one  another,  each  to 
*  b:  1 1.  each  *,  because  they  are  contained  by  three  plane  angles, 
each  equal  to  each;  and  the  pyramids  are  contained  by  the 
same  number  of  similar  planes;  and  are  therefore  simi- 
♦liDef.u.  ]ar  #  to  one  another,  each  to  each :  but  similar  pyramids 
♦Cor.  8. 12.  have  to  one  another  the  triplicate*  ratio  of  their  homo- 
logous sides :  therefore  the  pyramid  of  which  the  base 
is  the  quadrilateral  KBOS,  and  vertex  A,  has  to  the 
pyramid  in  the  other  sphere  of  the  same  order,  the  tri- 
1  plicate  ratio  of  their  homologous  sides,  that  is,  of  that 
ratio  which  AB  from  the  centre  of  the  greater  sphere 
has  to  the  straight  line  from  the  same  centre  to  the 
superficies  of  the  lesser  sphere.  And  in  like  manner, 
each  pyramid  in  the  greater  sphere  has  to  each  of 
the  same  order  in  the  lesser,  the  triplicate  ratio  of  that 
which  AB  has  to  the  semi-diameter  of  the  lesser  sphere. 
And  as  one  antecedent  is  to  its  consequent,  so  are  all 
the  antecedents  to  all  the  consequents.  Wherefore  the 
whole  solid  polyhedron  in  the  greater  sphere  has  to  the 
whole  solid  polyhedron  in  the  other,  the  triplicate  ratio 
of  that  which  AB  the  semidiameter  of  the  first  has  to 
the  semidiameter  of  the  other;  that  is,  which  the  diame- 
ter BD  of  the  greater  has  to  the  diameter  of  the  other 
sphere. 
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PROP.  XVIIL    THBOR. 


Spheres  have  to  one  another  the  triplicate  ratio  of  that 

tohich  their  diameters  hone. 
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Let  ABC,  DEF,  be  two  spheres,  of  which  the  diame- 
ters are  BC,  EP.  The  sphere  ABC  shall  have  to  the 
sphere  DEF  the  triplicate  ratio  of  that  which  BC  has 
to  EF. 

For,  if  it  has  not,  the  sphere  ABC  must  have  Jo  a 
sphere  either  less  orgreater  than  DEF,  the  triplicate 
ratio  of  that  which  BC  has  to  EF.  First,  let  it  have 
that  ratio  to  a  less,  viz.  to  die  sphere  GHK ;  and  let  the 
sphere  DEF  have  the  same  centre  with  GHK :  and  in 
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the  greater  sphere  DEF  inscribe  #  a  solid  polyhedron,  *  **• lf • 
the  superficies  of  which  does  not  meet  the  lesser  sphere 
GHK ;  and  in  the  sphere  ABC  inscribe  another  simi- 
lar to  that  in  the  sphere  DEF :  therefore  the  solid 
polyhedron  in  the  sphere  ABC  has  to  the  solid  polyhe- 
dron  in  the  sphere  DEF,  the  triplicate  ratio*  of  that  •  Cor.  it. 
which  BC  has  to  EF.  But  the  sphere  ABC  has  to  the  lf- 
sphere  GHK,  the  triplicate  ratio  of  that  which  BChas 
to  EF;  therefore  as  the  sphere  ABC  to  the  sphere  GHK, 
so  is  the  solid  polyhedron  in  the  sphere  ABC  to  the 
solid  polyhedron  in  the  sphere  DEF :  but  the  sphere 
ABC  is  greater  than  the  solid  polyhedron  in  it ;  there- 
fore* also  the  sphere  GHK  is  greater  than  the  solid  *M.5» 
polyhedron  in  the  sphere  DEF:  but  it  is  also  less, 
because  it  is  contained  within  it,  which  is  impossible: 
therefore  the  sphere  ABC  has  not  to  any  sphere  less 
than  DEF,  the  triplicate  ratio  of  that  which  BC  has  to 
EF.  In  the  same  manner  it  may  be  demonstrated, 
that  the  sphere  DEF  has  not  to  any  sphere  less  than 
ABC,  the  triplicate  ratio  of  that  which  EF  has  to  BC. 
Nor  can  the  sphere  ABC  have  to  $ny  sphere  greater 
than  DEF,  the  triplicate  ratio  of  that  which  BChas  to 
EF :  for,  if  it  can,  let  it  have  that  rati©  to  a  greater 
sphere  LMN :  therefore,  by  inversion,  the  sphere  LMN 
has  to  the  sphere  ABC,  the  triplicate  ratio  of  that 
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which  the  diameter  EF  has  to  the  diameter  BC.  Bat 
as  the  sphere  LMN  to  ABC,  so  is  the  sphere  DEF  to 
some  sphere,  which  must  be  less  *  than  the  spnere 
ABC,  because  the  sphere  LMN  is  greater  than  the 
sphere  DEF ;  therefore  the  sphere  DEF  has  to  a  sphere 
less  than  ABC  the  triplicate  ratio  of  that  which  EF 
has  to  BC ;  which  was  shewn  to  be  impossible :  there- 
fore the  sphere  ABC  has  not  to  any  sphere  greater  than 
DEF  the  triplicate  ratio  of  that  which  BC  has  to  EF: 
and  it  was.  demonstrated,  that  neither  has  it  that  ratio 
to  any  sphere  less  than  DEF.  Therefore  the  sphere 
ABC  has  to  the  sphere  DEF,  the  triplicate  ratio  of  that 
which  BC  has  to  E]?.    Q.  e.  a 


END  OF  THE   ELEMENTS* 
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DEFINITION  I.    BOOK  I. 

It  is  necessary  to  consider  a  solid,  that  is,  a  magni- 
tude which  has  length,  breadth,  and  thickness,  in  order 
to  understand  aright  the  .definitions  of  a  point,  line, 
and  superficies ;  for  these  all  arise  from  a  solid,  and 
exist  in  it :  The  boundary,  or  boundaries,  which  con- 
tain a  solid  are  called  superficies;  or  the  boundary  which 
is  common  to  two  solids  which  are  contiguous,  or  which 
divides  one  solid  into  two  contiguous  parts,  is  called  a 
superficies:  Thus,  if  BCGF  be  one  of  the  boundaries 
which  contain  the  solid  ABCDEFGH,  or  which  is 
the  common  boundary  of  this  solid  and  the  solid 
BKLCFNMG,  and  is  therefore  in  the  one  as  well  as 
in  the  other  solid,  it  is  called  a  superficies,  and  has  no 
thickness ;  for  if  it  have  any, 
this  thickness  must  either  be 
a  part  of  the  thickness  of 
the  solid  AG,  or  of  the  solid 
BM,  or  a  part  of  the  thick- 
ness of  each  of  them.  It 
cannot  be  a  part  of  the 
thickness  of  the  solid  BM; 
because  if  this  solid  be  re- 
moved from  the  solid  AG, 

the  superficies  BCGF,  the  boundary  of  the  solid  AG, 
remains  still  the  same  as  it  was.  Nor  can  it  be  a  part 
of  the  thickness  of  the  solid  AG;  because  if  this  be  re- 
moved from  the  solid  BM,  the  superficies  BCGF,  the 
boundary  of  the  solid  BM,  does  nevertheless  remain; 
therefore  the  superficies  BCGF  has  no  thickness,  but 
only  length  and  breadth. 

The  boundary  of  a  superficies  is  called  a  line,  or  a 
line  is  the  common  boundary  of  two  superficies  that 
are  contiguous,  or  which  divides  one  superficies  into 
two  contiguous  parts ;  thus  if  BC  be  one  of  the  bound- 
aries which  contain  the  superficies  ABCD,  or  which  is 
the  common  boundary  of  this  superficies  and  of  the 
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superficies  KBCL,  which  is  contiguous  to  it,  this 
boundary  BC  is  called  a  line,  and  has  no  breadth  :  for 
if  it  have  any,  this  must  be  part  either  of  the  breadth  of 
the  superficies  ABCD,  or  of  the  superficies  KBCL,  or 
part  of  each  of  them.  It  is  not  part  of  the  breadth  of 
the  superficies  KBCL :  for,  if  this  superficies  be  re- 
moved from  the  superficies  ABCD,  the  line  BC,  which 
is  the  boundary  of  the  superficies  ABCD,  remains  the 
same  as  it  was :  nor  can  the  breadth  that  BC  is  sup- 
posed to  have,  be  a  part  of  the  breadth  of  the  super- 
ficies ABCD;  because  if  this  be  removed  from  the 
superficies  KBCL,  the  line  BC,  which  is  the  boundary 
of  the  superficies  KBCL,  does  nevertheless  remain: 
therefore  the  line  BC  has  no  breadth:  and  because 
the  line  BC  is  in  a  superficies,  and  that  a  superficies 
has  no  thickness,  as  was  shewn,  therefore  a  line  has 
neither  breadth  nor  thickness,  but  only  length. 

The  boundary  of  a  line  is  called  a  point,  or  a  point 
is  the  common  boundary  or 
extremity  of  two  lines,  that 
are  contiguous:  thus,  if  B 
be  the  extremity  of  the  line 
AB,  or  the  common  ex- 
tremity of  the  two  lines  AB, 
KB,  this  extremity  is  called 
a. point,  and  has  no  length. 
For  if  it  have  any,  this 
length  must  either  be  part 
of  the  length  of  the  line  AB,  or  of  the  line  KB.  It  is 
not  part  of  the  length  of  KB:  for  if  the  line  KB  be  re- 
moved from  AB,  the  point  B  which  is  the  extremity  of 
the  line  AB  remains  the  same  as  it  was  :  nor  is  it  part 
of  the  length  of  the  line  AB ;  for,  if  AB  be  removed 
from  the  line  KB,  the  point  B,  which  is  the  extremity 
of  the  line  KB,  does  nevertheless  remain:  therefore 
the  point  B  has  no  length :  and  because  a  point  is  in 
a  line,  and  a  line  has  neither  breadth  nor  thickness, 
therefore  a  point  has  no  length,  breadth,  nor  thickness. 
And  in  this  manner  the  definitions  of  a  point;  line,  and 
superficies,  are  to  be  understood. 


DEF.  VII.    B.  I. 


Instead  of  this  definition  as  it  is  in  the  Greek  copies, 
a  more  distinct  one  is  given  from  a  property  of  a  plane 
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superficies,  which  is  manifestly  supposed  in  fbe  Ele- 
ments, viz.  that  a  straight  line  drawn  from  any  point  in 
a  plane  to  any  other  in  it,  is  wholly  in  that  plane. 

DEF.  VIII.     B.  L 

It  seems  that  he  who  made  this  definition  designed 
that  it  should  comprehend  not  only  a  plane  angle  con- 
tained by  two  straight  lines,  but  likewise  the  angle 
which  some  conceive  to  be  made  by  a  straight  line  and 
a  curve,  or  by  two  curve  lines  which  meet  one  another 
in  a  plane  :  but,  though  the  meaning  of  the  words  W 
Msiag,  that  is,  in  a  straight  line,  or  in  the  same  direc- 
tion, be  plain,  when  two  straight  lines  are  said  to  be  in 
a  straight  line,  it  does  not  appear  what  ought  to  be 
understood  by  these  words,  when  a  straight  line  and  a 
curve,  or  two  curve  lines,  are  said  to  be  in  the  same 
direction ;  at  least  it  cannot  be  explained  in  this  place: 
which  makes  it  probable  that  this  definition,  and  that 
of  the  angle  of  a  segment,  and  what  is  said  of  the  angle 
of  a  semicircle,  and  the  angles  of  segments,  in  the  16th 
and  3 1st  propositions  of  Book  S,  are  the  additions  of 
some  less  skilful  editor :  on  which  account,  especially 
since  they  are  quite  useless,  these  definitions  are  dis- 
tinguished from  the  rest  by  inverted  double  commas. 

DEF.  XVII.     B.  I. 

The  words  "  which  also  divides  the  circle  into  two 
"equal  parts"  are  added  at  the  end  of  this  definition  in 
all  the  copies,  but  are  now  left  out  as  not  belonging  to 
the  definition,  being  only  a  corollary  from  it.  Proclus 
demonstrates  it  by  conceiving  one  of  the  parts  into 
which  the  diameter  divides  the  circle,  to  be  applied  to 
the  other ;  for  it  is  plain  they  must  coincide,  else  the 
straight  lines  from  the  centre  to  the  circumference 
would  not  be  all  equal:  the  same  thing  is  easily  de- 
duced from  the  31st  Prop,  of  Book  3.  and  the  24th  of 
the  same ;  from  the  first  of  which  it  follows,  that  semi- 
circles are  similar  segments  of  a  circle;  and  from  the 
other,  that  tbey  are  equal  to  one  another. 

DEF.. XXXIII.    B.  I. 

This  definition  has  one  condition  more  than  is  ne- 
cessary ;  because  every  quadrilateral  figure  which  has 
its  opposite  sides  equal  to  one  another,  has  likewise  its 
opposite  angles  equal ;  and  on  the  contrary. 
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Let  ABCD  be  a  quadrilateral  figure,  of  which  the 
opposite  sides  AB,  CD,  are  equal  to  one  another ;  as 
also  AD  and  BC :  join  BD ;  the 
two  sides  AD,  DB  are  equal  to 
the  two  CB,  BD,  and  the  base 
AB  is  equal  to  the  base  CD; 
therefore,  by  Prop.  8.  of  Book  1. 
the  angle  ADB  is  equal  to  the 
angle  CJBD;  and,  by  Prop.  4. 
B.  1.  the  angle  BAD  is  equal  to  the  angle  DCB,  and 
ABD  to  BDC ;  and  therefore  also  the  angle  ADC  is 
equal  to  the  angle  ABC. 

And  if  the  angle  BAD  be  equal  to  the  opposite 
angle  BCD,  and  the  angle  ABC  to  ADC  ;  the  oppo- 
site sides  are  equal;  because,  by  Prop.  32.  B.  1.  all 
the  angles  of  the  quadrilateral  figure  ABCD  are  to- 
gether equal  to  four  right  angles,  and  the  two  angles 
BAD,  ADC  are  together  equal  to  the  two  angles  BCD, 
ABC :  wherefore  BAD,  ADC  are  the  half  of  all  the 
four  angles ;  that  is,  BAD  and  ADC  are  equal  to  two 
right  angles:  and  therefore  AB,  CD  are  parallels  by 
Prop.  £8.  B.  1.  In  the  same  manner,  AD,  BC  are 
parallels :  therefore  ABCD  is  a  parallelogram,  and  its 
opposite  sides  are  equal,  by  34th  Prop.  B.  1. 

PROP.  VII.    B.  I. 

There  are  two  cases  of  this  proposition,  one  of 
which  is  not  in  the  Greek  text,  but  is  as  necessary  as 
the  other :  and  that  the  case  left  out  has  been  formerly 

'  in  the  text,  appears  plainly  from  this,  that  the  second 
part  of  Prop.  5.  which  is  necessary  to  the  demonstration 
of  this  case,  can  be  of  no  use  at  all  in  the  Elements,  or 
any  where  else,  but  in  this  demonstration ;  because  the 
second  part  of  Prop.  5.  clearly  follows  from  the  first 
part,  and  Prop.  13.  B.  1.  This  part  must  therefore 
have  been  added  to  Prop.  5.  upon  account  of  some 
proposition  betwixt  the  5th  and  13th,  but  none  of  these 
stand  in  need  of  it  except  the  7th  Proposition,  on  ac- 
count of  which  it  has  been  added  :  besides,  the  trans- 
lation from  the  Arabic  has  this  case  explicitly  demon- 
strated. And  Proclus  acknowledges  that  the  second 
Part  of  Prop.  5.  was  added  upon  account  of  Prop.  7. 

-  but  gives  a  ridiculous  reason  for  it,  "  that  it  might 
"  afford  an  answer  to  objections  made  against  the  7th," 
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«s  if  the  case  of  the  7th,  which  is  left  out*  were,  at  he 
expressly  makes  it,  an  objection  against  the  proposition 
itself.  Whoever  is  curious  may  read  what  Proclus 
says  of  this  in  his  commentary  on  the  5th  and  7th  Pro* 
positions ;  for  it  is  not  worth  while  to  relate  his  trifles 
at  full  length. 

It  was  thought  proper  to  change  the  enunciation 
of  this  7th  Prop,  so  as  to  preserve  die  very  same  mean- 
ing; the  literal  translation  from  the  Greek  being  ex* 
tremely  harsh  and  difficult  to  be  understood  by  be- 
ginners. 

PROP.  XI.     B.  L 

A  corollary  is  added  to  this  proposition,  which  is 
necessary  to  Prop.  1.  B.  11.  and  otherwise. 

PROP.  XX.  and  XXI.    B.  I. 

Proclus,  in  his  commentary,  relates,  that  the  Epicu- 
reans derided  this  proposition,  as  being  manifest  even 
to  asses,,  and  needing  no  demonstration ;  and  his  answer 
is,  that  though  the  truth  of  it  be  manifest  to  our  senses, 
yet  it  is  science  which  must  give  the  reason  why  two 
sides  of  a  triangle  are  greater  than  the  third :  but  the 
right  answer  to  this  objection  against  this  and  the 
21st,  and  some  other  plain  propositions,  is,  that  the 
number  of  axioms  ought  not  to  be  increased  without 
necessity,  as  it  must  be  if  these  propositions  be  not  de- 
monstrated. Mons.  Clairault  in  the  Preface  to  his 
Elements  of  Geometry,  published  in  French  at  Paris, 
anno  1741,  says  "  That  Euclid  has  been  at  the  pains  to 
prove,  that  die  two  sides  of  a  triangle  which  is  included 
within  another,  are  together  less  than  the  two  sides  of 
the  triangle  which  includes  it :"  but  he  has  forgot  to 
add  this  condition,  viz.  that  the  triangles  must  be  upon 
the  same  base :  because,  unlessthis  be  added,  the  sides  of 
the  included  triangle  may  be  greater  than  the  sides  of 
the.  triangle  which  includes  it,  in  afty  ratio  which  is  less 
than  that  of  two  to  one,  as  Pappus  Alexandrinus  has 
demonstrated  in  Prop.  S.  B.  3.  of  his  mathematical 
collections. 

PROP.  XXII.    B.  I. 

Some  Authors  blame  Euclid  because  he  does  not  de- 
monstrate that  the  two  circles  made  use  of  in  the  con- 
struction of  this  problem  must  cut  one  another :  but 
this  is  very  plain  from  the  determination  he  has  given, 
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viz.  that  anv  two  of  the 
straight  lines  DF,  FG, 
GH,  must  be  greater 
than  the  third.  For  who 
is  so  dull,  though  only 
beginning  to  learn  the 
Elements,  as  not  to  per- 
ceive that  the  circle  de-* 

scribed  from  the  centre  F,  at  the  distance  FD,  must 
meet  FH  betwixt  F  and  H,  because  FD  is  less  than  FH; 
and  that  for  the  like  reason,  the  circle  described  from 
the  centre  G,  at  the  distance  GH  or  GM,  must  meet 
DG  betwixt  D  and  G ;  and  that  thefce  circles  must  meet 
one  another,  because  FD  and  GHare  together  greater 
than  FG  ?  And  this  determination  is  easier  to  be  un- 
derstood than  that  which  Mr.  Thomas  Simpson  derives 
from  it,  and  puts  instead  of  Euclid's,  in  the  49th  page 
of  his  Elements  of  Geometry,  that  he  may  supply 
the  omission  he  blames  Euclid  for,  which  determi- 
nation is,  that  any  of  the  three  straight  lines  must  be 
less  than  the  sum,  but  greater  than  the  difference  of  the 
other  two :  from  this  he  shews  the  circles  must  meet 
one  another,  in  one  case ;  and  says,  that  it  may  be 
proved  after  the  same  manner  in  any  other  case :  but 
the  straight  line  GM,  which  he  bids  take  from  GF,  may 
be  greater  than  it,  as  in  the  figure  here  annexed ;  in 
which  case  his  demonstration  must  be  changed  into 
another. 

PROP.  XXIV.    B.  I. 

To  this  is  added,  «  of  the  two  sides  DE,  DF,  let 
DE  be  that  which  is  not  greater,  than  the  other,"  that 
is,  take  that  side  of  the  two  DE,  DF  which  is  not 
greater  than  the  other,  in  order  to  make  with  it  the 
angle  EDG  equal  to  BAC; 
because  without  this  restriction 
there  might  be  three  different 
cases  of  the  proposition,  as 
Campanus  and  others  make. 

Mr.  Thomas  Simpson,  in  p. 
262,  of  the  second  edition  of 
his  Elements  of  Geometry, 
printed  anno  1760,  observes  in 
his  notes,  that  it  ought  to  have 
been  shewn,  that  the  point  F 
falls  below  the  line  EG.     This 
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probably  Euclid  omitted,  as  it  is  very  easy  to  perceive, 
that  DG  being  equal  to  DF,  the  point  G  is  in  the  cir- 
cumference of  a  circle  described  from  the  centre  D  at 
the  distance  DF,  and  must  be  in  that  part  of  it  which 
is  above  the  straight  line  EF,  because  DG  falls  above 
DF,  the  angle  EDG  being  greater ,  than  the  angle 
JEDF. 

PROP.  XXIX.     B.  I. 

The  proposition  which  is  usually  called  the  5th  pos- 
tulate or  llth  axiom,  by  some  the  12th,  on  which  this 
29th  depends,  has  given  a  great  deal  to  do,  both  to 
ancient  and  modern  geometers :  it  seems  not  to  be  pro- 
perly placed  among  the  axioms,  as  indeed  it  is  not  self- 
evident  ;  but  it  may  be  demonstrated  thus : 

DEFINITION  I. 

The  distance  of  a  point  from  a  straight  line,  is  the 
perpendicular  drawn  to  it  from  the  point 

DEF.  II. 

One  straight  line  is  said  to  go  nearer  to,  or  further 
from,  another  straight  line,  when  the  distances  of  the 
points  of  the  first  from  the  other  straight  line  become 
less  or  greater  than  they  were ;  and  two  straight  lines 
are  said  to  keep  the  same  distance  from  one  another, 
when  the  distance  of  the  points  of  one  of  them  from  the 
other  is  always  the  same. 

AXIOM. 

A  straight  line  cannot  first  come  nearer  to  another 
straight  line,  and  then  go 
further  from   it,    before  it 
cuts  it;  and,  in  like  manner, 
a  straight  line  cannot  go  fur- 


ther from  another  straight 

line,  and  then  iome  nearer 

to  it;  nor  can  a  straight  line  keep  the  same  distance 

from  another  straight  line,  and  then  come  nearer  to  it, 

or  go  further  from  it ;  for  a  straight  line  keeps  always 

the  same  direction. 

For  example,    the  straight  line  ABC  cannot  first 
come  nearer  to  the  straight  line,  DE,  as  from  the  point 
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See  the       A  to  the  point  B,  and  then 
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C,  go  further  from  the  same      u —  % 
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DE :  and,  in  like  manner,  the     F  Q~ — •*- — jf 

straight  line  FGH  cannot  go 

further  from  DE,  as  from  F  to  G,  and  then,  from  G  to 
H,  come  nearer  to  the  same  DE :  and  so  in  the  last 
case,  as  in  fig.  2. 

PROP.    I. 

If  two  equal  straight  lines  AC,  BD,  be  each  at  right 
angles  to  the  same  straight  line  AB:  if  the  points 
C,  D  be  joined  by  the  straight  line  CD,  the  straight 
line  EF  drawn  from  any  point  E  in  AB  unto  CD,  at 
right  angles  to  AB,  shall  be  equal  to  AC,  or  BD. 

If  EF  be  not  equal  to  AC,  one  of  them  must  be 
greater  than  the  other;  let  AC  be  the  greater:  then, 
because  FE  is  less  than  CA,  the  straight  line  CFD  is 
nearer  to  the  straight  line  AB  at  the  point  F  than  at 
the  point  C,  that  is,  CF  comes  nearer  to  AB  from  the 
point  C  to  F:  but  because 
DB  is  greater  than  FE,  the 
straight  line  CFD  is  further 
from  AB  at  the  point  D  than 
at  F,  that  is,  FD  goes  fur- 
ther from  AB  from  F  to  D : 
therefore  the  straight  line 
CFD  first  comes  nearer  to 
the  straight  line  AB,    and 

then  goes  further  from  it,  before  it  cuts  it,  which  is  im- 
possible :  if  FE  be  said  to  be  greater  than  CA,  or  DB, 
the  straight  line  CFD  first  goes  further  from  the  straight 
line  AB,  and  then  comes  nearer  to  it,  which  is  also 
impossible :  therefore  FE  is  not  unequal  to  AC,  that 
is,  it  is  equal  to  it. 

PROP.  II. 

If  two  equal  straight  lines  AC,  BD  be  each  at  right 
angles  to  the  same  straight  line  AB ;  the  straight  line 
CD  which  joins  their  extremities  makes  right  angles 
with  AC  and  BD. 

Join  AD,  BC ;  and  because,  in  the  triangles  CAB, 
DBA,  CA,  AB  are  equal  to  DB,  BA,  and  the  angle 
CAB  equal  to  the  angle  DBA ;  the  base  BC  is  equal* 
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to  tbe  base  AD :  and  in  the  triangles  ACD,  BDC,  AC, 
CD  are  equal  to  BD,  DC,  and 
the  base  AD  19  equal  to  the 
base  BC.  Therefore  the  angle 

ACIHs  equal  *  to  the  angle  "^        ^    ^G  * 8'  u 

BDC:  from  any  point  E  in 
AB  draw  EF  unto  CD,  at 
right  angles  to  AB  ;  therefore 
by  Prop.   1 .   EF  is  equal  to 

AC,  or  BD ;  wherefore,  as  has  been  just  now  shewn, 
the  angle  ACF  is  equal  to  the  angle  EFC:  in  the 
same  manner,  the  angle  BDF  is  equal  to  the  angle 
EFD ;  but  the  angles  ACD,  BDC  are  equal ;  there- 
fore the  angles  EFC  and  EFD  are  equal  and  right 
angles*;  wherefore,  also  the  angles  ACD,  BDC  are  *ioDcf.i. 
right  angles. 

Cor,  Hence,  if  two  straight  lines  AB,  CD  be  at 
right  angles  to  the  same  straight  line  AC,  and  if  be* 
twixt  them  a  straight  line  BD  be  drawn  at  right  angles 
to  either  of  them,  as  to  AB ;  then  BD  is  equal  to  AC, 
and  BDC  is  a  right  angle. 

If  AC  be  not  equal  to  BD,  take  BG  equal  to  AC, 
and  join  CG :  therefore,  by  this  proposition,  the  angle 
ACG  is  a  right  angle ;  but  ACD  is  also  a  right  angle ; 
wherefore  the  angles  ACD,  ACG,  are  equal  to  one  an- 
other, which  is  impossible.  Therefore  BD  is  equal  to 
AC;  and  by  this  proposition  BDC  is  a  right  angle. 

PROP.  III. 

If  two  straight  lines  which  contain  an  angle  be  pro- 
duced, there  may  be  found  in  either  of  them  a  point 
from  which  the  perpendicular  drawn  to  the  other  shall 
be  greater  than  any  given  straight  line. 

Let  AB,  AC  be  two  straight  lines  which  make  an 
angle  with  one  another,  and  let  AD  be  the  given  straight 
line ;  a  point  may  be  found  either  in  AB  or  AC,  as  in 
AC,  from  which  the  perpendicular  drawn  to  the  other 
AB  shall  be  greater  than  AD. 

In  AC  take  any  point  E,  and  draw  EF  perpendicular 
to  AB :  produce  AE  to  G,  so  that  EG  be  equal  to  AE ; 
and  produce  FE  to  H,  and  make  EH  equal  to  FE,  and 
join  HG.  Because,  in  the  triangles  AEF,  GEH,  AE, 
EF,  are  equal  to  GE,  EH,  each  to  each,  and  contain 
equal  *  angles,  the  angle  GHE  is  therefore  equal  to  *  •  15. 1. 
the  angle  AFE,  which  is  a  right  angle :  draw  GK  per-  *  4-  u 
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pendiciilar  to  AB ;  and  because  the  straight  lines  FK, 
HG  are  at  rightangles  to  FH,  and  KG  at  right  angles 


•  15. 1. 
*4.  1. 


•  13.  1. 


to  FK,  KG  is  equal  to  FH,  by  Cor.  Pr.  2.  that  is,  to 
the  double  of  FE.  In  the  same  manner  if  AG  be 
produced  to  L,  so  that  GL  be  equal  to  AG,  and  LM 
be  drawn  perpendicular  to  AB,  then  LM  is  double  of 
GK,  and  so  on.  In  AD  take  AN  equal  to  FE,  and 
AO  equal  to  KG,  that  is,  to  the  double  of  FE,  or 
AN;  also  take  AP  equal  to  LM,  that  is,  to  the 
double  of  KG,  or  AO ;  and  let  this  be  done  till  the 
straight  line  taken  be  greater  than  AD  :  let  this  straight 
line  so  taken  be  AP,  and  because  AP  is  equal  to  LM, 
therefore  LM  is  greater  than  AD.  Which  was  to 
be  done. 

PROP.  IV. 

If  two  straight  lines  AB,  CD  make  equal  angles 
EAB,  ECD  with  another  straight  line  EAC  towards 
the,  same  parts  of  it :  AB  and  CD  are  at  right  angles  to 
some  straight  line. 

Bisect  AC  in  F,  and  draw  FG  perpendicular  to  AB; 
take  CH  in  the  straight  line  CD  equal  to  AG,  and  on 
the  contrary  side  of  AC  to  that  on  which  AG  is,  and  join 
FH ;  therefore,  in  the  triangles  AFG,  CFH,  the  sides 
FA,  AG  are  equal  to  FC,  CH,  each  to  each,  and  the 
angle  FAG,  that  is  *  EAB, 
is  equal  to  the  angle  FCH; 
wherefore  *  the  angle  AGF  is 
equal  to  CHF,  and  AFG  to 
the  angle  CFH  :  to  these  last 
add  the  common  angle  AFH; 
therefore  the  two  angles  AFG, 
AFH  are  equal  to  the  two 
angles  CFH,  HFA,  which 
two  last  are  equal  together  to 
two    right     angles  * :     there- 
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fore  also  AFG,  AFH,  are  equal  to  two  right  angles, 
and  consequently*  GF  and  FH  are  in  one  straight  Tine.  *  t*.  i. 
And  because  AGF  is  a  right  angle,  CHF  which  is 
equal  to  it  is  also  a  right  angle :  therefore  the  straight 
lines  AB,  CD  are  at  right  angles  to  GH. 

PROP.  V. 

If  two  straight  lines,  AB,  CD  be  cut  by  a  third  ACE, 
so  as  to  make  the  interior  angles  BAC,  ACD,  on  the 
same  side  of  it,  together  less  than  two  right  angles ;  * 
AB  and  CD  being  produced,  shall  meet  one  another 
towards  the  parts  on  which  are  the  two  angles,  which 
are  less  than  two  right  angles. 

At  the  point  C,  in  the  straight  line  CE  make  *  the  *  fa.  u 
angle  ECF  equal  to  the  angle  EAB,  and  draw  to  AB 
the  straight  line  CG  at  right  angles  to  CF :  then,  be- 
cause the  angles  ECF,  EAB  are  equal  to  onean other, 
and  that  the  angles 
ECF,  FCA,  are  to-  E 

gether  equal  *  to 
two  right  angles, 
the  angles  EAB, 
FCA  are  equal  to 
two  right  angles. 
But  by  the  hypo- 
thesis, the  angles 
EAB,  ACD  are 
together  less  than 

two  right  angles ;  therefore  the  angle  FCA  is  greater 
than  ACD,  and  CD  falls  between  CF  and  AB :  and 
because  CF  and  CD  make  an  angle  with  one  another, 
by  Prop.  3.  a  point  may  be  found  in  either  of  them  CD, 
from  which  the  perpendicular  drawn  to  CF  shall  be 

freater  than  the  straight  line  CG.  Let  this  point  be 
I,  and  draw  HK  perpendicular  to  CF,  meeting  AB  in 
L:  and  because  AB,  CF  contain  equal  angles  with  AC 
on  the  same  side  of  it,  by  Prop.  4.  AB  and  CF  are  at 
right  angles  to  the  straight  line  MNO,  which  bisects 
AC  in  N,  and  is  perpendicular  to  CF :  therefore  by 
Cor.  Prop.  2.  -CG  and  KL,  which  are  at  right  angles 
to  CF,  are  equal  to  one  another :  and  HK  is  greater 
than  CG,  and  therefore  is  greater  than  KL,  and  con- 
sequently the  point  H  is  in  KL  produced.  Wherefore 
the  straight  line  CDH,  drawn  betwixt  the  points  C,  H, 
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which  are  011  contrary  sides  of  AL,  mast  necessarily  cut 
the  straight  line  AB. 

PROP.  XXXV.     B.  I. 

The  demonstration  of  this  proposition  is  changed, 
because  if  the  method  which  is  used  in  it  was  followed, 
there  would  be  three  ca9es  to  be  separately  demonstrated, 
as  is  done  in  the  translation  from  the  Arabic ;  for,  in 
the  Elements,  no  case  of  a  proposition  that  requires  a 
different  demonstration  ought  to  be  omitted.  On  this 
account  we  have  chosen  the  method  which  Mons. 
Clairault  has  given,  the  first  of  any,  as  far  as  I  know, 
in  his  Elements,  page  21,  and  which  afterwards  Mr. 
Simpson  gives  in  his,  page  32.  But  whereas  Mr. Simpson 
makes  use  of  Prop.  26.  B.  1.  from  which  the  equality 
of  the  two  triangles  does  not  immediately  follow,  be- 
cause, to  prove  that,  the  4th  of  B.  1.  must  likewise  be 
made  use  of,  as  may  be  seen  in  the  very  same  case  in 
the  34th  Prop.  B.  1.,  it  was  thought  better  to  make  use 
only  of  the  4th  of  B.  1. 

PROP.  XLV.    B.  I. 

t 

The  straight  line  KM  is  proved  to  be  parallel  to  FL 
from  the  33d  Prop,  whereas  KH  is  parallel  to  FG  by 
construction,  and  KHM,  FGL  have  been  demonstrated 
to  be  straight  lines.  A  corollary  is  added  from  Com- 
mandine,  as  being  often  used. 

PROP.  XJIL     B.  II. 

In  this  proposition  only  acute  angled  triangles  are 
mentioned,  whereas  it  holds  true  of  every  triangle; 
and  the  demonstrations  of  the  cases  omitted  are  added: 
Commandine  and  Clavius  have  likewise  given  their  de- 
monstrations of  these  cases. 

PROP.  XIV.    B.  II. 

In  the  demonstration  of  this,  some  Greek  editor  has 
ignorantly  inserted  the  words,  *  but  if  not,  one  of  the 
"  two  BE,  ED,  is  the  greater :  let  BE  be  the  greater, 
"  and  produce  it  to  F ;"  as  if  it  was  of  any  conse- 
quence  whether   the  greater  or  lesser  be  produced: 
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therefore,  instead  of  these  words,  there  ought  to  be 
read  only,  "  but  if  not,  produce  BE  to  F." 

PROP.  I.    B.  III. 

Several  authors,  especially  among  the  modern  ma- 
thematicians and  logicians,  inveigh  too  severely  against 
indirect  or  apogogic  demonstrations,  and  sometimes 
ignorantly  enough ;   not  being  aware  that  there  are 
some  things  that  cannot  be  demonstrated  any  other 
way :  of  this  the  present  proposition  is  a  very  clear  in- 
stance, as  no  direct  demonstration  can  be  given  of  it : 
because,  besides  the  definition  of  a  cifcle,  there  is  no 
principle  or  property  relating  to  a  circle  antecedent  to 
this  problem,  from  which  either  a  direct  or  indirect 
demonstration  can  be  deduced :  wherefore  it  is  neces- 
sary that  the  point  found  by  the  construction  of  the 
problem  be  proved  to  be  the  centre  of  the  circle,  by  the 
help  of  this  definition,  and  some  of  the  preceding  pro- 
positions :  and  because,  in  the  demonstration,  this  pro- 
position must  be  brought  in,  viz.  straight  lines  from  the 
centre  of  a  circle  to  the  circumference  are  equal,  and 
that  the  point  found  by  the  construction  cannot  be  as- 
sumed  as  the  centre,  for  this  is  the  thing  to  be  demon- 
strated; it  is  manifest  some  other  point  must  be  as- 
sumed as  the  centre:  and  if  from  this  assumption  an 
absurdity  follows,  as  Euclid  demonstrates  there  must, 
then  it  is  not  true  that  the  point  assumed  is  the  centre; 
and  as  any  point  whatever  was  assumed,  it  follows  that 
no  point,  except  that  found  by  the  construction,  can  be 
the  centre,  from  which  the  necessity  of  an  indirect  de- 
monstration in  this  case  is  evident. 

« 

PROP.  XIII.    B.  III. 

As  it  is  much  easier  to  imagine  that  two  circles  may 
touch  one  another  within  in  more  points  than  one,  ijpon 
the  same  side,  than  upon  opposite  sides ;  the  figure  of 
that  case  ought  not  to  have  been  omitted;  but  the  con- 
struction in  the  Greek  text  would  not  have  suited  with 
this  figure  so  well,  because  the  centres  of  the  circles 
must  have  been  placed  near  to  the  circumferences;  on 
which  account  another  construction  and  demonstration 
is  given,  which  is  the  same  with  the  second  part  of  that 
<ffhich  Campanus  has  translated  from  the  Arabic,  where, 
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without  any  reason,  the  demonstration  is  divided  into 
two  parts. 

PROP.  XV.     B.  III. 

The  converse  of  the  second  part  of  this  proposition 
is  wanting,  though  in  the  preceding,  the  converse  is 
added,  in  a  like  case,  both  in  the  enunciation  and  de- 
monstration ;  and  it  is  now  added  in  this.  Besides,  in 
the  demonstration  of  the  first  part  of  this  fifteenth,  the 
diameter  AD  (see  Commandine's  figure)  is  proved  to 
be  greater  than  the  straight  line  BC  by  means  of  an- 
other straight  line  MN ;  whereas  it  may  be  better  done 
without  it:  on  which  accounts,  we  have  given  a  differ- 
ent demonstration,  like  to  that  which  Euclid  gives  in 
the  preceding  14th,  and  to  that  which  Theodosius 
gives  in  Prop.  6.  B.  1 .  of  his  Spherics,  in  this  very  affair. 

PROP.  XVI.     B.  IJI. 

In  this  we  have  not  followed  the  Greek  nor  the  La- 
tin translation  literally,  but  have  given  what  is  plainly 
the  meaning  of  the  proposition,  without  mentioning  the 
angle  of  the  semicircle,  or  that  which  some  call  the 
cornicular  angle,  which  they  conceive  to  be  made  by 
the  circumference  and  the  straight  line  which  is  at 
right  angles  to  the  diameter,  at  its  extremity;  which 
angles  have  furnished  matter  of  great  debate  between 
some  of  the  modern  geometers,  and  given  occasion  of 
deducing  strange  consequences  from  them,  which  are 
quite  avoided  by  the  manner  in  which  we  have  expressed 
the  proposition.  And  in  like  manner,  we  have  given 
the  true  meaning  of  Prop.  31.  B.  3.  without  mention- 
ing the  angles  of  the  greater  or  lesser  segments.  These 
passages,  Vieta,  with  good  reason,  suspects  to  be  adul- 
terated in  the  386th  page  of  his  Oper.  Math. 

PROP.  XX.    B.  III. 

The  first  words  of  the  second  part  of  this  demon- 
stration, "  xsHxduBo)  3jj  irdxiv",  are  wrong  translated  by 
Mr.  Briggs  and  Dr.  Gregory,  «  Rursus  inclinetur"; 
for  the  translation  ought  to  be  "  Rursus  inflectatur"; 
as  Commandine  has  it.  A  straight  line  is  said  to  be 
inflected  either  to  a  straight  or  curve  line,  when  a 
straight  line  is  drawn  to  this  line  from  a  point,  and 
from  the  point  in  which  it  meets  it,  a  straight  line 


NOTES.    BOOK  III.  -         277 

making  an  angle  with  the  former,  is  drawn  to  another 
point,  as  is  evident  from  the  90th  prop,  of  Euclid's  Da- 
ta: for  thus  the  whole  line  betwixt  the. first  and  last 
points  is  inflected  or  broken  at  the  point  of  inflection, 
where  the  two  straight  lines  meet*  And  in  the  like 
sense  two  straight  lines  are  said  to  be  inflected  from  two 
points  to  a  third  point,  when  they  make  an  angle  at 
this  point :  as  may  be  seen  in  the  description  given  by 
Pappus  Alexandrinus  of  Apojlonius's  Books  de  Locis 
Plant's,  in  the  preface  to  the  7th  Book  :  we  have  made 
the  expression  fuller  from  the  90th  prop,  of  the  Data. 

PROP.  XXL    B.  III. 

There  are  two  cases  of  this  proposition,  the  second 
of  which,  viz*  when  the  angles  are  in  a  segment  not 
greater  than  a  semicircle,  is  wanting  in  the  Greek :  and 
of  this  a  more  simple  demonstration  is  given  than  that 
which  is  in  Commandine,  as  being  derived  only  from 
the  first  case  without  the  help  of  triangles. 

PROP.  XXIII.  and  XXIV.    B.  III. 

In  proposition  24  it  is  demonstrated  that  the  segment 
AEB  must  coincide  with  the  segment  CFD  (see  Com- 
mandine's  figure),  and  that  it  cannot  fall  otherwise,  as  ■ 
CGD,  so  as  to  cut  the  other  circle  in  a  third  point  G, 
from  this,  that  if  it  did,  a  circle  could  cut  another  in 
more  points  than  two :  but  this  ought  to  have  been 
proved  to  be  impossible  in  the  £3d  prop,  as  well  as  that 
one  of  the  segments  cannot  fall  within  the  other.  This 
part,  then,  is  left  out  in  the  24th,  and  put  in  its  proper 
place,  the  23d  proposition. 

PROP.  XXV.    B.  III. 

This  proposition  is  divided  into  three  cases,  of 
which  two  have  the  same  construction  and  demonstra- 
tion ;  therefore  it  is  now  divided  only  into  two  cases. 

PROP.  XXXIIL     B.  III. 

This  also  in  the  Greek  is  divided  into  three  cases,  of 
which,  two,  viz.  one,  in  which  the  given  angle  is  acute, 
and  the  other,  in  which  it  is  obtuse,  have  exactly  the 
same  construction  and  demonstration ;  on  wt}kh  ac- 
count, the  demonstration  of  the  last  case  is  left  put,  as 
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quite  superfluous,  and  the  addition  of  some  unskilful 
editor ;  besides  the  demonstration  of  the  case  when  the 
angle  given  is  a  right  angle,  is  done  a  round-about 
way,  and  is  therefore  changed  to  a  more  simple  one,  as 
was  done  by  Clavius. 

PROP.  XXXV.    B.  III. 

As  the  25th  and  33d  propositions  are  divided  into 
more  cases,  so  this  35th  is  divided  into  fewer  cases  than 
are  necessary.  Nor  can  it  be  supposed  that  Euclid 
omitted  them  because  they  are  easy ;  as  he  has  given 
the  case,  which  by  far  is  the  easiest  of  them  all,  viz. 
that  in  which  both  the  straight  lines  pass  through  the 
centre :  and  in  the  following  proposition  he  separately 
demonstrates  the  case  in  which  the  straight  line  passes 
through  the  centre,  and  that  in  which  it  does  not  pass 
through  the  centre:  so  that  it  seems  Theon,  or  some 
other,  has  thought  them  too  long  to  insert:  but  .cases 
that  require  different  demonstrations,  should  not  be  left 
out  in  the  Elements,  as  was  before  taken  notice  of: 
these  cases  are  in  the  translation  from  the  Arabic,  and 
are  now  put  into  the  text. 

PROP.  XXXVII.    B.  III. 

At  the  end  of  this,  the  words  "  in  the  same  manner 
lc  it  may  be  demonstrated,  if  the  centre  be  in  AC,"  are 
left  out  as  the  addition  of  some  ignorant  editor. 

DEFINITIONS  OF  BOOK  IV. 

When  a  point  is  in  a  straight  line,  or  any  other 
line,  this  point  is  by  the  Greek  geometers  said  airreo-Oai, 
to  be  upon  or  in  that  line;  and  when  a  straight  line  or 
circle  meets  a  circle  any  way,  the  one  is  said  aimo-Oat, 
to  meet  the  other :  but  when  a  straight  line  or  circle 
meets  a  circle  so  as  not  to  cut  it,  it  is  said  tya*re<rOai9 
to  touch  the  circle ;  and  these  two  terms  are  never  pro- 
miscuously used  by  them :  therefore,  in  the  5th  defini- 
tion of  B.  4.  the  compound  tyairrtTat  must  be  read,  in- 
stead of  the  simple  airman  and  in  the  1st,  2d,  3d, 
and  6th  definitions  in  Commandine's  translation,  "  tan- 
git  ",  must  be  read  instead  of  "contingit":  and  in  the 
2d  and  3d  definitions  of  Book  3.  the  same  change  must 
be  made:  but  in  the  Greek  text  of  propositions  11th 
12th,  13th,  18th,  19th,  Book  3.  the  compound  verb  is 
to  be  put  for  the  simple. 
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PROP.  IV.     B.  IV. 


In  this,  as  also  in  the  8th  and  ISth  propositions  of 
this  book,  it  is  demonstrated  indirectly,  that  the  circle 
touches  a  straight  line;  whereas  in  the  17th,  S3d,  and 
37th  propositions  of  Book  3.  the  same  thing  is  directly 
demonstrated :  and  this  way  we  have  chosen  to  use  in 
the  propositions  of  this  book,  as  it  is  shorter. 

PROP.  V.    B.  IV. 

The  demonstration  of  this  has  been  spoiled  by  some 
unskilful  hand  :  for  be  does  jiot  demonstrate,  as  is  ne- 
cessary, that  the  two  straight  lines  which  bisect  the 
sides  of  the  triangle  at  right  angles  must  meet  one  an- 
other ;  and,  without  any  reason,  he  divides  the  propo- 
sition into  three  cases :  whereas,  one  and  the  same 
construction  and  demonstration  serves  for  them  all,  as 
Campanus  has  observed';  which  useless  repetitions  are 
now  left  out:  the  Greek  text  also  in  the  corollary  is 
manifestly  vitiated,  where  mention  is  made  of  a  given 
angle,  though  there  neither  is,  nor  can  be,  any  thing  in 
the  proposition  relating  to  a  given  angle. 

.      PROP.  XV.  and  XVL    B.  IV. 

In  the  corollary  of  the  first  of  these,  the  words  "equi- 
lateral and  equiangular"  are  wanting  in  the  Greek ;  and 
in  the  Prop.  16.  instead  of  the  circle  ABCD,  ought  to 
be  read  the  circumference  ABCD :  where  mention  is 
made  of  its  containing  fifteen  equal  parts. 

DEF.  III.    B.  V. 

Many  of  the  modern  mathematicians  reject  this  de- 
finition :  the  very  learned  Dr.  Barrow  has  explained 
it  at  large  at  the  end  of  his  third  lecture  of  the  year 
1666,  in  which  also  he  answers  the  objections  made 
against  it  as  well  as  the  subject  would  allow :  and  at 
the  end  gives  his  opinion  upon  the  whole  as  follows: 

"  I  shall  only  add,  that  the  author  had,  perhaps,  no 
"  other  design  in  making  this  definition,  than  (that  he 
"  might  more  fully  explain  and  embellish  his  subject) 
"  to  give  a  general  and  summary  idea  of  ratio  to  be- 
"  ginners,  by  premising  this  metaphysical  definition, 
"  to  the  more  accurate  definition  of  ratios  that  are  the 
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"  same  to  one  another,  or  one  of  which  is  greater  or 
"  less  than  the  other :  I  call  it  a  metaphysical,  for  it  is 
"  not  properly  a  mathematical,  definition,  since  nothing 
"  in  mathematics  depends  on  it,  or  is  deduced,  nor,  as 
"  I  judge,  can  be  deduced  from  it :  and  the  definition 
"of  analogy,  which  follows,  viz.,  Analogy  is  the  simili- 
"  tude  of  ratios,  is  of  the  same  kind,  and  can  serve  for 
"  no  purpose  in  mathematics,  but  only  to  give  begin- 
ners some  general,  though  gross  and  confused,  notion 
of  analogy :  but  the  whole  of  the  doctrine  of  ratios, 
"  and  the  whole  of  mathematics,  depend  upon  the  ac- 
"  curate  mathematical  definitions  which  follow  this : 
"  to  these  we  ought  principally  to  attend,  as  the  doc- 
"  trine  of  ratios  is  more  perfectly  explained  by  them ; 
"  this  third,  and  others  like  it,  may  be  entirely  spared 
"  without  any  loss  to  geometry ;  as  we  see  in  the  7th 
"  book  of  the  Elements,  where  the  proportion  of  num- 
'<  bers  to  one  another  is  defined,  and  treated  of,  yet 
u  without  giving  any  definition  of  the  ratio  of  numbers; 
u  though  such  a  definition  was  as  necessary  and  useful 
"  to  be  given  in  that  book  as  in  this :  but  indeed  there 
*<  is  scarce  any  need  of  it  in  either  of  them  :  though  I 
"  think  that  a  thing  of  so  general  arid  abstracted  a  na- 
"  ture,  and  thereby  the  more  difficult  to  be  conceived' 
"  and  explained,  cannot  be  more  commodiously  de- 
"  fined  than  as  the  author  has  done :  upon  which  ac- 
"  count  J  thought  fit  to  explain  it  at  large,  and  defend 
"  it  against  the  captious  objections  of  those  who  attack 
"  it."  To  this  citation  from  Dr.  Barrow  I  have  no- 
thing to  add,  except  that  I  fully  believe  the  3d  and  8th 
definitions  are  not  Euclid's,  but  added  by  some  unskil- 
ful editor. 

DEF.  XI.     B.  V. 

It  was  necessary  to  add  the  word  "continual"  before 
"  proportionals"  in  this  definition;  and  thus  it  is  cited 
in  the  SSd  Prop,  of  Book  11. 

After  this  definition,  ought  to  have  followed  the  de- 
finition of  compound  ratio,  as  this  was  the  proper  place 
for  it ;  duplicate  and  triplicate  ratio  being  species  of 
compound  ratio :  but  Theon  has  made  it  the  5th  def.  of 
B.  6.9  where  he  gives  an  absurd  and  entirely  useless 
definition  of  compound  ratio :  for  this  reason  we  have 
placed  another^efinition  qf  it  betwixt  the  1 1th  and  12th 
of  this  book,  which,  no  doubt,  Euclid  gave ;  for  he  cites 
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it  expressly  in  Prop.  28.  B.  6.  and  which  Clavius,  He- 
rigon,  and  Barrow,  have  likewise  given,  but  they  retain 
also  Tbeon's,  which  they  ought  to  have  left  out  of  the 

Elements. 

DEF.  XIII.    B.  V. 

This,  and  the  rest  of  the  definitions  following,  con- 
tain the  explication  of  some  terms  which  are  used  in 
the  5th  and  following  books  ;  which,  except  a  few,  are 
easily  enough  understood  frosi  the  propositions  of  this 
book,  where  they  are  first  mentioned :  they  seem  to  have 
been  added  by  Theon,  or  some  other.  However  it  be, 
they  are  explained  something  more  distinctly  for  the 
sake  of  learners. 

PROP.  IV.     B.  V, 

In  the  construction  preceding  the  demonstration  of 
this,  the  words  a  eruxh  any  whatever,  are  twice  wanting 

*  in  the  Greek,  as  also  in  the  Latin  translations,  and  are 
now  added,  as  being  wholly  necessary. 

Ibid,  in  the  demonstration ;  in  the  Greek,  and  in  the 
Latin  translation  of  Command ine,  and  in  that  of  Mr. 
Henry  Briggs,  which  was  published  in  London  in  1620, 
together  with  the  Greek  text  of  the  first  six  books, 
which  translation  in  this  place  is  followed  by  Dr.  Gre- 
gory in  his  edition  of  Euclid,  there  is  this  sentence 

•  following,  viz.  "  and  of  A  and  C  have  been  taken  equi- 

"  multiples  K,  L;  and  of  B  and  D,  any  equimultiples 

•*  whatever  (a  irvxe)  M,  N";  which  is  not  true,  the 

words  '*  any  whatever"  ought  to  be  left  out:  and  it  is 

strange  that  neither  Mr.  Briggs,  who  did  right  to  leave 

out  these  words  in  one  place  of  Prop.  13.  of  this  book, 

nor  Dr.  Gregory,  who  changed  them  into  the  word 

"  some  "  in  three  places,  and  left  them  out  in  a  fourth 

of  that  same  Prop.  13.,  did  not  also  leave  them  out  in 

this  place  of  Prop.  4.  and  in  the  second  of  the  two 

places  where  they  occur  in  Prop.  17*  of  this  book,  in 

neither  of  which  they  can  stand  consistent  with  truth  : 

and  in  none  of  all  these  places,  even  in  those  which  they 

corrected  in  their  Latin  translation,  have  they  cancelled 

the  words  a  ervxs  in  the  Greek  text,  as  they  ought  to 

have  done. 

The  same  words  *  irux*  &re  found  in  four  places  of 
Prop.  ll.  of  this  book,  in  the  first  and  last  of  which 
they  are  necessary,  bat  in  the  second  and  third,  though 
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they  are  true,  they  are  quite  superfluous ;  as  they  like- 
wise are  in  the  second  of  the  two  places  in  which  they 
are  found  in  the  12th  Prop,  and  in  the  like  places  of 
Prop.  23,  23,  of  this  book ;  but  are  wanting  in  the  last 
place  of  Prop.  23,  as  also  in  Prop.  25,  Book  11. 

Cor.  PROP.  IV.     B.  V. 

This  corollary  has  been  unskilfully  annexed  to  this 
proposition,  ana  has  been  made  instead  of  the  legitimate 
demonstration,  which,  without  doubt,  Theon,  or  some 
other  editor,  has  taken  away,  not  from  this,  but  from 
its  proper  place  in  this  book  :  the  author  of  it  designed 
to  demonstrate,  that  if  four  magnitudes  E,  G,  F,  H, 
be  proportionals,  they  are  also  proportionals  inversely ; 
that  is,  G  is  to  E,  as  H  to  F ;  which  is  true ;  but  the 
demonstrat  ion  of  it  does  not  inthe  least  depend  upon 
this  4th  prop,  or  its  demonstration :  for,  when  he  says, 
"  because  it  is  demonstrated,  that  if  K  be  greater  than 
"  M,  L  is  greater  than  N,"  &c.  this  indeed  is  shewn  in 
the  demonstration  of  the  4th  prop,  but  not  from  this, 
that  E,  G,  F,  H,  are  proportionals ;  for  this  last  is  the 
conclusion  of  the  proposition.  Wherefore  these  words, 
"  because  it  is  demonstrated,"  &c.  are  wholly  foreign  to 
his  design :  and  he  should  have  proved,  that  if  K  be 
greater  than  M,  L  is  greater  than  N,  from  this,  that 
E,  G,  F,  H,  are  proportionals,  and  from  the  5th  def. 
of  this  book,  which  he  has  not ;  but  is  done  in  propo- 
sition B,  which  we  have  given  in  its  proper  place,  in- 
stead of  this  corollary ;  and  another  corollary  is  placed 
after  the  4th  prop,  which  is  often  of  use ;  and  is  neces- 
sary to  the  demonstration  of  Prop.  18.  of  this  book. 

PROP.  V.    B.  V. 

In  the  construction  which  precedes  the  demonstration 
of  this  proposition,  it  is  required  that  EB  may  be  the 
same  multiple  of  CG,  that  AE  is  of  CF ;  that  is,  that 
EB  be  divided  into  as  many  equal  parts  as  there  are 
parts  in  AE  equal  to  CF ;  from  which  it  is  evident, 
that  this  construction  is  not  Euclid's,  for  he  does  not 
shew  the  way  of  dividing  straight  lines,  and  far  less 
other  magnitudes,  into  any  number  of  equal  parts,  until 
the  9th  proposition  of  B.  6.  and  he  never  requires  any 
thing  to  be  done  in  the  construction  of  which  he  had 
not  before  given  the  method  of  doing :  for  this  reason, 
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we  have  changed  the  construction  to  one, 
which,  without  doubt,  is  Euclid's,  in  which     / 
nothing  is  required  but  to  add  a  magnitude  Cr 

to  itself  a  certain  number  of  times;  and  this     £ 
is  to  be  found  in  the  translation  from  the 
Arabic,  though  the  enunciation  of  the  pro- 
position and   the  demonstration  are  there 
very  much  spoiled.      Jacobus   Peletarius, 
who  was  the  first,  as  far  as  I  know,  who     B 
took  notice  of  this  error,  gives  also  the  right 
construction  in  his  edition  of  Euclid,  after  he  bad  given 
the  other  which  he  blames.     He  says,  he  would  not 
leave  it  out,  because  it  was  fine,  and  might  sharpen  one's 
genius  to  invent  others  like  it :  whereas  there  is  not 
the  least  difference  between  the  two  demonstrations, 
except  a  single  word  in  the  construction,  which  very 
probably  has  been   owing  to  an  unskilful  librarian. 
Clavius  likewise  gives  both  the  ways ;  but  neither  be 
nor  Peletarius  takes  notice  of  the  reason  why  the  one 
is  preferable  to  the  other. 

PROP.  VI.     B.  V. 

There  are  two  cases  of  this  proposition,  of  which 
only  the  first  and  simplest  is  demonstrated  in  the  Greek. 
And  it  is  probable  Theon  thought  it  was  sufficient  to 
give  this  one,  since  he  was  to  make  use  of  neither  of 
them  in  his  mutilated  edition  of  the  5th  book;  and  he 
might  as  well  have  left  out  the  other,  as  also  the  5th 
proposition,  for  the  same  reason.  The  demonstration 
of  the  other  case  is  now  added,  because  both  of  them, 
as  also  the  5th  proposition,  are  necessary  to  the  de- 
monstration of  the  18th  proposition  of  this  book.  The 
translation  from  the  Arabic  gives  both  cases  briefly. 

PROP.  A.    B.  V. 

This  proposition  is  frequently  used  by  geometers, 
and  it  is  necessary  in  the  25th  prop,  of  this  book,  31st 
of  the  6th,  and  fpth  of  the  11th,  and  15th  of  the  12th 
book :  it  seems  to  have  been  taken  out  of  the  Elements 
by  Theon,  because  it  appeared  evident  enough  to  him, 
and  others,  who  substitute  the  confused  and  indistinct 
idea  the  vulgar  have  of  proportionals,  in  place  of  that 
accurate  idea  which  is  to  be  got  from  the  5th  def.  of 
this  book.    Nor  can  there  be  any  doubt  that  Eudoxus 
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or  Euclid  gave  it  a  place  in  the  Elements,  when  we  see 
the  7th  and  9th  of  the  same  book  demonstrated,  though 
they  are  quite  as  easy  and  evident  as  this.  Alphonsus 
Borellus  takes  occasion  from  this  proposition  to  censure 
the  5th  definition  of  this  book  very  severely,  but  most 
unjustly.  In  p.  126.  of  his  Euclid  Restored,  printed  at 
Pisa  in  1658,  he  says,  "  Nor  can  even  this  least  degree 
"  of  knowledge  be  obtained  from  the  aforesaid  property," 
viz.  that  which  is  contained  in  5th  def.  5.  "  That,  if 
"  four  magnitudes  be  proportionals,  the  third  must  ne- 
"  cessarily  be  greater  than  the  fourth,  when  the  first  is 
*'  greater  than  the  second  :  as  Clavius  acknowledges  in 
"  the  16th  prop,  of  the  5th  book  of  the  Elements." 
But  though  Clavius  makes  no  such  acknowledgement 
expressly,  he  has  given  Borellus  a  handle  to  say  this  of 
him ;  because  when  Clavius,  in  the  above-cited  place, 
censures  Comroandine,  and  that  very  justly,  for  demon- 
strating this  proposition  by  help  of  the  16th  of  the  5th ; 
yet  hemmself  givfes  no  demonstration  of  it,  but  thinks 
it  plain  from  the  nature  of  proportionals,  as  be  writes 
in  the  end  of  the  14th  and  16th  Prop.  B.  5.  of  bis 
edition,  and  is  followed  by  Herigon  in  Schol.  1.  Prop. 
4.  B.  5.  as  if  there  was  any  nature  of  proportionals 
antecedent  to  that  which  is  to  be  derived  and  under- 
stood from  the  definittbn  of  them  :  and,  indeed,  though 
it  is  very  easy  to  give  a  right  demonstration  of  it,  no- 
body, as  far  as  1  know,  has  given  one,  except  the 
learned  Dr.  Barrow,  who,  in  answer  to  Borellus's  ob- 
jection, demonstrates  it  indirectly,  but  very  briefly  and 
clearly,  from  the  5th  definition,  in  the  S22d  page  of  his 
Lect.  Mathem.  from  which  definition  it  may  also  be 
easily  demonstrated  directly :  on  which  account  we 
have  placed  it  next  to  the  propositions  concerning 
equimultiples. 

PROP.  B.    B.  V. 

This  also  is  easily  deduced  from  the  5th  def.  B.  5., 
and  therefore  is  placed  next  to  the  other ;  for  it  was 
very  ignorantly  made  a  corollary  froq|  the  4th  Prop,  of 
this  Book.    See  the  note  on  that  corollary. 

PROP.  C.    B.  V. 

This  is  frequently  made  use  of  by  geometers,  and  is 
necessary  to  the  5th  and  6th  propositions  of  the  10th 
Boot    Clavius,  in  bis  notes  subjoined  to  the  8th  def. 
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of  Book  5.  demonstrates  it  only  in  numbers,  by  help  of 
some  of  the  propositions  of  the  7th  Book ;  in  order  to 
demonstrate  the  property  contained  in  the  5th  defini- 
tion of  the  5th  Book9  when  applied  to  numbers,  from 
the  property  of  proportionals  contained  in  the  20th 
def.  of  the  7th  Book :  and  most  of  the  commentators 
judge  it  difficult  to  prove  that  four  magnitudes  which 
are  proportionals  according  to  the  20tn  def.  of  7th 
Book,  are  also  proportionals  according  to  the  5th  def. 
of  5th  Book.     But  this  is  easily  made  out  as  follows : 

First,    if  A,  B,  C,  D,  be   four  magnitudes,  such 
that  A  is  the  same  multiple,  or  the 
same  part  of  B,  which  C  is  of  D : 
A,  B,  C,  D,  are  proportionals:     I 
This  is  demonstrated  in  proposi- 
tion C. 

Secondly,  if  AB  contain  the 
same  parts  of  CD  that  EF  does  of 
GH ;  in  this  case  likewise  AB  i6 
to  CD,  as  EF  to  GH. 

Let  CK  be  a  part  of  CD,  and 
GL  the  same  part  of  GH:  and  let  AB  be  the  same 
multiple  of  CK,  that  EF  is  of  GL :  therefore,  by  Prop. 

C.  of  the  5th  Book,  AB  is  to  CK,  as  EF  to  GL :  and 
CD,  GH  are  equimultiples  of  CK,  GL,  the  second 
and  fourth :  wherefore,  by  Cor.  Prop.  4.  Book  5.  AB 
is  to  CD,  as  EF  to  GH. 

And  if  four  magnitudes  be  proportionals  according 
to  the  5th  def.  of  Book  5.  they  are  also  proportionals 
according  to  the  20th  def.  of  Book  7. 

First,  if  A  be  to  B,  as  C  to  D;  then  if  A  be  any 
multiple  or  part  of  B,  C  is  the  same  multiple  or  part  of 

D,  by  Prop.  D.  of  Book  5. 

Next,  if  AB  be  to  CD,  as  EF  to  GH :  then  if  AB 
contain  any  parts  of  CD,  EF  contains  the  same 
parts  of  GH:  for  let  CK  be  a  part  of  CD,  and 
GL  the  same  part  of  GH,  and  let  AB  be  a  mul- 
tiple of  CK :    EF  is  the  same  multiple  of  GL : 
take  M  the  same  multiple  of  GL  that  AB  is  of 
CK;    therefore,  by  Prop.  C.  of  B.  5.  AB  is  to 
CK,  as  M  to  GL:  and  CD,  GH,  are  equimul- 
tiples of  CK,  GL;   wherefore^  by  Cor.  Prop.  4. 
B.  5.  AB  is  to  CD,  as  M  to  GH.    And,  by  the    , 
hypothesis,  AB  is  to  CD,  as  EF  to  GH ;  there-  M 
fore  M  is  equal  to  EF  by  Prop.  9«  Book  5.  and 
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consequently  EF  is  the  same  multiple  of  GL  that  AB 
is  of  CK. 

PROP.  D.    B.  V. 

This  is  not  unfrequently  used  in  the  demonstration  of 
other  propositions,  and  is  necessary  in  that  of  Prop.  9. 
B.  6.  It  seems  Theon  has  left  it  out  for  the  reasons 
mentioned  in  the  notes  at  Prop.  A. 

PROP.  VIII.     B.  V. 

In  the  demonstration  of  this,  as  it  is  now  in  the 
Greek,  there  are  two  cases  (see  the  demonstration  in 
Hervagius,  or  Dr.  Gregory's  edition),  of  which  the  first 
is  that  in  which  AE  is  less  than  EB ;  and  in  this  it 
necessarily  follows,  that  H©  the  multiple  of  EB  is 
greater  than  ZH  the  same  multiple  of  AE,  which  last 
multiple,  by  the  construction,  is  greater  than  A; 
whence  also  H<5>  must  be  greater  than  A :  but  in  the 
second  case,  viz.  that  in  which  EB  is  less  than  AE, 
though  ZH  be  greater  than  A,  yet  H®  may  be  less 
than  the  same  A ;  so  that  there  cannot  be  taken  a  mul- 
tiple of  A  which  is  the  first  that  is  greater  than  K  or 
H®,  because  A  itself  is  greater  than  it:  upon  this  ac- 
count, the  author  of  this  demonstration  found  it  neces- 
sary to  change  one  part  of  the  construction  that  was 
made  use  of  in  the  first  case :  but  he  has,  without  any 
necessity,  changed  also  another  part  of  it,  viz.  when  he 
orders  to  take  N  that 


multiple  of  A  which  is 
the  first  that  is  greater 
than  ZH;  for  he  might 
have  taken  that  multi- 
ple of  A  which  is  the 
first  that  is  greater 
than  H<5>,  or  K,  as  was 
done  in  the  first  case: 
he  likewise  brings  this 
K  into  the  demon- 
stration of  both  cases, 
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without  any  reason ;  for  it  serves  to  no  purpose  but  to 
lengthen  the  demonstration.  There  is  also  a  third  case 
which  is  not  mentioned  in  this  demonstration,  viz.  that 
in  which  AE  in  the  first,  or  EB  in  the  second  of  the  two 
other  cases  is  greater  than  A ;  and  in  this  any  equimul- 
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jtiples,  as  the  doubles  of  AE,  EB,  are  to  be  taken,  as  is 
done  in  this  edition,  where  all  the  cases  are  at  onoe 
demonstrated  :  and  from  this  it  is  plain  that  Tbeon,  or 
some  other  unskilful  editor,  has  vitiated  this  proposition. 

PROP.  IX.     B.  V. 

Of  this  there  is  given  a  more  explicit  demonstration 
than  that  which  I  found  in  the  Elements. 

PROP.  X.     B.  V. 

-  It  was  necessary  to  give  another  demonstration  of 
this  proposition,  because  that  which  is  in  the  Greek 
and  Latin,  or  other  editions,  is  not  legitimate:  for 
the  words  greater,  the  same  or  equal,  lesser,  have  a 
quite  different  meaning  when  applied  to  magnitudes  and 
ratios,  as  is  plain  from  the  5th  and  7th  definitions  of 
Book  5.  By  the  help  of  these  let  us  examine  the  de- 
monstration of  the  10th  Prop,  which  proceeds  thus : 
"  Let  A  have  to  C  a  greater  ratio  than  B  to  C :  I  say 
"  that  A  is  greater  than  B :  for  if  it  be  not  greater  it  is 
"  either  equal  or  less.  But  A  cannot  be  equal  to  B, 
"  because  then  each  of  them  would  have  the  same  ratio 
-c  to  C ;  but  they  have  not.  Therefore  A  is  not  equal 
*c  to  B."  The  force  of  which  reasoning  is  this :  if  A 
had  to  C  the  same  ratio  that  B  has  to  C,  thert  if  any 
equimultiples  whatever  of  A  and  B  be  taken,  and  any 
multiple  whatever  of  C;  if  the  multiple  of  A  be  greater 
than  the  multiple  of  C,  then  by  the  5th  def.  of  Book  5. 
the  multiple  of  B  is  also  greater  than  that  of  C;  but 
from  the  hypothesis,  that  A  has  a  greater  ratio  to 
C,  than  B  has  to  C,  there  must,  by  the  7th  def.  of 
Book  5.  be  certain  equimultiples  of  A  and  B,  and 
some  multiple  of  C  such,  that  the  multiple  of  A  is 
greater  than  the  multiple  of  C,  but  the  multiple  of  B  is 
not  greater  than  the  same  multiple  of  C,  and  this 
proposition  directly  contradicts  the  preceding;  where- 
fore A  is  not  equal  to  B.  The  demonstration  of 
the  10th  Prop,  goes  on  thus :  "  But  neither  is  A  less 
"  than  B ;  because  then  A  would  have  a  less  ratio  to  C 
"  than  B  has  to  it :  but  it  has  not  a  less  ratio,  therefore 
"  A  is  not  less  than  B,"  &c.  Here  it  is  said,  that  °  A 
"  would  have  a  less  ratio  to  C  than  B  has  to  C,"  or, 
which  is  the  same  thing,  that  B  would  have  a  greater 
ratio  to  C  than  A  to  C ;  that  is,  by  7th  def.  Book  5. 
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there  must  be  some  equimultiples  of  B  and  A,  and  some 
multiple  of  C,  such  that  the  multiple  of  B  is  greater 
than  the  multiple  of  C,  but  the  multiple  of  A  is  not 
greater  than  it:  and  ifrought  to  have  been  proved,  that 
this  can  never  happen  if  the  ratio  of  A  to  C  be  greater 
than  the  ratio  of  B  to  C ;  that  is,  it  should  have  been 
proved,  that,  in  this  case,  the  multiple  of  A  is  always 
greater  than  the  multiple  of  C,  whenever  the  mul- 
tiple of  B  is  greater  than  the  multiple  of  C ;  for 
when  this  is  demonstrated,  it  will  be  evident  that 
B  cannot  have  a  greater  ratio  to  C,  than  A  has  toC, 
or,  which  is  the  same  thing,  that  A  cannot,  have  a  less 
ratio  to  C  than  B  has  to  C.  But  this  is  not  at  all 
proved  in  the  10th  proposition :  but  if  the  10th  were 
once  demonstrated,  it  would  immediately  follow  from  it, 
but  cannof  without  it  be  easily  demonstrated,  as  he 
that  tri,es  to  do  it  will  find.  Wherefore  the  10th  pro 
position  is  not  sufficiently  demonstrated.  And  it  seems 
that  he  who  has  given  the  demonstration  of  the  10th 
proposition  as  we  now  have  it,  instead  of  that  which  Eu- 
doxus  or  Euclid  had  given,  has  been  deceived  in  applying 
what  is  manifest,  when  understood  of  magnitudes,  unto 
ratios,  viz.  that  a  magnitude  cannot  be  both  greater  and 
less  than  another.  That  those  things  which  are  equal  to 
the  same  are  equal  to'one  another,  is  a  most  evident  axiom 
when  understood  of  magnitudes ;  yet  Euclid  does  not 
make  use  of  it  to  infer,  that  those  ratios,  which  are  the 
same  to  the  same  ratio,  are  the  same  to  one  another,  but 
explicitly  demonstrates  this  in  Prop.  11.  of  Book  5. 
The  demonstration  we  have  given 
of  the  10th  prop,  is  no  doubt  the 
same  with  that  of  Eudoxus  or 
Euclid,  as  it  is  immediately  and 
directly  derived  from  the  defini- 
tion of  a  greater  ratio,  viz.  the  7th 
of  the  5th. 

The  above-mentioned  propo- 
sition, viz.  If  A  have  to  C  a 
greater  ratio  than  B  to  C;  and 
if  of  A  and  B  there  be  taken 
certain  equimultiples,  and  some 
multiple  of  C;  then  if  the  multiple 
of  B  be  greater  than  the  multiple 
of  C,  the  multiple  of  A  is  also 
greater  than  the  same,  is  thus  demonstrated. 


A    C 
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Let  D,  E,  be  equimultiples  of  A,  B,  and  ^  a  mul- 
tiple of  C,  such,  that  £  the  multiple  of  B  is  greater 
that  F;  D  the  multiple  of  A  is  also  greater  than  F. 

Because  A  has  a  greater  ratio  to  C,  than  B  to  C,  A 
is  greater  than  B,  by  the  10th  Prop.  B.  5.  therefore  D 
the  multiple  of  A  is  greater  than  £  the  same  multiple 
of  B :  and  £  is  greater  than  F :  much  more  therefore 
D  is  greater  than  F. 

PROP.  XIII.    B.  V. 

In  Commandine's,  Briggs's,  and  Gregory's  transla- 
tions at  the  beginning  of  this  demonstration,  it  is  said, 
"  and  the  multiple  of  C  is  greater  than  the  multiple  of 
"  D ;  but  the  multiple  of  E  is  not  greater  than  the 
"  multiple  of  F :"  which  words  are  a  literal  trans- 
lation from  the  Greek:  but  the  sense  evidently  Re- 
quires that  it  be  read,  "  so  that  the  multiple  of  C  be 

greater  than  the  multiple  of  D ;  but  the  multiple  of 

E  be  not  greater  than  the  multiple  of  F."  And  thus 
this  place  was  restored  to  the  true  reading  in  the  first 
editions  of  Commandine's  Euclid,  printed  in  8vo.  at 
Oxford :  but  in  the  later  editions,  at  least  in  that  of 
1747)  the  error  of  the  Greek  text  was  kept  in. 

There  is  a  corollary  added  to  Prop.  13,  as  it  is  ne- 
cessary to  the  20th  and  21st  Prop,  of  this  Book,  and  is 
as  useful  as  the  proposition. 


.    PROP.  XIV.     B.  V. 

The  two  cases  of  this,  which  are  not  in  the  Greek,  are 
added ;  the  demonstration  of  them  not  being  exactly 
the  same  with  that  of  the  first  case. 


PROP.  XVII.    B.  V. 

The  order  of  the  words  in  a  clause  of  this  is  changed 
to  one  more  natural :  as  was  also  done  in  Prop.  11. 

PROP.  XVIII.    B.  V. 

The  demonstration  of  this  is  none  of  Euclid's,  nor 
is  it  legitimate ;  for  it  depends  upon  this  hypothesis, 

u 
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that  to  any  three  magnitudes,  two  of  which,  at  least,  are 
of  the  same  kind,  there  may  be  a  fourth  proportional : 
which,  if  not  proved,  the  demonstration  now  in  the 
text  is  of  no  force :  but  this  is  assumed  without  any 
proof;  nor  can  it,  as  far  as  I  am  able  to  discern,  be  de- 
monstrated by  the  propositions  preceding  this :  so  far  is 
it  from  deserving  to  be  reckoned  an  axiom,  as  Claviu9, 
after  other  commentators,  would  have  it,  at  the  end  of 
the  definitions  of  the  5th  Book.  Euclid  does  not  de- 
monstrate it,  nor  does  he  show  how  to  find  the  fourth 
proportional,  before  the  1 2th  Prop,  of  the  6th  Book : 
and  he  never  assumes  any  thing  in  the  demonstration 
of  a  proposition  which  he  had  not  before  demonstrated ; 
at  least,  he  assumes  nothing  the  existence  of  whicfi  is 
jnot  evidently  possible;  for  a  certain  conclusion  can 
never  be  deduced  by  the  means  of  an  uncertain  pro- 
position :  upon  this  account  we  haye  given  a  legiti- 
mate demonstration  of  this  proposition  instead  of  that  in 
the  Greek  and  other  editions,  which  very  probably 
Theon,  at  least  some  other,  has  put  in  the  place  of 
Euclid's  because  he  thought  it  too  prolix :  and  as  the 
17th  Prop.,  of  which  thisl  8th  is  the  converse,  is  demon- 
strated by  help  of  the  first  and  second  propositions  of 
this  book ;  so,  in  the  demonstration  now  given  of  the 
J 8th,  the  5th  Prop,  and, both  cases  of  the  6th  are  ne- 
cessary, and  these  two  propositions  are  the  converses  of 
the  1st  and  2d.  Now  the  5th  and  6th  do  not  enter 
into  the  demonstration  of  any  proposition  in  this  book 
as  we  now  have  it :  nor  can  they  be  of  use  in  any  pro- 
position of  the  Elements,  except  in  this  18th,  and  this 
is  a  manifest  proof,  that  Euclid  made  use  of  them  in  his 
demonstration  of  it,  and  that  the  demonstration  now 
given,  which  is  exactly  the  converse 'of  that  of  the  17th, 
as  it  ought  to  be,  differs  nothing  from,  that  of  Eudoxus 
or  Euclid  :  for  the  5th  and  6th  have  undoubtedly  been 
put  into  the  5th  book  for  the  sake  of  some  propositions 
in  it,  as  all  the  other  propositions  about  equimultiples 
•  have  been.  . 

Hieronymus  Saccherius,  in  his  book  named  "  Euclides 
"  ab  omni  naevo  vindicates,"  printed  at  Milan,  ann. 
1733,  in  4to.  acknowledges  this  blemish  in  the  demon- 
stration of  the  18th;  and  that  he  may  remove  it,  and 
render  the  demonstration  we  now  have  of  it  legitimate, 
he  endeavours  to  demonstrate  the  following  proposition, 
which  is  in  page  115  of  his  book,  viz. : 
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"  Let  A,  B,  C,  D,  be  four  magnitudes  of  which  the 
"  two  first  are  of  one  kind,  and  alio  the  two  others 
"  either  of  the  same  kind  with  the  two  first,  or  of  some 
"  other  the  same  kind  with  one  another.  I  say  the  ratio 
"  of  the  third  C  to  the  fourth  D,  is  either  equal  to,  or 
"  greater,  or  less,  than  the  ratio  of  the  first  A  to  the 
«  second  B." 

And  after  two  propositions  premised  as  lemmas,  he 
proceeds  thus : 

"  Either  among  all  the  possible  equimultiples  of  the 
"  first  A,  and  of  the  third  C,  and,  at  the  same  time, 
"among  all  the  possible  equimultiples  of  the  second  B, 
"and  of  the  fourth  D,  there  can  be  found  some  one 
"  multiple  EF  of  the  first  A,  and  one  IK  of  the  second 
"  B,  that  are  equal  to  one  another ;  and  also  (in  the 
"  same  case)  some  one  multiple  GH  of  the  third  C 
"  equal  to  LM  the  multiple  of  the  fourth  D,  or  such 

equality  is  no  where  to  be  found.     If  the  first  case 
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"  happen  [i.  e.  if  such  equality  be  to  be  found],  it  is 

"  manifest  from  what  is  before  demonstrated,  that  A  is 

"  to  B,  as  C  to  D ;  but  if  such  simultaneous  equality  be 

"  not  to  be  found  upon  both  sides,  it  will  be  found  ei- 

"  ther  upon  one  side,  as  upon  the  side  of  A  [and  B] ; 

"  or  it  will  be  found  upon  neither  side :  if  the  first 

"  happen ;  therefore  (from  Euclid's  definition  of  greater 

"  and  lesser  ratio  foregoing)  A  has  to  B  a  greater  or  less 

"  ratio  than  C  to  D ;  according  as  GH  the  multiple  of 

"  the  third  C  is  less,  or  greater,  than  LM  the  multiple 

. "  of  the  fourth  D :  but  if  the  second  case  happen ; 

"  therefore  upon  the  one  side,  as  upon  the  side  of  A 

, "  the  first  and  B  the  second,  it  may  happen  that  the 

"  multiple  EF  [viz.  of  the  first]  may  be  less  than  IK 

"  the  multiple  of  the  second,  while,  on  the  contrary, 

"  upon  the  other  side  [viz.  of  C  and  D],  the  multiple 

"  GH  [of  the,  third  C]  is  greater  than  the  other  mul- 

"  tiple  LM  [of  the  fourth  D]:  and  then  (from  the  same 

u  <2 
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**  definition  of  Euclid)  the  ratio  of  the  first  A  to  the 
"  second  B  is  less  than  the  ratio  of  the  third  C  to  the 
*«  fourth  D ;  or  on  the  contrary." 

"  Therefore  the  axiom  [i.  e.  the  proposition  before 
"  set  down]  remains  demonstrated/9  &c. 

Not  in  the  least ;  but  it  still  remains  undemonstrated : 
for  what  he  says  may  happen,  may,  in  innumerable 
cases,  never  happen ;  and  therefore  his  demonstration 
does  not  hold :  for  example,  if  A  be  the  side,  and  B 
the  diameter  of  a  square ;  and  C  the  side,  and  D  the 
diameter  of  another  square ;  there  can  in  no  case  be 
any  multiple  of  A  equal  to  any  of  B ;  nor  any  one  of 
C  equal  to  one  of  D,  as  is  well  known ;  and  yet  it  can 
never  happen  that  when  any  multiple  of  A  is  greater 
than  a  multiple  of  B,  the  multiple  of  C  can  be  less  than 
the  multiple  of  D,  nor  when  the  multiple  of  A  is  less 
than  that  of  B,  the  multiple  of  C  can  be  greater  than 
that  of  D,  viz.  taking  equimultiples  of  A  and  C,  and 
equimultiples  of  B  and  D :  for  A,  B,  C,  D,  are  pro- 
portionals, and  so  if  the  multiple  of  A  be  greater,  &c 
than  that  of  B,  so  must  that  of  C  be  greater,  &c.  than 
that  of  D ;  by  5th  Def.  B.  5. 

The  same  objection  holds  good  against  the  demon- 
stration which  some  give  of  the  first  Prop,  of  the  6th 
Book,  which  we  have  made  against  this  of  the  18th 
Prop,  because  it  depends  upon  the  same  insufficient 
foundation  with  the  other. 

PROP.  XIX.    B.  V. 

i 

A  corollary  is  added  to  this,  which  is  as  frequently 
used  as  the  proposition  itself*  The  corollary  which  is 
subjoined  to  it  in  the  Greek,  plainly  shews  that  the 
5th  book  has  been  vitiated  by  editors  who  were  not 
geometers :  for  the  conversion  of  ratios  does  not  depend 
upon  this  19th,  and  the  demonstration  which  several  of 
the  commentators  on  Euclid  five  of  conversion  is  not 
legitimate,  as  Clavius  has  rightly  observed,  who  has 
given  a  good  demonstration  of  it  which  we  have  put  m 
proposition  E;  but  he  makes  it  a  corollary  from  the  1 9th, 
and  begins  it  with  the  words,  "  Hence  it  easily  follows," 
though  it  does  not  at  all  follow  from  it. 


r' 
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PROP.  XX.  XXL  XXIL  XXIII.  XXIV.    B.  V. 

The  demonstrations  of  the  20th  and  21st  Proposi- 
tions are  shorter  than  those  Euclid  gives  of  easier 
propositions,  either  in  the  preceding  or  Following  books: 
wherefore  it  was  proper  to  make  them  more  explicit, 
and  the  22d  and  23d  Propositions  are,  as  they  ought  to 
be,  extended  to  any  number  of  magnitudes:  and  in  like 
manner  may  the  24th  be,  as  is  taken  notice  of  in  the 
corollary ;  and  another  corollary  is  added,  as  useful  as 
the  proposition,  and  the  words  "  any  whatever"  are 
applied  near  the  end  of  Prop.  23,  which  are  wanting  in 
the  Greek  text  and  the  translations  from  it. 

In  a  paper  written  by  Philippus  Naudaens,  and  pub- 
lished after  his  death,  in  the  History  of  the  Royal 
Academy  of  Sciences  of  Berlin,  anno  1745,  page  50, 
the  23d  prop,  of  the  5th  book  is  censured  as  being 
obscurely  enunciated,  and,  because  of  this,  prolixly 
demonstrated :  the  enunciation  there  given  is  not  Eu- 
clid's but  Tacquet's,  as  he  acknowledges,  which,  though 
not  'so  well  expressed,  is,  upon  the  matter,  the  same 
with  that  which  is  now  in  the  Elements.  Nor  is  there 
any  thing  obscure  in  it,  though  the  author  of  the  paper 
has  set  down  the  proportionals  in  a  disadvantageous 
order,  by  which  it  appears  to  be  obscure :  but  no  doubt 
Euclid  enunciated  this  23d,  as  well  as  the  22d,  so  as  to  s 
extend  it  to  any  number  of  magnitudes,  which,  taken 
two  and  two,  are  proportionals,  and  not  of  six  only: 
and  to  this  general  case  the  enunciation  which  Nau- 
dseus  gives  cannot  be  well  applied. 

The  demonstration  which  is  given  of  this  23d,  in 
that  paper,  is  quite  wrong;  because,  if  the  proportional 
magnitudes  be  plane  or  solid  figures,  there  can  be  no 
rectangle  (which  he  improperly  calls  a  product)  con- 
ceived to  be  made  by  any  two  of  them :  and  if  it  should 
be  said,  that  in  this  case  straight  lines  are  to  be  taken 
which  are  proportional  to  the  figures,  the  demonstration 
would  this  way  become  much  longer  than  Euclid's:  but 
even  though  his  demonstration  had  been  right,  who 
does  not  see  that  it  could  not  be  made  use  of  in  the 
5th  book  ? 

PROP.  F.  G.  H.  K.    B.V. 
These  propositions   are  annexed  to  the  5th  book. 
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because  they  are  frequently  made  use  of  by  both  an- 
cient and  modern  geometers :  and  in  many  cases,  com- 
pound ratios  cannot  be  brought  into  demonstration, 
without  making  use  of  them. 

Whoever  desires  to  see  the  doctrine  of  ratios  de- 
livered in  this  5th  Book  solidly  defended,  and  the  ar- 
guments brought  against  it  by  And.  Tacquet,  Alph. 
Borellus,  and  others,  fully  refuted,  may  read  Dr.  Bar- 
row's Mathematical  Lectures,  viz.  the  7th  and  8th  of 
the  year  1666. 

The  5th  book  being  thus  corrected,  I  most  readily 
agree  to  what  the  learned  Dr.  Barrow  says*,  "That 
"  there  is  nothing  in  the  whole  body  of  the  Elements  of 
"  a  more  subtile  invention,  nothing  more  solidly  esta- 
"  blished,  and  more  accurately  handled  than  the  doc- 
"  trine  of  proportionals."  And  there  is  some  ground  to 
hope,  that  geometers  will  think  that  this  could  not  have 
been  said  with  as  good  reason,  since  Theon's  time,  till 
the  present. 

DEF.  II.  and  V.  of  B.  VI. 

The  2d  definition  does  not  seem  to  be  Euclid's,  but 
some  unskilful  editor's :  for  there  is  no  mention  made 
by  Euclid,  nor,  as  far  as  I  know,  by  any  other  geome- 
ter, of  reciprocal  figures :  it  is  obscurely  expressed, 
which  made  it  proper  to  render  it  more  distinct:  it 
would  be  better  to  put  the  following  definition  in  place 
of  it,  viz. : 

DEF.  II. 

Two  magnitudes  are  said  to  be  reciprocally  propor- 
tional to  two  others,  when  one  of  the  first  is  to  one 
of  the  other  magnitudes  as  the  remaining  one  of  the 
last  two  is  to  the  remaining  one  of  the  first. 

But  the  5th  definition,  which,  since  Theon's  time* 
has  been  kept  in  the  Elements,  to  the  great  detriment 
of  learners,  is  now  justly  thrown  out  of  them,  for  the 
reasons  given  in  the  notes  on  the  23d  Prop,  of  this 
Book. 

PROP.  I.  and  II.   B.  VI. 

To  the  first  of  these  a  corollary  is  added,  which  i» 

*  Page  336. 
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often  used :  and  the  enunciation  of  the  second  is  made 
more  general. 

PROP.  III.    B.  VI. 

A  second  case  of  this,  as  useful  as  the  first,  is  given 
in  Prop.  A ;  viz.  the  case  in  which  the  exterior  angle  of 
a  triangle  is  bisected  by  a  straight  line:  the  demonstra- 
tion of  it  is  very  like  to  that  of  the  first  case,  and  upon 
this  account  may,  probably,  have  been  left  out,  as  also 
the  enunciation,  by  some  unskilful  editor.  At  least  it 
is  certain,  that  Pappus  makes  use  of  this  case,  as  an 
elementary  proposition,  without  a  demonstration  of  it, 
in  Prop.  39  of  his  7th  Book  of  Mathematical  Collec- 
tions. 

PROP.  VI.     B.  VI. 

To  this  a  case  is  added  which  occurs  not  unfre- 
quently  in  demonstrations. 

PROP.  VIII.    B.VI. 

It  seems  plain  that  some  editor  has  changed  the  de- 
monstration that  Euclid  gave  of  this  proposition :  for, 
after  he  has  demonstrated  that  the  triangles  are  equi- 
angular to  one  another,  he  particularly  shews  that  their 
sides  about  the  equal  angles  are  proportionals,  as  if 
this  had  not  been  done  in  the  demonstration  of  the  4th 
Prop,  of  this  Book :  this  superfluous  part  is  not  found 
in  the  translation  from  the  Arabic,  and  is  now  left  out. 

PROP.  IX.     B.VI. 

This  is  demonstrated  in  a  particular  case,  viz.  that 
in  which  the  third  part  of  a  straight  line  is  required  to 
be  cut  off;  which  is  not  at  all  like  Euclid's  manner: 
besides,  the  author  of  the  demonstration,  from  four 
magnitudes  being  proportionals,  concludes  that  the 
4|ird  of  them  is  the  same  multiple  of  the  fourth,  which 
the  first  is  of  the  second;  now,  this  is  no  where  de- 
monstrated in  the  5th  Book,  as  we  now  have  it;  but  the 
editor  assumes  it  from  the  confused  notion  which  the 
vulgar  have  of  proportionals :  on  this  account  it  was 
necessary  to  give  a  general  and  legitimate  demonstra- 
tion of  this  proposition. 

PROP.  XVIII.     B.  VI. 
The  demonstration  of  this  seems  to  be  vitiated.  For 
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the  proposition  is  demonstrated  only  in  the  case  of 
quadrilateral  figures,  without  mentioning  how  it  may 
be  extended  to  figures  of  five  or  more  sides :  besides, 
from  two  triangles  being  equiangular,  it  is  inferred, 
that  a  side  of  the  one  is  to  the  homologous  side  of  the 
other,  as  another  side  of  the  first  is  to  the  side  homo- 
logous to  it  of  the  other,  without  permutation  of  the 
proportionals;  which  is  contrary  to  Euclid's  manner, 
as  is  clear  from  the  next  proposition :  and  the  same 
fault  occurs  again  in  the  conclusion,  where  the  sides 
about  the  equal  angles  are  not  shewn  to  be  proportion- 
als by  reason  of  again  neglecting  permutation.  On 
these  accounts,  a  demonstration  is  given  in  Euclid's 
manner,  like  to  that  he  makes  use  of  in  the  20th  Prop, 
of  this  Book;  and  it  is  extended  to  five-sided  figures, 
by  which  it  may  be  seen  how  to  extend  it  to  figures  of 
any  number  of  sides. 

PROP.  XXIII.    B.  VI. 

Nothing  is  usually  reckoned  more  difficult  in  the 
elements  of  geometry  by  learners,  than  the  doctrine  of 
compound  ratio,  which  Theon  has  rendered  absurd  and 
ungeometrical  by  substituting  the  5th  Definition  in  the 
6th  Book  in  place  of  the  right  Definition,  which,  without 
doubt,  Eudoxus  or  Euclid  gave,  in  its  proper  place, 
after  the  definition  of  triplicate  ratio,  &c.  in  the  5th 
Book.  Theon's  definition  is  this :  a  ratio  is  said  to  be 
compounded  of  ratios  orav  at  rav  xiyuv  TryXutoTriTEs  e<py 
lavras  ito'Kha'n'kaiaiaaQiiaai  Troicoai  riva  :  which  Com  man* 
dine  thus  translates :  "  Quando  rationum  quantitates 
"  inter  se  multiplicatae  aliquam  efficient  rationem;"  that 
is,  when  the  quantities  of  the  ratios  being  multiplied  by 
one  another  make  a  certain  ratio.  Dr.  Wallis  trans- 
lates the  word  Trn^ifcomrtg  "  rationem  exponentes,"  the 
exponents  of  the  ratios :  and  Dr.  Gregory  renders  the 
last  words  of  the  definition  by  "  illius  facit  quantita- 
"  tem,"  makes  the  quantity  of  that  ratio:  but  in  whatever 
sense  the  "  quantities"  or  "  exponents  of  the  ratios," 
and  their  "  multiplication,"  be  taken,  the  definition 
will  be  ungeometrical  and  useless:  for  there  can  be  no 
multiplication  but  by  a  number :  now  the  quantity  or 
exponent  of  a  ratio  (according  to  Eutochius  in  his 
Comment  on  Prop.  4.  Book  2.  of  Arch,  de  Sph.  et  Cyl., 
And  as  the  moderns  explain  that  term)  is  the  number 


NOTES.    BOOK  VI.  387 

which  multiplied  into  the  consequent  term  of  a  ratio 
produces  the  antecedent,  or,  which  is  the  same  thing, 
the  number  which  arises  by  dividing  the  antecedent  by 
the  consequent;  but  there  are  many  ratios  such,  that 
no  number  can  arise  from  the  division  of  the  antece- 
dent by  the  consequent;  ex.  gr.  the  ratio  which  the  di- 
ameter of  a  square  has  to  the  side  of  it;  and  the  ratio 
which  the  circumference  of  a  circle  has  to  its  diameter, 
and  such  like.     Besides,  there  is  not  the  least  mention 
made  of  this  definition  in  the  writings  of  Euclid,  Archi- 
medes, Apollonius,  or  other  ancients,  though  they  fre- 
quently make  use  of  compound  ratio:  and  in  this  23d 
Prop,  of  the  6th  Book,  where  compound  ratio  is  first 
mentioned,  there  is  not  oae  word  which  can  relate  to 
this  definition,  though  here,  if   in  any  place,  it  was 
necessary  to  be  brought  in ;  but  the  right  definition  is 
expressly  cited  in  these  words :  "  but  the  ratio  of  K  to 
"  M  is  compounded  of  the  ratio  of  K  to  L,  and  of  the 
"  ratio  of  L  to  M."   This  definition  therefore  of  Theon 
is  quite  useless  and  absurd :  for  that  Theon  brought  it 
into  the  Elements  can  scarce  be  doubted ;  as  it  is  to  be 
found  in  his  commentary  upon  Ptolemy's  Mtyax*  £wTa£ife 
page  62,  where  he  also  gives  a  childish  explication  of  it, 
as  agreeing  only  to  such  ratios  as  can  be  expressed  by 
numbers ;  and  from  this  place  the  definition  and  expli- 
cation have  been  exactly  copied  and  prefixed  to  the 
definitions  of  the  6th  Book,  as  appears  from  Herva- 
gius's  edition:    but  Zambertus  and  Coinmandine,  in 
their  Latin  translations,  subjoin  the  same  to  these  de- 
finitions.    Neither    Campanus,  nor,  as  it  seems,  the 
Arabic  manuscripts  from  which  he  made  his  translation 
have  this  definition.     Clavius,  in  his  observations  upon 
it,  rightly  judges  that  the  definition  of  compound  ratio 
might  have  been  made  after  the  same  manner  in  which 
the  definitions    of   duplicate  and   triplicate  ratio  are 
given,  viz.   "  that  as  in  several  magnitudes  that  are 
*'  continual  proportionals,  Euclid  named  the  ratio  of 
"  the  first  to  the  third,  the  duplicate  ratio  of  the  first  to 
"  the  second ;  and  the  ratio  of  the  first  to  the  fourth, 
"  the  triplicate  ratio  of  the  first  to  the  second;  that  is, 
"  the  ratio  compounded  of  two  or  three  intermediate 
"  ratios  that  are  equal  to  one  another,  and  so  on;  so,  in 
"  like  manner,  if  there  be  several  magnitudes  of  the 
"  same  kind,  following  one  another,  which  are  not  con - 
"  tinual  proportionals,  the  first  is  said  to  have  to  the  last 
"  the  ratio  compounded  of  all  the  intermediate  ratios, 
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« only  for  this   reason,  that    these  intermediate 

"  ratios  are  interposed  betwixt  the  two  extremes,  viz. 
"  the  first  and  last  magnitudes;  even,  as,  in  the  lOtb 
"  Definition  of  the  />th  Book,  the  ratio  of  the  first  to  the 
"  third  was  called  the  duplicate  ratio,  merely  upon  ac- 
"  count  of  two  ratios  being  interposed  betwixt  the 
"  extremes,  that  are  equal  to  one  another:  so  that  there 
"is  no  difference  betwixt  the  compounding  of  ratios, 
"  and  the  duplication  or  triplication  of  them  which  are 
'*  defined  in  the  5th  Book,  but  that  in  the  duplication, 
"  triplication,  &c.  of  ratios,  all  the  interposed  ratios  are 
"  equal  to  one  another;  whereas,  in  the  compounding 
"  of  ratios,  it  is  not  necessary  that  the  intermediate 
"  ratios  should  be  equal  to  one  another."  Also  Mr. 
Edmund  Scarburgh,  in  his  English  translation  of  the  first 
six  books,  pages  238,  266,  expressly  affirms,  that  the 
5th  Definition  of  the  6th  Book  is  supposititious,  and  that 
the  true  definition  of  compound  ratio  is  contained  in 
the  10th  Definition  of  the  5th  Book,  viz.  the  definition 
of  duplicate  ratio,  or  to  be  understood  from  it,  to  wit, 
in  the  same  manner  as  Clavius  has  explained  it  in  the 
preceding  citation.  Yet  these,  and  the  rest  of  the 
moderns,  do  notwithstanding  retain  this  5th  Def.  of  the 
6th  Book,  and  illustrate  and  explain  it  by  long  com- 
mentaries, when  they  ought  rather  to  have  taken  it 
quite  away  from  the  Elements. 

For,  bv  comparing  Def.  5.  Book  6.  with  Prop.  5.  Book 
8,  it  will  clearly  appear  that  this  definition  has  been 

Eut  into  the  Elements  in  place  of  the  right  one,  which 
as  been  taken  out  of  them:  because,  in  Prop.  5,  Book 
8,  it  is  demonstrated,  that  the  plane  number  of  which 
the  sides  are  C,  D,  has  to  the  plane  number  of  which  the 
sides  are  E,  Z  (see  Hervagius's  or  Gregory's  edition)  the 
ratio  which  is  compounded  of  the  ratios  of  their  sides; 
that  is,  of  the  Ratios  of  C  to  E,  and  D  to  Z;  and  by  Def. 
5,  Book  6,  and  the  explication  given  of  it  by  all  the 
commentators,  the  ratio  which  is  compounded  of  the 
ratios  of  C  to  E,  and  D  to  Z,  is  the  ratio  of  the  product 
made  by  the  multiplication  of  the  antecedents  C,  D, 
to  the  product  by  the  consequents  E,  Z,  that  is,  the 
ratio  of  the  plane  number  of  which  the  sides  are  G,  D, 
to  the  plane  number  of  which  the  sides  are  E,  Z. 
Wherefore  the  proposition  which  is  the  5th  Def.  of 
Book  6,  is  the  very  same  with  the  5th  Prop,  of  Book  8, 
and  therefore  it  ought  necessarily  to  be  cancelled  in 
one  of  these  places;   because  it  is  absurd,  that  the  same 
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proposition  should  stand  as  a  definition  in  one  place 
of  the  Elements,  and  be  demonstrated  in  another  place 
of  them.  Now,  there  is  no  doubt  that  Prop.  5,  Book  89 
should  have  a  place  in  the  Elements,  as  the  same  thing  , 
is  demonstrated  in  it  concerning  plane  numbers,  which 
is  demonstrated  in  Prop.  23,  Book  6,  of  equiangular  pa- 
rallelograms; wherefore  Def.  5.  Book  6,  ought  not  to  be 
in  the  Elements.  And  from  this  it  is  evident,  that  this 
definition  is  not  Euclid's,  but  Theon's,  or  some  other 
unskilful  geometer's. 

But  nobody,  as  far  as  I  know,  has  hitherto  shewn  the 
true  use  of  compound  ratio,  or  for  what  purpose  it  has 
been  introduced  into  geometry;  for  every  proposition  in 
which  compound  ratio  is  made  use  of,  may  without  it  be 
both  enunciated  and  demonstrated.  Now  the  use  of 
compound  ratio  consists  wholly  in  this,  that  by  means 
of  it  circumlocutions  may  be  avoided,  and  thereby  pro- 
positions may  be  more  briefly  either  enunciated  or  de- 
monstrated, or  both  may  be  done;  for  instance,  if  this 
23d  Proposition  of  the  6th  Book  were  to  be  enunciated, 
without  mentioning  compound  ratio,  it  might  be  done 
as  follows:  if  two  parallelograms  be  equiangular,  and  if 
as  a  side  of  the  first  to  a  side  of  the  second,  so  any 
assumed  straight  line  be  made  to  a  second  straight  line; 
and  as  the  other  side  of  the  first  to  the  other  side  of  the 
second,  so  the  second  straight  line  be  made  to  a  third: 
the  first  parallelogram  is  to  the  second,  as  the  first 
straight  line  to  the  third.  And  the  demonstration 
would  be  exactly  the  same  as  we  now  have  it.  But  the 
ancient  geometers  when  they  observed  this  enunciation 
could  be  made  shorter,  by  giving  a  name  to  the  ratio 
which  the  first  straight  line  has  to  the  last,  by  which 
name  the  intermediate  ratios  might  likewise  be  signi- 
fied, of  the  first  to  the  second,  and  of  the  second  to  the 
third,  and  so  on,  if  there  were  more  of  them,  they  called 
this  ratio  of  the  first  to  the  last,  the  ratio  compounded 
of  the  ratios  of  the  first  to  the  second,  and  of  the  second 
to  the  third  straight  line;  that  i£,  in  the  present  ex- 
ample, of  the  ratios  which  are  the  same  with  the  ratios 
of  the  sides,  and  by  this  they  expressed  the  proposition 
more  briefly  thus:  if  there  be  two  equiangular  parallelo- 
grams, they  have  to  one  another  the  ratio  which  is  the 
same  with  that  which  is  compounded  of  ratios  that  are 
the  same  with  the  ratios  of  the  sides;  which  is  shorter 
than  the  preceding  enunciation,  but  has  precisely  the 
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same  meaning.  Or  yet  shorter  thus :  equiangular  pa* 
rallelograms  have  to  one  another  the  ratio  which  is  the 
same  with  that  which  is  compounded  of  the  ratios  of 
.  their  sides.  And  these  two  enunciations,  the  first  es- 
pecially, agree  with  the  demonstration  which  is  now  in 
the  Greek.  The  proposition  may  be  more  briefly  de- 
monstrated, as  Candalia  does,  thus:  let  ABCD,  CEFG, 
be  two  equiangular  parallelograms,  and  complete  the 
parallelogram  CDHG :  then,  because  there  are  three 
parallelograms  AQ,  CH,  CF,  the  first  AC  (by  the  de- 
finition of  compound  ratio)  has  to  the  third  CF,  the 
ratio  which  is  compounded  of 
the  ratio  of  the  first  AC  to  the 
second  CH,  and  of  the  ratio 
of  CH  to  the  third  CF;  but 
the  parallelogram  AC  is  to 
the  parallelogram  CH,  as  the 
straight  line  BC  to  CG :  and 
the  parallelogram  CH  is  to 
CF;  as  the  straight  line  CD  is  to  CE ;  therefore  the 
parallelogram  AC  has  to  CF  the  ratio  which  is  com- 
pounded of  ratios  that  are  the  same  with  the  ratios  of 
the  sides.  And  with  this  demonstration  agrees  the  enun- 
ciation which  is  at  present  in  the  text,  viz.  equiangular 
parallelograms  have  to  one  another  the  ratio  which  is 
compounded  of  the  ratios  of  the  sides ;  for  the  vulgar, 
reading,  "  which  is  compounded  of  their  sides,"  is  ab- 
surd. But,  in  this  edition,  we  have  kept  the  demonstra- 
tion which  is  in  the  Greek  text,  though  not  so.  short  as 
Candalia' s ;  because  the  way  of  finding  the  ratio  which 
is  compounded  of  the  ratios  of  the  sides,  that  is,  of 
finding  the  ratio  of  parallelograms,  is  shewn  in  that, 
but  not  in  Candalla's  demonstration;  whereby  beginners 
may  learn,  in  like  cases,  how  to  find  the  ratio  which  is 
compounded  of  two  or  mpre  given  ratios. 

From  what  has  been  said,  it  may  be  observed,  that 
in  any  magnitudes  whatever  of  the  same  kind  A,  B,  C, 
D,  &c.  the  ratio  compounded  of  the  ratios  of  the  first  to 
the  second,  of.  the  second  to  tfccLthird,  and  so  on  to  the 
last,  is  only  a  name  or  expression,  by  which  the  ratio 
which  the  first  A  has  to  the  lastD  is  signified,  and  by 
which,  at  the  same  time,  the  ratios  of  all  the  magnitudes 
A  to  B,  B  to  C,  C  to  D,  from  the  first  to  the  last,  to  one 
another,  whether  they  be  the  same,  or  be  not  the  same, 
*re  indicated;  as  in  magnitudes  whicji  are  continual 
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proportionals,  A,  B,  C,  D,  &c.  the  duplicate  ratio  of 
the  first  to  the  second  is  only  a  name,  or  expression,  by 
-which  the  ratio  of  the  first  A  to  the  third  C  is  signified, 
and  by  which,  at  the  same  time,  is  shewn,  that  there 
are  two  ratios  of  the  magnitudes  from  the  first  to  the 
last,  viz.  of  the  first  A  to  the  second  B,  and  of  the  second 
B  to  the  third  or  last  C,  which  are  the  same  with  one 
another;  and  the  triplicate  ratio  of  the  first  to  the 
second  is  a  name  or  expression  by  which  the  ratio  of 
the  first  A  to  the  fourth  D  is  signified,  and  by  which, 
at  the  same  time,  is  shewn,  that  there  are  three  ratios  of 
the  magnitudes  from  the  first  to  the  last,  viz.  of  the  first 
A  to  the  second  B,  and  of  B  to  the  third  C,  and  of  C  to  the 
fourth  or  last  D,  which  are  all  the  same  with  one  an- 
other; and  so  in  the  case  of  any  other  multiplicate  ratios. 
And  that  this  is  the  right  explication  of  the  mean- 
ing of  these  ratios  is  plain  from  the  definitions  of  du- 
plicate and  triplicate  ratio,  in  which  Euclid  makes  use  of 
the  word  Aiymw,  "is  said  to  be",  or  "  is  called  ";  which 
word,  he,  no  doubt,  made  use  of  also  in  the  definition 
of   compound  ratio,   which   Theon,   or  some  other, 
has  expunged  from  the  Elements ;  for  the  very  same 
word  is  still  retained  in  the  wrong  definition  of  com- 
pound,  ratio,  which  is  now  the  5th  of  the  6th  Book : 
but  in  the  citation  of  these  definitions  it  is  sometimes 
retained,  as  in  the- demonstration  of  Prop.  19,  B.  6, 
"  the  first  is  said  to  have,  txsty  *iycrai,  to  the  third  the 
"  duplicate  ratio,"  &c.  which  is  wrong  translated  by 
Commandine  and  others,  "  has"  instead  of  "  is  said  to 
"  have,"  and  sometimes  it  is  left  oqt,  as  in  the  demonstra- 
tion of  Prop.  S3,  of  the  1 1th  Book,  in  which  we  find, 
"  the  first  has,  ?%«,  to  the  third  the  triplicate  ratio";  but 
without  doubt  ?x«>  "  has  ",  in  this  place  signifies  the 
same  as  Ix«v  >i£yerat9  "  is  said  to  have  " :  so  likewise  in 
Prop.  23,  B.  6,  we  find  this  citation,  "  but  the  ratio  of 
"  K  to  M  is  compounded,  cruyxeirai,  of  the  ratio  of  K  to 
"  L,  and  the  ratio  of  L  to  M,"  which  is  a  shorter  way  of 
expressing  the  same  thing,  which,  according   to  the 
definition,  ought  to  have  been  expressed  by  <rvy*ei<r$ai 
tiysraiy  is  said  to  be  compounded. 

From  these  remarks,  together  with  the  propositions, 
subjoined  to  the  5th  Book,  all  that  is  found  concerning 
compound  ratio,  either  in  the  ancient  or  modern  geo- 
.  meters,  may  be  understood  and  explained. 
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PROP.  XXIV.     B.  VI. 

It  seems  that  some  unskilful  editor  has  made  up  this 
demonstration,  as  we  now  have  it,  out  of  two  others ;  one 
of  which  may  be  made  from  the  2d  Prop,  and  the  other 
from  the  4th  of  this  Book.  For  after  he  has.  from  the 
2d  of  this  Book,  and  composition  and  permutation,  de- 
monstrated, that  the  sides  about  the  angle  common  to 
the  two  parallelograms,  are  proportionals,  he  might  have 
immediately  concluded,  that  the  sides  about  the  other 
equal  angles  were  proportionals,  viz.  from  Prop.  34*, 
B.  1,  and  Prop.  7>  B.  5.  This  he  does  not,  but  pro- 
ceeds to  show,  that  the  triangles  and  parallelograms  are 
equiangular :  and  in  a  tedious  way,  by  help  of  Prop.  4, 
of  this  Book,  and  the  £2d  of  Book  5,  deduces  the  same 
conclusion  :  From  which,  it  is  plain,  that  this  ill-com- 
posed demonstration  is  not  Euclid's :  these  superfluous 
things  are  now  left  out,  and  a  more  simple  demonstra- 
tion is  given  from  the  4th  Prop,  of  this  Book,  the  same 
which  is  in  the  translation  from  the  Arabic,  by  help  of 
4he  2d  Prop,  and  composition ;  but  in  this  the  author 
neglects  permutation,  and  does  not  shew  the  parallelo- 
grams to  be  equiangular,  as  it  is  proper  to  do  for  the 
sake  of  beginners. 

PROP.  XXV.    B.  VI. 

It  is  very  evident,  that  the  demonstration  which 
Euclid  had  given  of  this  proposition  has  been  vitiated 
by  some  unskilful  hand :  for,  after  this  editor  had  de- 
monstrated, that  "  as  the  rectilineal  figure  ABC  is  to 
"  the  rectilineal  figure  KGH,  so  is  the  parallelogram 
"  BE  to  the  parallelogram  EF";  nothing  more  should 
have  been  added  but  this,  "  and  the  rectilineal  figure 
"  ABC  is  equal  to  the  parallelogram  BE :  therefore 
"  the  rectilineal  KGH  is  equal  to  the  parallelogram  EF," 
viz.  from  Prop.  14,  Book  5.  But  betwixt  these  two 
sentences  he  has  inserted  this,  "  wherefore,  by  permu- 
'  tation,  as  the  rectilineal  figure  ABC  to  the  parallelo- 
gram BE,  so  is  the  rectilineal  KGH  to  the  pa- 
rallelogram EF";  by  which  it  is  plain,  he  thought  it 
was  not  so  evident  to  conclude,  that  the  second  oi  four 
proportions  is  equal  to  the  fourth  from  the  equality  of 
the  first  and  third,  which  is  a  thing  demonstrated  in 
the  14th  Prop,  of  B.  5,  as  to  conclude  that  the  third  is 
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eqiial  to  the  fourth,  from  the  equality  of  the  first  and 
second,  which  is  no  where  demonstrated  in  the  Elements 
as  we  now  have  them  :  but  though  this  proposition,  viz. 
the  third  of  four  proportionals,  is  equal  to  the  fourth,  if 
the  first  be  equal  to  the  second,  had  been  given  in  the 
Elements  by  Euclid,  as  very  probably  it  was,  yet  be 
would  not  have  made  use  of  it  in  this  place,  because,  as 
was  said,  the  conclusion  would  have  been  immediately 
deduced  without  this  superfluous  step  by  permutation : 
this  we  have  shewn  at  the  greater  length,  both  because 
it  affords  a  certain  proof  of  the  vitiation  of  the  text  of 
Euclid ;  for  the  very  same  blunder  is  found  twice  in 
the  Greek  text  of  Prop.  23,  Book  11,  and  twice  in 
Prop.  2,  Book  12,  and  in  the  5th,  1 1th,  12th,  and  18th  of 
that  Book;  in  which  places  of  Book  12,  except  the  last 
of  them,  it  is  rightly  left  out  in  the  Oxford  edition  of 
Commandine's  translation:  and   also  that  geometers 
may  beware  of  making  use  of  permutation  in  the  like 
cases ;  for  the  moderns  not  unfrequently  commit  this 
mistake,  and  among  others  Commandine  himself  in  his 
commentary  on  Prop,  5,  Book  3,  p.  6.  b.  of  Pappus 
Alexandrinus,  and  in  other  places;  the  vulgar  notion,  of 
proportionals  has,  it  seems,  pre-occupied  many  so  much, 
that  they  do  not  sufficiently  understand  the  true  nature 
of  them. 

Besides,  though  the  rectilineal  figure  ABC,  to  which 
another  is  to  be  made  similar,  may  be  of  any  kind  what- 
ever :  yet,  in  the  demonstration,  the  Greek  text  has 
"  triangle"  instead  of  "rectilineal  figure",  which  error 
is  corrected  in  the  above-named  Oxford  edition. 

* 

'   PROP.  XXVII.    B.  VI. 

The  second  case  of  this  has  aXKug, "  otherwise  ",  prefixed 
to  it,  as  if  it  were  a  different  demonstration,  which  pro- 
bably has  been  done  by  some  unskilful  librarian.  Dr. 
Gregory  has  rightly  left  it  but :  the  scheme  of  this  se- 
cond case  ought  to  be  marked  with  the  same  letters  of 
the  alphabet  which  are  in  the  scheme  of  the  first,  as  it 
now  done. 

PROP.  XXVIII.  and  XXIX.     B.  VI. 

These  two  problems,  to  the  first  of  which  the  27th 
Prop,  is  necessary,  are  the  most  general  and  useful  of 
all  in  the  Elements,  and  are  most  frequently  made  use 
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of  by  the  ancient  geometers  in  the  solution  of  other 
problems ;  and  therefore  are  very  ignorantly  left  out  by 
Tacquet  and  Dechales  in  their  editions  of  the  Elements, 
who  pretend  that  they  are  scarce  of  any  use :  the  cases 
of  these  problems,  wherein  it  is  required  to  apply  a 
rectangle  which  shall  be  equal  to  a  given  square,  to  a 
given  straight  line,  either  deficient  or  exceeding  by  a 
square;  as  also  to  apply  a  rectangle  which  shall  be 
equal  to  another  given,  to  a  given  straight  line,  de- 
ficient or  exceeding  by  a  square,  are  very  often  made 
use  of  by  geometers:  and,  on  this  account,  it  is  thought 
proper,  for  the  sake  of  beginners,  to  give  their  construc- 
tions as  fellow : 

1.  To  apply  a  rectangle,  which  shall  be  equal  to  a 
given,  square,  to  a  given  straight  line,  deficient  by  a 
square :  but  the  given  square  must  not  be  greater  than 
that  upon  the  half  of  the  given  line. 

Let  AB  be  the  given  straight  line,  and  let  the  square 
upon  the  given  straight  line  C,  be  that  to  which  the 
rectangle  to  be  applied  must  be  equal,  and  this  square 
by  the  determination  is  not  greater  than  that  upon  half 
of  the  straight  line  AB. 

Bisect  AB  in  D,  and  if  the  square  upon  AD  be  equal 
to  the  square  upon  C,  the  thing  required  is  done :  but  if 
it  be  not  equal  to  it,  AD 
must  be  greater  than  C, 
according  to  the  determi- 
nation :  draw  DE  at  right 
angles  to  AB,  and  make 
it  equal  to  C;  produce 
ED  to  F,  so  that  EF  be 
equal  to  AD  or  DB,  and 
from  the  centre  E,  at  the 
distance  EF,  describe  a 

circle  meeting  AB  in  G,  and  upon  OB  describe  the 
square  GBKH,  and  complete  the  rectangle  AGHL ; 
also  join  EG :  and  because  AB  is  bisected  in  D,  the 
rectangle  AG,  GB,  together  with  the  square  of  DG,  is 
equal*  to  (the  square  of  DB,  that  is,  of  EF  or  EG, 
that  is,  to)  the  squares  of  ED,  DG :  take  away  the 
square  of  DG  from  each  of  these  equals ;  therefore  the 
remaining  rectangle  AG,  GB,  is  equal  to  the  square  of 
ED,  that  is,  of  C :  but  the  rectangle  AG,  GB,  is  the 
rectangle  AH,  because  GH  is  equal  to  GB ;  therefore 
the  rectangle  AH  is  equal  to  the  given  square  upon  the 
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straight  line  CL  therefore  tbe  rectangle  AH,  equal 
to  the  given  square  upon  C,  hap  been  applied  to  tbe 
given  straight  line  AB,  deficient  by  tbe  square  GK. 
Which  was  to  be  done. 

£.  To  apply  a  rectangle  which  shall  be  equal  to  a 
3jiven  square,  to  a  given  straight  line,  exceeding  by  a 
square. 

Let  AB  be  the  given  straight  line,  and  let  the  square 
upon  tbe  given  straight  line  C,  be  that  to  which  the 
rectangle  to  be  applied  nmst  be  equal. 

Bisect  AB  in  D,  and  draw  BE  at  right  angles  to  it, 
so  that  BE  be  equal  to  C ;  and  having  joined  DE,  from 
the  centre  D  at  the  distance  DE,  describe  a  circle  meet* 
ing  AB  produced  in  G ;  upon  BG  describe  the  square 
BGHK,  and  complete  the' rectangle  AGHL.  And 
because  AB  is  bisected  in 
X),  and  produced  to  G,  the 
rectangle  AG,  GB,  toge- 
ther  with   the   square    of ^ 

DB,    is   equal*    to    (the     /     "J"  7     |"~  \T  •*•*• 

square  of  DG,  or  DE, 
that  is,  to)  the  squares  of 
EB,  BD.  From  each  of 
these      equals     take     the  £J 

square   of  DB ;    therefore 

the  remaining  rectangle  AG,  GB,  is  equal  to  the  square 
of  BE,  that  is,  to  the  square  upon  C.  But  the  rect- 
angle AG,  GB,  is  the  rectangle  AH,  because  GH  is 
•equal  to  GB.  Therefore  the  rectangle  AH  is  equal  tp 
the  square  upon  <C.  Wherefore  the  rectangle  AH, 
equal  to  the  given  square  upon  C,  has  been  applied  to 
the  given  straight  line  AB,  exceeding  by  tbe  square 
GK.     Which  was  to  be  done. 

3.  To  apply  a  rectangle  to  a  given  straight  line 
which  shall  be  equal  to  a  given  rectangle,  ana  be  de- 
ficient by  a  square.  But  the  given  rectangle  must  not 
be  greater  than  the  square  upon  the  half  of  the  given 
straight  line. 

Let  AB  be  the  given  straight  line,  and  let  the  given 
rectangle  be  that  which  is  contained  by  the  straight 
lines  C,  D,  which  is  not  greater  than  the  square  upon 
the  half  of  AB ;  it  is  required  to  apply  to  AB  a  rect- 
angle equal  to  the  rectangle  C,  D,  deficient  by  a  square. 

Draw  AE,  BF,  at  right  angles  to  AB,  upon  the 
same  side  of  it,  and  make  AE  equal  to  C,  and  BF  to 
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D;  join  EF,  and  bisect  it  in  G;  and  from  the  centre 
G,  at  the  distance  GE,  describe  a  circle  meeting  AE 
again  in  H :  join  HF,  and  draw  GK  parallel  to  it,  and 
GL  parallel  to  AE,  meeting  AB  in  L; 

Because  the  angle  EHF  in  a  semicircle  is  equal  to 
the  right  angle  EAB,  AB  and  HF  are  parallels,  and 
AH  and  BF  are  parallels ;  wherefore  AH  is  equal  to 
BF,  and  the  rectangle  EA,  AH,  equal  to  the  rectangle 
EA,  BF,  that  is,  to  the  rectangle  C,  D :  and  because 
EG,  GF  are  equal  to  one  another,  and  AE,  LG,  BF 
parallels;  therefore  AL  and  LB  are  equal,  also  EK  is 
equal  to  KH  *  and"  the  rectangle  C,  D,  from  the  de-' 
termination,  is  not  greater  than  the  square  of  AL, '  the 
half  of  AB;  wherefore  tlte  rectangle  EA,  AH,  is  not 
greater  than  the  square  of  AL,  that  is,  of  KG:  add  to 
each  the  square  of  KE ;  therefore  the  square  *  of  AK 
is  not  greater  than  the  squares  of  EK,  KG,:  that  is* 
than  the  square  of  EG, 
and  consequently  the 
straight  line  AK  or  GL 
is  not  greater  than  GE. 
Now,  if  GE  be  equal 
to  GL,  the  circle  EHF 
touches  AB  in  L,  and 
therefore  the  square  of 
AL  is  *  equal  to  the  rect- 
angle EA,  AH,  that  is,  ' 
to  the  given  rectangle  G, 
D,  and  that  which  was  re- 

Juired  is  done :  but  if  EG, 
rL,  be  unequal,  EG  must 
be  the  greater :  and  therefore  the  circle  EHF  cuts  the 
straight  line  AB :  let  it  cut  it  in  the  points  M,  N,  and 
upon  NB  describe  the  square  NBOP,  and  complete 
the  rectangle  ANPQ:  because  ML  is  equal  to*  LN, 
and  it  has  been  proved  that  AL  is  equal  to  LB  ;  there- 
fore AM  is  equal  to  NB;  and  the  rectangle  AN,  NB, 
•Cor.  36. 3.  equal  to  the  rectangle  N A,  AM,  that  is,  to  the  rectangle  * 
EA,  AH,  or  the  rectangle  G,  I) :  but  the  rectangle  AN 
NB,  is  the  rectangle  AP,  because  PN  is  equal  to  NB  : 
therefore  the  rectangle  AP  is  equal  to  the  rectangle  C, 
D;  and  the  rectangle  AP,  equal  to  the  given  rectangle 
C,  D,  has  been  applied  to  the*  given-straight;  line  AjB, 
deficient  by  the  square  BP.  Which  was  to  be  dotie. 
4.  To  apply  a  rectangle  to  a  given  straight  line,  that 
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shall  be  equal  to  a  given  rectangle,  exceeding  by  a 
square. 

Let  AB  be  the  given  straight  line,  and  the  rectangle 
C,  D,  the  given  rectangle ;  it  is  required  to  apply  a  rect- 
angle to  AB  equal  to  C,  D,  exceeding  by  a  square. 

Draw  AE,  BF,  at  right  angles  to  AB,  on  the  con- 
trary sides  of  it,  and  make  AE  equal  to  C,  and  BF  equal 
to  D:  join  EF  and  bisect  it  in  G;  and  from  the  centre  G, 
at  the  distance  GE,  describe  a  circle  meeting  AE  again 
in  H:  join  HF,  and  draw  GL  parallel  to  AE;  let  the 
circle  meet  AB  produced 
in  M,  N,  and  upon  BN  de- 
scribe the  square  NBOP* 
and  complete  the  rectangle 
ANPQ;  because  the  angle 
EHF  in  a  semicircle  is 
equal  to  the  right  angle 
EAB,  AB,  and  HF  are 
parallels,andtbereforeAH 
and,  BF  are  equal,  and  the 
rectangle  EA,  AH,  equal 
to  the  rectangle  EA,  BF, 
that  is,  to  the  rectangle  C,  D :  and  because  ML  is  equal 
to  LN,  and  AL  to  LB,  therefore  MA  is  equal  to  BN, 
and  the  rectangle  AN,  NB  to  MA,  AN,  that  is  *  to  *  &•  * 
the  rectangle  EA,  AH,  or  the  rectangle  C,  D:  there- 
fore the  rectangle  AN,  NB,  that  is,  AP,  is  equal  to  the 
rectangle  C,  D ;  and  to  the  given  straight  line  AB, 
the  rectangle  AP  has  been  applied  equal  to  the  given 
rectangle  C,  D,  exceeding  by  the  square  BP.  Which, 
was  to  be  done. 

Willebrordus  Snelliuswas  the  first,  as  far  as  I  know, 
who  gave  these  constructions  of  the  3d  and  4th  Pro- 
blems, in  his  Apollonius  Batavus :  and  afterwards  the 
learned  Dr.  Halley  gave  them  in  the  Scholium  of  the 
lBth  Prop,  of  the  8th  Book  of  Apollonius's  Conies  re- 
stored by  him. 

The  3d  Problem  is  otherwise  enunciated  thus :  to 
cut  a  given  straight  line  AB  in  the  point  N,  so  as  to 
make  the  rectangle  AN,  NB,  equal  to  a  given  space : 
or,  which  is  the  same  thing,  having  given  AB  the  sum 
of  the  sides  of  a  rectangle,  and  the  magnitude  of  it  be- 
ing likewise  given,  to  find  its  sides. 

And  the  4th  Problem  is  the  same  with  this :  to  find 
a  point  N  in  the  given  straight  line  AB  produced,  so 

x  2 
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as  to  make  the  rectangle  AN,  NB,  equal  to  a  given 
space :  or,  which  is  the  same  thing,  having  given  AB 
the  difference  of  the  sides  of  a  rectangle,  and  the  mag- 
nitude of  it,  to  find  the  sides. 

PROP.  XXXI.    B.  VI. 

In  the  demonstration  of  this,  the  inversion  of  pro- 
portionals is  twice  neglected,  and  is  now  added,  that 
the  conclusion  may  be  legitimately  made  by  help  of  the 
44th  Prop,  of  Book  5.  as  Clavius  had  done. 

PROP.  XXXII.    B.  VI. 

The  enunciation  of  the  preceding  26th  Prop,  is  not 
general  enough ;  because  not  only  two  similar  parallel- 
ograms that  have  an  angle  common  to  both,  are  about 
the  same  diameter,  but  likewise  two  similar  parallelo- 
grams that  have  vertically  opposite  angles,  have  their 
diameters  in  the  same  straight  line :  but  there  seems  to 
have  been  another,  and  that  a  direct,  demonstration  of 
these  cases,  to  which  this  32d  Proposition  was  needful: 
and  the  32d  may  be  otherwise,  and  something  more 
briefly  demonstrated,  as  follows : 

PROP.  XXXII.    B.  VI. 

If  two  triangles  which  have  two  sides  of  the  one,  &c 
Let  GAF,  HFC,  be  two  triangles  which  have  two 
sides  AG,  GF,  proportional  to  the  two  sides  FH,  HC, 
viz.  AG  to  GF,  as  FH  to  HC ;  and  let  AG  be  paral- 
lel to  FH,  and  GF  to  HC ; 
AF  and  FC  are  in  a  straight 
line. 

•  31.  l.  Draw  CK  parallel  *  to  FH, 

and  let  it  meet  GF  produced 
in  K:  because  AG,  KC,  are 
each  of  them  parallel  to  FH, 

•  so.  l.       they  are  parallel  *  to  one  an- 

other, and  therefore  the  alter- 
nate angles  AGF,  FKC,  are  equal :  and  AG  is  to  GF, 

•  34.  l.       as  (FH  to  HC,  that  is  *)  CK  to  KF ;  wherefore  the 
•6.6*         triangles  AGF,  CKF  are  equiangular*,  and  the  angle 

AFG  equal  to  the  angle  CFK :  but  GFK  is  a  straight 

•  14.  l.        line,  therefore  AF  and  FC  are  in  a  straight  line  *.    . 

The  26th  Prop,  is  demonstrated  from  the  22d,  as 
follows : 
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If  two  similar  and  similarly  placed  parallelograms 
have  an  angle  common  to  both,  or  vertically  opposite 
angles ;  their  diameters  are  in  the  same  straight  line. 

First,  let  the  parallelograms  ABCD,  AEFG,  have 
the  angle  BAD  common  to  both,  and  be  similar,  and 
similarly  placed :  ABCD,  AEFG  are  about  the  same 
diameter. 

Produce  EF,  GF,  to  H,  K,  and  join  FA,  FC ;  then 
because  the  parallelograms  ABCD,  AEFG  are  similar, 
DA  is  to  AB,  as  GA  to  AE : 
wherefore  the  remainder  DG 
is  *  to  the  remainder  EB,  as 
GA  to  AE :  but  DG  is  equal 
to  FH,  EB  to  HC,  and  AE 
to  GF :  therefore  as  FH  to 
HC,  so  is  AG  to  GF ;  and 
FH,  HC,  are  parallel  to  AG, 
GF ;  and  the  triangles  AGF, 
FHC  are  joined  at  one  angle  in  the  point  F;  wherefore 
AF,  FC  are  in  the  same  straight  line  *. 

Next,  let  the  parallelograms  KFHC,  GFEA,  which 
are  similar  and  similarly  placed,  have  their  angles 
KFH,  GFE  vertically  opposite;  their  diameters  AF, 
FC  are  in  the  same  straight  line. 

Because  AG,  GF  are  parallel  to  FH,  HC ;  and  that 
AG  is  to  GF,  as  FH  to  HC;  therefore  AF,  FC  are  in 
the  same  straight  line  *. 

PROP.  XXXIII.    B.  VI.       . 

The  words  "  because  they  are  at  the  centre",  are 
left  out  as  the  addition  of  some  unskilful  hand. 

In  the  Greek,  as  also  in  the  Latin  translation,  the 
words,  a  iruxt,  M  any  whatever  ",  are  left  out  in  the  de- 
monstrations of  both  parts  of  the  proposition,  and  are 
now  added  as  quite  necessary ;  and,  in  the  demonstra- 
tion of  the  second  part,  where  the  triangle  BGC  is 
proved  to  be  equal  to  CGK,  the  illative  particle  off  a,  in 
the  Greek  text  ought  to  be  omitted. 

The  second  part  of  the  proposition  is  an  addition  of 
Theon's,  as  he  tells  us  in  his  Commentary  on  Ptolemy's 
McyoXu  Hurradit,  p.  50. 

PROP.  B.  C.  D.    B.  VI. 

.  » 

These  three  propositions  are  added,  because  they  are 
frequently  made  use  of  by  geometers. 


•Cor.  19. 5. 


*M.  6. 
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DEF.  IX.  and  XI.    B.  XI. 

The  similitude  of  plane  figures  is  defined  from  the 
equality  of  their  angles,  and  the  proportionality  of  the 
sides  about  the  equal  angles ;  for  from  the  proportion- 
ality of  the  sides  only,  or  only  from  the  equality  of  the 
angles,  the  similitude  of  the  figures  does  not  follow, 
except  in  the  case  where  the  figures  are  triangles :  the 
similar  position  of  the  sides  which  contain  the  figures, 
to  one  another,  depending  partly  upon  each  of  these : 
and  for  the  same  reason,  those  are  similar  solid  figures 
which  have  all  .their  solid  angles  equal,  each  to  each, 
and  are  contained  by  the  same  number  of  similar  plane 
figures :  for  there  are  some  solid  figures  contained  by 
similar  plane  figures,  of  the  same  number,  and  even- of 
the  same  magnitude,  that  are  neither  similar  nor  equal, 
as  shall  be  demonstrated  after  the  notes  on  the  10th 
Definition :  upon  this  account  it  was  necessary  to  amend 
the  definition  of  similar  solid  figures,  and  to  place  the 
definition  of  a  solid  angle  before  it :  and  from  tins  and 
the  10th  Definition,  it  is  sufficiently  plain  how  much 
the  Elements  have  been  spoiled  by  unskilful  editors. 

DEF.  X.    B.  XL 

Since  the  meaning  of  the  word  "  equal "  is  known 
and  established  before  it  comes  to  be  used  in  this  defini- 
tion ;  therefore  the  proposition  which  is  the  10th  Defi- 
nition of  this  Book,  is  a  theorem,  the  truth  or  falsehood 
of  which  ought  to  be  demonstrated,  not  assumed ;  so 
thatTheon,  or  some  other  editor,  has  ignol-antly  turned 
a  theorem,  which  ought  to  be  demonstrated,  into  this 
J0th  Definition.  That  figures  are  similar  ought  to  be 
proved  from  the  definition  of  similar  figures;  that  they 
are  equal,  ought  to  be  demonstrated  from  the  axiom, 
"  Magnitudes,  that  wholly  coincide  are  equal  to  one 
"  another";  or  from  Prop.  A.  of  Book  5.  or  the  9th  Prop, 
or  the  14th  of  the  same  Book,  from  one  of  which  the 
equality  of  all  kinds  of  figures  must  ultimately  be  de- 
duced. In  the  preceding  books,  Euclid  has  given  no 
definition  of  equal  figures,,  and  it  is  certain  he  did 
not  give  this :  for  what  he  called  the  first  Def.  of  the 
'  third  Book,  is  really  a  theorem  in  which  those  circles 
are  said  to  be  eqqal,  that  have  the  straight  lines  from 
the  centres  to  the  circumferences  equal,  which  is  plain 
from  the  definition  of  a  circle ;  and  therefore  has  by 
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*t>me  editor  been  improperly  placed  among  the  defini- 
tions. The  equality  of  figures  ought  not  to  be  defined, 
but  demonstrated  :  therefore,  though  it  were  true,  that 
solid  figures  contained  by  the  same  number  of  similar 
pnd  equal  plane  figures  are  equal  to  one  another,  yet 
he  would  justly  deserve  to  be  blamed  who  would  make 
a  definition  of  this  proposition,  which  ought  to  be  de- 
monstrated. But  if  this  proposition  be  not  true,  must 
it  not  be  confessed,  that  geometers  have,  for  these 
thirteen  hundred  years  been  mistaken  in  this-  ele- 
mentary matter?  And  this  should  teach  us  modesty, 
-and  to  acknowledge  how  little,  through  the  weakness 
of  our  minds,  we  are  able  to  prevent  mistakes,  even  in 
the  principles  of  sciences  which  are  justly  reckoned 
amongst  the  most  certain ;  for  that  the  proposition  is 
not  universally  true,  can  be  shewn  by  many  examples; 
the  following  is  sufficient : 

Let  there  be  any  plane  rectilineal  figure,  as  the  tri- 
angle ABC,  and  from  a  point  D  within  it  draw  *  the  • 
.straight  line  DE  at  right  angles  to  the  plane  ABC:  in 
DE,  take  DE,  DF,  equal  to  one  another,  upon  the 
opposite  sides  of  the  plane,  and  let  G  be  any  point  in 
EF ;  join  DA,  DB,  DC ;  EA,  EB,  EC ;  FA,  FB,  FC ; 
GA,  GB,  GC:  because  the  straight  line  EDF  is  at 
right  angles  to  the  plane  ABC,  it  makes  right  angles 
with  DA,  DB,  DC,  which  it  meets  in  that  plane ;  and 
in  the  triangles  EDB,  FDB,  ED  and  DB  are  equal  to 
FD  and  DB,   each  to  each,   and  they  contain  right 
angles ;  therefore  the  base  EB  is  equal*  to  the  base  FB; 
in  the  same  manner 
EA  is  equal  to  FA, 
and    EC    to    FC : 
and  in  the  triangles 
EBA,    FBA,    EB, 
.  BA, .  are    equal    to 
FB,    BA,   and  the 
base  EA  is  equal  to 
the  base  FA;  where- 
fore the  angle  EBA 
is    equal  *    to    the 
angle  FBA,. and  the 
triangleEBA  equal*  , 
to  the  triangle  FBA, 
.  and  the  other  angles 
equal  to  the   otner 
angles ;      therefore 


12. 11. 
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•4.6.6c  these  triangles  are  similar  * :  in  the  sante  manner  the  tri* 
1  Def.  6.  mgle  EBg  is  gimilar  to  the  Wangle  FBC,  and  the  tri- 
angle EAC  to  FAC;  therefore  there  are  two  solid 
figures,  each  of  which  is  contained  by  six  triangles* 
one  of  them  by  three  triangles,  the  common  vertex  of 
which  is  the  point  G,  and  their  bases  the  straight  lines 
AB,  BC,  CA,  and  by  three  dther  triangles,  the  com- 
mon vertex  of  which  is  the  point  E,  and  their  bases 
the  same  lines  AB,  BC,  CA :  the  other  solid  is  con- 
tained by  the  same  three  triangles,  the  common  vertex 
of  which  is  G,  and  their  bases  AB,  BC,  CA:  and  by 
three  other  triangles  of  which  the  common  vertex  is  the 
point  F,  and  their  bases  the  same  straight  lines  AB, 
BC,  CA :  now  the  three  triangles  GAB,  GBC,  GCA, 
are  common  to  both  solids,  and  the  three  others  EAB» 
EBC,  ECA,  of  the  first  solid,  have  been  shewn  equal 
and  similar  to  the  three  others,  FAB,  FBC,  FCA,  of 
the  other  solid,  each  to  each :  therefore  these  two  solids 
are  contained  by  the  same  number  of  equal  and  similar 
planes:  but  that  they  are  not  equal  is  manifest,  be- 
cause the  first  of  them  is  contained  in  the  other :  there- 
fore it  is  not  universally  true  that  solids  are  equal  which 
are  contained  by  the  same  number  of  equal  and  similar 
planes. 

Cor.  From  this  it  appears  that  two  unequal  solid 
angles  may  be  contained  by  the  same  number  of  equal 
plane  angles. 

For  the  solid  angle  at  B,  which  is  contained  by  the 
four  plane  angles  EBA,  EBC,  GBA,  GBC*  is  not 
equal  to  the  solid  angle  at  the  same  point  B  which  is 
contained  by  the  four  plane  angles  FBA,  FBC,  GBA, 
GBC;  for  this  last  contains  the  other:  and  each  of 
them  is  contained  by  four  plane  angles,  which  are  equal 
to  one  another,  each  to  each,  or  are  the  self-same,  as 
has  been  proved:  and  indeed  there  may  be  innumera- 
ble solid  angles  all  unequal  to  one  another,  which  are 
each  of  them  contained  by  plane  angles  that  are  equal 
to  one  another,  each  to  each :  it  is  likewise  manifest, 
that  the  before-mentioned  solids  are  not  similar,  since 
their  solid  angles  are  not  all  equal. 

And  that  there  may  be  innumerable  sblid  angles  all 
unequal  to  one  another,  which  are  each  of  them  con- 
tained by  the  same  plane  angles  disposed  in  the  same 
order,  will  be  plain  from  the  three  following  propo- 
sitions. 
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PROP.  I.    PROBLEM. 

Three  magnitudes,  A,  B,  C,  being  given,  to  find  ft 
fourth  such,  that  every  three  shall  be  greater  than  the 
remaining  one. 
•  Let  D  be  the  fourth :  therefore  D  must  be  less  than 

A,  B,  C,  together:  of  the  three  A,  B,  C,  let  A  be  that 
which  is  not  less  than  either  Of  the  two  B  and  C:  and 
first,  let  B  and  C  together  be  not  less  than  A;  therefor* 

B,  C,  D,  together  are  greater  than  A :  and  because  A 
is  pot  less  than  B;  A,  C,  D,  together  ate  greater  than 
B:  in  the  like  manner  A,  B,  D,  together  are  greater 
than  C;  wherefore  in  the  ease  in  which  B  and  C  to* 
gether  are  not  less  than  A,  any  magnitude  D  which  is 
less  than  A,  B,  C,  together,  will  answer  the  problem. 

But  if  B,  and  C  together  be  less  than  A:  then,  be- 
cause it  is  requited  that  B,  C,  D,  together  be  greater 
than  A,  from  each  of  these  taking  away  B,  G, 
the  remaining  one  D  must  be*  greater  than  the 
excess  of  A  above  B  and  C:  take  therefore  arty 
magnitude  D  which  is  less  than  A,  B,  C,  together,  but  ■ 
greater  than  the  excess  of  A  above  B  and  C:  then 
B,  C,  D,  together  are  greater  than  A ;  and  because  A 
is  greater  than  either  B  or  C,  much  more  will  A  and  D, 
together  with  either  of  the  two,  B,  C,  be  greater  than 
the  other:  and  by  the  construction,  A,  B,  C,  are  to- 
gether greater  than  D. 

Cor.  If  besides  it  be  required,  that  A  and  B  to- 
gether shall  not  be  less  than  C  and  D  together ;  the 
excess  of  A  arid  B  together  above  C  must  not  be  less 
than  D,  that  is  D  must  not  be  greater  thtfn  that  excess* 

PROP.  II.    PROBLEM. 

Four  magnitudes  A,  B,  C,  D,  being  given  of  which  A 
and  B  together  are  not  less  than  C  and  D  together, 
and  such  that  any  three  of  them  whatever  are  greater 
than  the  fourth;  it  is  required  to  find  a  fifth  magnitude 
£  such  that  any  two  of  the  three  A,  B*  E,  shall  be 
greater  than  the  third,  and  also  that  any  two  of  the 
three  C,  D,  E,  shall  be  greater  than  the  third.  Let  A 
be  not  less  than  B,  and  C  not  less  than  D. 

First,  let  the  excess  of  C  above  D  be  riot  less  than  the 
excess  of  A  above  B :  it  is  plain  that  a  magnitude  E 
can  be  taken  which  is  less  than  the  sum  of  C  and  D, 
but  greater  than  the  excess  of  C  above  D;  let  it  be  taken; 
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then  £  is  greater  likewise  than  the  excess  of  A  above  B; 
wherefore  E  and  B  together  are  greater  than  A;  and  A 
is  not  less  than  B;  therefore  A  and  B  together  are  greater 
than  B :  and  by  the  hypothesis,  A  and  £  together  are 
not  less  than  C  and  D  together,  and  C  and  D  together 
are  greater  than  £;  therefore  likewise  A  and  JB  are 
greater  than  £. 

But  let  the  excess  of  A  above  B  be  greater  than  the 
excess  of  C  above  D :  and  because,  by  the  hypothesis, 
the  three  B,  C,  D,  are  together  greater  than  the  fourth 
A;  C  and  D  together  are  greater  than  the  excess  of  A 
above  B :  therefore  a  magnitude  may  be  taken  which  is 
less  than  C  and  D  together,  but  greater  than  the  ex- 
cess of  A  above  B.  Let  this  magnitude  be  E :  and  be- 
cause £  is  greater  than  the  excess  of  A  above  B,  B  toge- 
ther with  E  is  greater  than  A:  and  as,  in  the  preceding 
case,  it  may  be  shewn  that  A  together  with  E  is  greater 
than  B,  and  that  A  together  with  B  is  greater  than  E : 
therefore  in  each  of  the  cases  it  has  been  shewn,  that 
any  two  of  the  three,  A,  B,  E,  are  greater  than  the 
third. 

And  .because  in  each  of  the  cases,  E  is  greater  than 
the  excess  of  C  above  D,  £  together  with  D  is  greater 
than  C ;  and  by  the  hypothesis,  C  is  not  less  than  D; 
therefore  E  together  with  C  is  greater  than  D ;  and  by 
the  construction,  C  and  D  together  are  greater  than  E: 
therefore  any  two  of  the  three  C,  D,  E,  are  greater 
than  the  third. 


PROP.  III.    THEOREM. 

There  may  be  innumerable  solid  angles,  all  unequal 
to  one  another,  each  of  which  is  contained  by  the  same 
four  plane  angles  placed  in  the  same  order. 

Take  three  plane  angles,  A,  B,  C,  of  which  A  is  not 
Jess  than  either  of  the  other  two,  and  such,  that  A  and 
B  together  are  less  than  two  right  angles;  and,  by 
Problem  1$  and  its  corollary,  find  a.  fourth  angle  D 
such,  that  any  three  whatever  of  the  angles  A,  B,  C, 
D,  be  greater .  than  the  remaining  angle,  and  .  such, 
that  A  and  B  together  be  not  less  than  C  and  D  toge- 
ther :  and,  by  Problem  %  find  a  fifth  angle  E  such,  that 
any  two  of  the  angles,  A,  B,  £,  be  greater  than  the 
third,  and  also  that  any  two  of  the  angles  C,  D,  E,  be 
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greater  than  the  third:  and  because  A  and  B  together 
are  less  than  two  right  angles,  the  double  of  A  and  B 
together  is  less  than  four  right  angles :  but  A  and  B 


together  are  greater  than  the  angle  E ;  wherefore  the 
double  of  A,  B,  together  is  greater  than  the  three  an- 
gles A,  B,  E,  together,  which  three  are  consequently 
less  than  four  right  angles;  and  every  two  of  the  same 
angles  A,  B,  E,  are  greater  than  the  third ;  therefore 
by  Prop.  23.  11.  a  solid  angle  may  be  made  contained 
by  three  plane  angles,  equal  to  the  angles  A,  B,  E, 
each  to  each.    Let  this  be  the  angle  F,  contained  by 
the  three  plane  angles  GFH,  HFK,  GFK,  which  are 
equal  to  the  angles  A,  B,  E,  each  to  each :  and  because 
the  angles  C,  D,  together  are  not  greater  than  the  an- 
gles A,  B,  together,  therefore  the  angles  C,  D,  E,  are 
not  greater  than  the  angles  A,  B,  E :  but  these  last 
three  are  less  than  four  right  angles,  as  has  been  de- 
monstrated :  wherefore  also  the  angles  C,  D,  E,  are  to- 
gether less  than  four  right  angles,  and  every  two  of 
them  are  greater  than  the  third;  therefore  a  solid  an- 
gle may  be  made,  ifrhich  shall  be  contained  by  three 
plane  angles  equal  to  the  angles  C,  D,  E,  each  to  each  *;  +ss.  it 
and  by  Prop.  £6.  11.  at  the  point  F,  in  the  straight 
line  FG,  a  solid  angle  may  be  made  equal  to  that  which 
is  contained  by  the  three  plane  angles  that  are  equal  to 
the  angles  C,  D,  E :  let  this  be  made,  and  let  the  angle 
GFK,  which  is  equal  to  E,  be  one  of  the  three;  and  let 
KFL,  GFL,  be  the  other  two  which  are  equal  to  the 
angles  C,  D,  each  to  each.     Thus  there  is  a  solid  angle 
constituted  at  the  point  F,  contained  by  the  four  plane 
angles  GFH,  HFK,  KFL,  GFL,  which  are  equal  to 
the  angles  A,  B,  C,  D,  each  to  each. 

Again:  find  another  angle  M  such,  that  every  two  of 
the  three  angles  A,  B,  M,  be  greater  than  the  third,  and 
also  every  two  of  the  three  C,  D,  M,  be  greater  than 
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» 

the  third :  and,  as  in  the  preceding  part,  it  may  be  de- 
monstrated, that  the  three  A,  B,  M,  are  less  than  four 
y  right  angles,  as  also  that  the  three  C,  D,  M,  are  less 
•J3. 11.  than  four  right  angles.  Make  therefore*  a  solid  an- 
gle at  N  contained  by  the 
three  plane  angles  ONP, 
PNQ,  ONQ,  which  are 
equal  to  A,  B,  M,  each  to 
each:  and  by  Prop.  26. 11. 
make  at  the  point  N,  in  the 
straight  line  ON,  a  solid 
angle  contained  by  three 
plane  angles,  of  which  one 

is  the  angle  ONQ  equal  to  M,  and  the  other  two  are 
the  angles  QNR,  ONR,  which  are  equal  to  the  angles 
C,  D,  each  to  each.  Thus,  at  the  point  N,  there  is  a 
solid  angle  contained  by  the  four  plane  angles  ONP, 
PNQ,  QNR,  ONR,  which  are  equal  to  the  angles  A, 
B,  C,  D,  each  to  each.  .And  that  the  two  solid  angles 
at  the  points  F,  N,  each  of  which  is  contained  by  the 
above-named  four  plane  angles,  are  not  equal  to  one 
another,  or,  that  they  cannot  coincide,  will  be  plain  by 
considering  that  the  angles  GFK,  ONQ,  that  is,  the 
angles  E,  M,  are  unequal  by  the  construction ;  and 
therefore  the  straight  lines  OF,  FK,  cannot  coincide 
with  ON,  NQ,  nor  consequently  can  the  solid  angles, 
which  therefore  are  unequal. 

And  because  from  the  four  plane  angles  A,  B,  C,  D, ' 
there  can  be  found  innumerable  other  angles  that  will 
serve  the  same  purpose  with  the  angles  E  and  M:  ifls 
plain  that  innumerable  other  solid  angles  may  be  con- 
stituted which  are  each  contained  by  the  same  four 
plane  angles,  and  all  of  them  unequal  to  one  another. 
&  E.  2). 

And  from  this  it  appears,  that  darius  and  other  au- 
thors are  mistaken,  who  assert  that  those  solid  angles 
are  equal  which  are  contained  by  the  same  number  of 
plane  angles  that  are  equal  to  one  another,  each  to 
each.  Also  it  is  plain,  that  the  26th  Prop,  of  Book  1 1. 
is  by  no  means  sufficiently  demonstrated,  because  the 
equality  of  two  solid  angles,  whereof  each  is  contained 
by  three  plane  angles  which  are  equal  to  one  another, 
each  to  each,  is  only  assumed,  and  not  demonstrated* 


NOTES.    BOOK  XL  317 


PROP.  I.    B.  XI. 


The  words  at  the  end  of  this,  "  for  a  straight  line 
"  cannot  meet  a  straight  line  in  more  than  one  point," 
are  left  out,  as  an  addition  by  some  unskilful  hand ; 
for  this  is  to  be  demonstrated,  not  assumed. 

Mr.  Thomas  Simpson,  in  his  notes  at  the  end  of 
the  second  edition  of  his  Elements  of  Geometry, 
p.  262,  after  repeating  the  words  of  this  note,  adds : 
"  NoV  can  it  possibly  show  any  want  of  skill  in  an 
"  editor  [he  means  Euclid  or  Theon]  to  refer  to  an  axiom 
"  which  Euclid  himself  hath  laid  down,  Book  1.  No. 
"  14,"  he  means  Barrow's  Euclid,  for  it  is  the  10th  in 
the  Greek,  "  and  not  to  have  demonstrated,  what  no 
"  man  can  demonstrate  ?"  But  all  that  in  this  case  can 
follow  from  that  axiom  is,  that,  if  two  straight  lines 
could  meet  each  other  in  two  points,  the  parts  of  them 
betwixt  these  points  must  coincide,  and  so  they  would 
have  a  segment  betwixt  these  points  common  to  both* 
Now,  as  it  has  not  been  shewn  in  Euclid,  that  they 
cannot  have  a  common  segment,  this  does  not  prove 
that  they  cannot  meet  in  two  points,  from  which  their 
not  having  a  common  segment  is  deduced  in  the  Greek 
edition :  but,  on  the  contrary,  because  they  cannot  have 
a  common  segment,  as  is  shewn  in  Cor.  of  1 1th  Prop. 
Book  1.  of  4to  edition,  it  follows  plainly,  that  they  can- 
not meet  in  two  points,  which  the  reraarker  says  no  man 
can  demonstrate. 

Mr.  Simpson,  in  the  same  notes,  p.  265,  justly  obi- 
serves,  that  in  the  corollary  of  Prop.  11.  Book  1.  4to 
edit,  the  straight  lines  AB,  BD,  BC,  are  supposed  to 
be  all  in  the  same  plane,  which  cannot  be  assumed  in 
1st  Prop.  Book  11.  This,  soon  after  the  4to  edition 
was  published,  I  observed  and  corrected  as  it  fa  now 
in  this  edition :  he  is  mistaken  in  thinking  the  10th 
axiom  he  mentions  here  to  be  Euclid's ;  it  is  none  of 
Euclid's,  but  is  the  10th  in  Dr.  Barrow's  edition,  who 
had  it  from  Herigon's  Cursus,  vol.  1.  and  in  place  of 
it  the  corollary  of  1 1th  Prop.  Book  1.  was  added. 

PROP.  II.    B.  XI. 

^  This  proposition  seems  to  have  been  changed  and 
vitiated  by  some  editor ;  for  all  the  figures  defined  in 
the  1st  Book  of  the  Elements  and  among  them  triap- 
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gles,  are,  by  the  hypothecs,  plane  figures;  that  is,  suchk 
as  are  described  in  a  plane ;  wherefore  the  second  part 
of  the  enunciation  needs  no  demonstration.  Besides, 
a  convex  superficies  may  be  terminated  by  three  straight 
lines  meeting  one  another :  the  thing  that  should  have 
been  demonstrated  is,  that  two  or  three  straight  lines, 
that  meet  one  another,  are  in  one  plane.  And  as  this 
is  not  sufficiently  done,  the  enunciation  and  demonstra- 
tion are  changed  into  those  now  put  into  the  text. 

PROP.  III.    B.  XT. 

In  this  proposition  the  following  words  near  to  the 
end  of  it  are  left  out,  viz.  "  therefore  DEB,  DFB,  are 
"  not  straight  lines ;  in  the  like  manner,  it  may  be  de- 
"  monstrated,  that  there  can  be  no  other  straight  line 
"  between  the  points  D,  B : "  because  from  this,  that 
two  lines  include  a  space,  it  only  f<4iows  that  one  of 
them  is  not  a  straight  line :  and  the  force  of  the  argu- 
ment lies  in  this,  viz.  if  the  common  section  of  the 
planes  be  not  a  straight  line,  then  two  straight  lines 
could  include  a  space,  which  is  absurd :  therefore  the 
common  section  is  a  straight  line. 

PROP.  IV.    B.  XI. 

The  words  "  and  the  triangle  AED  to  the  triangle 
"  BEC  "  are  omitted,  because  the  whole  conclusion  of 
the  4th  Prop.  B.  1.  has  been  so  often  repeated  in  the 
preceding  books,  it  was  needless  to  repeat  it  here. 

PROP.  V.    B.  XL 

■ 

In  this,  jiear  to  the  end,  imiriht  ought  to  be  left 
out  in  the  Greek  text :  and  the  word  "  plane"  is  rightly 
left  out  in  the  Oxford  edition  of  Commandine's  trans- 
lation. 

PROP.  VII.    B.  XL 

This  proposition  has  been  put  into  this  book  by  some 
unskilful  editor,  as  is  evident  from  this,  that  straight 
lines  which  are  drawn  from  one  point  to  another  in  a 
plane,  are,  in  the  preceding  books,  supposed  to  be  in 
that  plane:  and  if  they  were  not,  some  demonstrations 
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in  which  one  straight  line  is  supposed  to  meet  another 
would  not  be  conclusive,  because  these  lines  would  not 
meet  one  another :  for  instance,  in  Prop.  SO.  B.  1.  the 
straight  line  GK  would  not  meet  EF,  if  OK  were 
not  in  the  plane  in  which  are  the  parallels  AB,  CD,  and 
in  which,  by  hypothesis,  the  straight  line  EF  is :  be- 
sides, this  7th  Proposition  is  demonstrated  by  the  pre- 
ceding 3d ;  in  which  the  very  thing  which  is  proposed 
to  be  demonstrated  in  the  7th  is  twice  assumed,  viz. 
that  the  straight  line  drawn  from  one  point  to  another  in 
a  plane,  is  in  that  plane :  and  the  same  thing  is  assumed 
in  the  preceding  6th  Prop,  in  which  the  straight  line 
which  joins  the  points,  B,  D,  that  are  in  the  plane  to 
which  AB  and  CD  are  at  right  angles,  is  supposed  to 
be  in  that  plane  :  and  the  7th,  of  which  another  de- 
monstration is  given,  is  kept  in  the  book  merely  to  pre- 
serve the  number  of  the  propositions ;  for  it  is  evident, 
from  the  7th  and  35th  Definitions  of  the  1st  Book, 
though  it  had  not  been  in  the  Elements. 

PROP.  VIU.    B.  XL 

In  the  Greek,  and  in  Coinmandine's  and  Dr.  Gre- 
gory's translations,  near  to  theend  of  this  proposition,  are 
the  following  words :  "  but  DC  is  in  the  plane  through 
"  BA,  AD,"  instead  of  which,  in  the  Oxford  edition  of 
Commandine's  translation  is  rightly  put,  w  but  DC  is 
"  in  the  plane  through  BD,  DA."  But  all  the  editions 
have  the  following  words,  viz.  "  because  AB,  BD,  are, 
"  in  the  plane  through  BD,  DA,  and  DC  is  in  the 
"  plane  in  which  are  AB,  BD,"  which  are  manifestly 
corrupted,  or  have  been  added  to  the  text \  for  there 
was  not  the  least  necessity  to  go  so  far  about  to  shew 
that  DC  is  in  the  same  plane  in  which  are  BD,  DA, 
because  it  immediately  follows,  from  Prop.  7.  precede 
ing,  that  BD,  DA,  are  in  the  plane  in  which  are  the 
parallels  AB,  CD :  therefore,  instead  of  these  words, 
there  ought  pnjy.  to  be,  "  because  all  three  are  in  the 
"  plane  in  which  are  the  parallels  AB,  CD." 

PROP.  XV.    B.  XI. 

After  the  words,  "  and  because  BA  is  parallel  to 
"  GH,"  the  following  ape  added,  "  for  each  of  them 
"  is  parallel  to  DE,  and  are  not  both  in  the  same  plane 
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"  with  it,"  as  being  manifestly  forgotten  to.  be  put  into 
the  text. 

PROP.  XVI.    B.  XI. 

In  this,  near  to  the  end,  instead  of  the  words,  "  but 


straight  lines  which  meet  neither  way  ",  ought  to  be 
read,  "  but  straight  lines  in  the  same  plane  which  pro- 
"  duc$d  meet  neither  way."  Because,  though  in  citing 
this  Definition  in  Prop.  27-  Book  1.  it  was  not  necessary 
tp  mention  the  words  "  in  the  same  plane ",  all  the 
straight  lines  in  the  books  preceding  this  being  in  the 
same  plane ;  yet  here  it  was  quite  necessary. 

PROP.  XX.    B.  XL 

.  In  this,  near  the  beginning,  are  the  words,  "  but  if 
"  not,  let  BAC  be  the  greater  "  :  but  the  angle  B AC 
may  happen  to  be  equal  to  one  of  the  other  two: 
wherefore  this  place  should  be  read  thus,  "  but  if  not, 
"  let  the  angle  BAC  be  not  less  than  either  of  the 
*  other  two,  but  greater  than  DAB." 

At  the  end  of  this  proposition  it  is  said,  "  in  the  same 
"  manner  it  may  be  demonstrated,"  though  there  is  no 
need  of  any  demonstration ;  because  the  angle  BAC 
being  not  less  than  either  of  the  other  two,  it  is  evi- 
dent that  BAC  together  with  one  of  them  is  greater 
than  the  other.         (  ' 

PROP.  XXII.    B.  XL 

And  likewise  in  this,  near  the  beginning,  it  is  said, 
"  but  if  not,  let  the  angles  at  B,  E,  H,  be  unequal,  and 
"  let  the  angle  at  B  be  greater  than  either  of  those  at 
"  E,  H  "  :  which  words  manifestly  shew  this  place  to  be 
vitiated,  because  the  angle  at  B  may  be  equal  to  one  of 
die  other  two.  They  ought  therefore  to  be  read  thus, 
"  but  if  not,  let  the  angles  at  B,  E,  H,  be  unequal,  arid 
"  let  the  angle  at  B  be  not  less  than  either  of  the  other 
"  two  at  E,  H :  therefore  the  straight  line  AC  is  not 
"  less  than  either  of  the  two  DF,  GK." 

PROP.  XXIII.    B.  XL 

The  demonstration  of  this  is  made  something  shorter, 
by  not  repeating  in  the  third  case  the  things  which  were 
demonstrated  in  the  first ;  and  by  giaking  use  of  the 
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construction  which  Campanus  has  given ;  but  he  does 
not  demonstrate  the  second  and  third  cases :  the  con* 
strnction  and  demonstration  of  the  third  -case  are  made 
a  little  more  simple  than  in  the  Greek  text. 

PROP.  XXIV.    B.  XL 

The  word  « similar"  is  added  to  the  enunciation  of 
this  proposition,  because  the  planes  containing  the  solids 
which  are  to  be  demonstrated  to  be  equal  to  one  an- 
other, in  the  25th  Proposition,  ought  to  be  similar  and 
equal,  that  the  equality  of  the  solids  may  be  inferred 
from  Prop.  C.  of  this  Book:  and  in  the  Oxford  edition 
of  Commandine's  translation,  a  corollary  is  added  to 
Prop.  24.  to  shew  that  the  parallelograms  mentioned  in 
this  proposition  are  similar,  that  the  equality  of  the 
solids  in  Prop.  0,5.  may  be  deduced  from  the  10th  Def- 
of  Book  11. 

PROP.  XXV.  and  XXVI.    B.  XL 

In  the  25th  Prop,  solid  figures  which  are  contained 
by  the  same  number  of  similar  and  equal  plane  figures, 
are  supposed  to  be  equal  to  one  another.  And  it  seems 
that  Theon  or  some  other  editor,  that  he  might  save 
himself  the  trouble  of  demonstrating  the  solid  figures 
mentioned  in  this  proposition  to  be  equal  to  one  an- 
other, has  inserted  the  10th  Def.  of  this  Book,  to  serve 
instead  of  a  demonstration ;  which  was  very  ignorantly 
done. 

Likewise  in  the  26th  Prop,  two  solid  angles  are  sup- 
posed to  be  equal,  if  each  of  them  be  contained  by  three 
plane  angles  which  are  equal  to  one  another,  each  to 
each.  And  it  is  strange  enough,  that  none  of  the  com- 
mentators on  Euclid  have,  as  far  as  I  know,  perceived, 
that  something  is  wanting  in  the  demonstrations  of 
these  two  propositions.  Clavius  indeed,  in  a  note  upon 
the  11th  Def.  of  this  Book,  affirms,  that  it  is  evident 
that  those  solid  angles  are  equal  which  are  contained 
by  the  same  number  of  plane  angles,  equal  to  one  an- 
other, each  to  each,  because  they  will  coincide,  if  they 
be  conceived  to  be  placed  within  one  another;  but  this 
is  said  without  any  proof,  nor  is  it  always  true,  except 
when  the  solid  angles  are  contained  by  three  plane  an- 
gles only  which  are  equal  to  one  another,  each  to  each; 

Y 
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and  in  this  case  the  proposition  is  the  same  with  this; 
that  two  spherical  triangles  that  are  equilateral  to  one 
another  are  also  equiangular-  to  one  another,  and  can 
coincide:  which  ought  not  to  be  granted  without  a 
demonstration.  Euclid  does  not  assume  this  in  the 
case  of  .rectilineal  triangles,  but  demonstrates  it  in  Prop. 
8.  Book  1.  that  triangles  which  are  equilateral  to  one  an- 
other, are  also  equiangular  to  one  another ;  and  from 
this  their  total  equality  appears  by  Prop.  4.  Book  1. 
And  Menelaus,  in  the  4th  Prop,  of  his  first  Book  of 
Spherics,  explicitly  demonstrates,  that  spherical  tri- 
angles which  are  mutually  equilateral,  are  also  equian- 
gular to  one  another;  from  which  it  is  easy  to  shew  that 
they  must  coincide,  providing  they  have  their  sides  dis- 
posed in  the  same  order  and  situation. 

To  supply  these  defects,  it  was  necessary  to  add  the 
three  propositions  marked  A,  B,  C,  to  this  Book.  For 
the  25th,  26th,  and  28th  propositions  of  it,  and  conse- 
quently eight  others,  viz.  the  27th,  31st,  32d,  33d, 
34th,  36th,  37th,  and  40th  of  the  same,  which  depend 
upon  them,  have  hitherto  stood  upon  an  infirm  foun- 
dation ;  as  also  the  8th,  12th,  Cor.  of  17th  and  18th  of 
12th  Book,  which  depend  upon  the  9th  Definition.  For 
it  has  been  shewn  in  the  notes  on  Def.  10th  of  this  Book, 
that  solid  figures  which  are  contained  by  the  same 
number  of  similar  and  equal  plane  figures,  as  also  solid 
angles  that  are  contained  by  the  same  number  of  equal 
plane  angles,  are  not  always  equal  to  one  another. 

It  is  to  be  observed  that  Tacquet,  in  his  Euclid,  de- 
fines equal  solid  angles  to  be  such,  "  as  being  put 
"  within  one  another  do  coincide":  but  this  is  an 
axiom,  not  a  definition ;  for  it  is  true  of  all  magnitudes 
whatever.  He  made  this  useless  definition,  that  by  it 
he  might  demonstrate  the  36th  Prop,  of  this  Book, 
without  the  help  of  the  35th  of  the  same :  concerning 
which  demonstration,  see  the  note  upon  Prop.  36. 

PROP.  XXVIII.     B.  XL 

In  this  it  ought  to  have  been  demonstrated,  not  as- 
sumed, that  the  diagonals  are  in  one  plane.  Clavius 
has  supplied  this  defect. 

PROP.  XXIX.    B.  XL 
There  are  three  cases  of  this  proposition :  the  first 
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is,  when  the  two  parallelograms  opposite  to  the  base 
AB  have  a  side  common  to  both :  the  second  is,  when 
these  parallelograms  are  separated  from  one  another : 
and  the  third,  when  there  is  a  part  of  them  common  to 
both;  and  to  this  last  only,  the  demonstration  that 
has  hitherto  been  in  the  Elements  does  agree.  The 
first  case  is  immediately  deduced  from  the  preceding 
£8th  Prop,  which  seems  for  this,  purpose  to  have  been 
premised  to  this  29th,  for  it  is  necessary  to  none  but  to 
it,  and  to  the  40th  of  this  Book,  as  we  now  have  it,  to 
which  last  it  would,  without  doubt,  have  been  pre- 
mised, if  Euclid  had  not  made  use  of  it  in  the  29th ; 
but  some  unskilful  editor  has  taken  it  away  from  the 
Elements,  and  has  mutilated  Euclid's  demonstration  of 
the  two  other  cases,  which  is  now  restored,  and  serves 
for  botfy  at  once. 

« 

PROP.  XXX.    B.  XI. 

In  the  demonstration  of  this?  the  opposite  planes  of 
the  solid  CP,  in  the  figure  in  this  edition,  that  is,  of 
the  solid  CO  in  Commandine's  figure,  are  not  proved 
to  be  parallel;  which  it  is  proper  to  do  for  the  sake 
of  learners. 

PROP.  XXXI.     B.  XL 

There  are  two  cases  of  this  proposition :  the  first  is 
when  the  insisting  straight  lines  are  at  right  angles  to 
the  bases;  the  other,  when  they  are  not:  the  first  case 
is  divided  again  into  two  others,  one  of  which  is,  when 
the'  bases  are  equiangular  parallelograms:  the  otherr 
when  they  are  not  equiangular.  The  Greek  editor 
makes  no  mention  of  the  first  of  these  two  last  cases, 
but  has  inserted  the  demonstration  of  it  as  a  part  of 
that  of  the  other :  and  therefore  should  have  taken  no- 
tice of  it  in  a  corollary;  but  we  thought  it  better  to 
give  these  two  cases  separately:  the  demonstration  also 
is  made  something  shorter  by  following  the  way  Euclid- 
has  made  use  of  in  Prop.  14.  Book  6.  Besides,  in  the 
demonstration  of  the  case  in  which  the  insisting  straight 
lines  are  not  at  right  angles  to  the  bases,* the  editor 
does  not  prove  that  the  solids  described  in  the  con- 
struction are  parallelopipeds,   which  it  is  not  to   be 

y  CZ 
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thought  that  Euclid  neglected ;  also  the  words,  c<  of 
"  which  the  insisting  straight  lines  are  not  in  the  same 
"straight  lines",  have  been  added  by  some  unskilful 
Jiand  :  for  they  may  be  in  the  same  straight  lines. 

PROP.  XXXII.    B.  XI. 

The  editor  has  forgot  to  order  the  parallelpgram  FH 
to  be  applied  in  the  angle  FGH  equal  to  the  angle 
LCG,  which  is  necessary.     Clavius  has  supplied  this. 

Also,  in  the  construction,  it  is  required  to  complete 
the  solid  of  which  the  base  is  FH,  and  altitude  the 
same  with  that  of  the  solid  CD :  but  this  does  not  de- 
termine the  solid  to  be  completed,  since,  there  may  be 
innumerable  solids  upon  the  same  base,  and  of  the  * 
same  altitude:  it  ought  therefore  to  be  said,  "  complete 
"  the  solid  of  which  the 'base  is  FH,  and  one  of  its 
"  insisting  straight  lines  is  FD."  The  same  correc- 
tion must  be  made  in  the  following  Proposition  33. 

PROP.  D.    B.  XI. 

It  is  very  probable  that  Euclid  gave  this  proposition 
a  place  in  die  Elemepts,  sipce  he  gave  the  like .  pro- 
position concerning  equiangular  parallelograms  in  the 
23d  B.  6. 

PROP.  XXXIV.     B.  XL 

In  this  the  words,  Sv  at  tyearrSiO'ai  oitx  slcriv  sirl  rav  aurav 
sMsivv,  "  of  which  the  insisting  straight  lines  are  not  in 
"  the  same  straight  lines",  are  thrice  repeated :  but 
these  words  ought  either  to  be  left  out,  as  they  are  by 
Clavius,  or,  in  place  of  them,  ought  to  be  put,  "  wbe- 
"  ther  the  insisting  straight  lines  be,  or  be  not,  in  the 
"  same  straight  lines":  for  the  other  case  is,  without  any 
'  reason,  excluded;  also  the  words  Sv  t*  fyn,  "of  which 
.  "  the  altitudes",  are  twice  put  for  Sv  at  Ipenwai,  "  of 
"  which  the  insisting  straight  lines  " ;  which  is  a  plain 
mistake :  for  the  altitude  is  always  at  right  angles  to 
the  base. 

PROP.  XXXV.     B.  XL 

The  angles  ABH,  DEM,  are  demonstrated  to  be 
right  angles  in  a  shorter  way  than  in  the  Greek;   and 
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in  the  same  way  ACH,  DFM  may  be  demonstrated  to 
be  right  angles :  also  the  repetition  of  the  same  demon- 
stration, which  begins  with  "  in  the  same  manner",  is 
left  out,  as  it  was  probably  added  to  the  text  by  some 
t  editor :  for  the  words  "  in  like  manner  we  may  de- 
"  monstrate  "  are  not  inserted  except  when  the  demon- 
stration is  not  given,  or  when  it  is  something  different 
from  the  other  if  it  be  given,  as  in  Prop.  26.  of  this 
Book.     Campanus  has  not  this  repetition. 

We  have  given  another  demonstration  of  the  corol- 
lary, besides  the  one  in  the  original,  by  help  of  which 
the  following  S6th  Prop,  may  be  demonstrated  without 
the  35th. 


PROP,  XXXVI.     B.  XL 

Tacquet  in  his  Euclid  demonstrates  this  proposition 
without  the  help  of  the  35th;  but  it  is  plain,  that  the 
solids  mentioned  in  the  Greek  text  in  the  enunciation 
of  the  proposition  as  equiangular,  are  such  that  their 
solid  angles  are  contained  by  three  plane  angles  equal 
to  one  another,  each  to  each ;  as  is  evident  from  the 
construction.  Now  Tacquet  does  not  demonstrate,  but 
assumes,  these  solid  angles  to  be  equal  to  one  another ; 
for  he  supposes  the  solids  to  be  already  made,  and  does 
not  give  the  construction  by  which  they  are  made; 
but,  by  the  second  demonstration  of  the  preceding  co- 
rollary, his  demonstration  is  rendered  legitimate  like- 
wise in  the  case  where  the  solids  are  constructed  as  in 
the  text. 

PROP.  XXXVII.    B.  XL 

In  this  it  is  assumed,  that  the  ratios  which  are  tripli- 
cate of  those  ratios  which  are  the  same  with  one  an- 
other, are  likewise  the  same  with  one  another:  and 
that  those  ratios  are' the  same  with  one  another,  of 
which  the  triplicate  ratios  are  the  same  with  one  an- 
other :  but  this  ought  not  to  be  granted  without  a  de- 
monstration; nor  did  Euclid  assume  the  first  and  easiest 
of  these  two  propositions,  but  demonstrated  it  in  the 
case  of  duplicate  ratios,  in  the  22d  Prop.  Book  6.  On 
this  account,  another  demonstration  is  given  of  this 
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Proposition,  like  to  that  which  Euclid  gives  in  Prop.  22. 
Book  6.  as  Clavius  has  done.     , 

PROP.  XXXVIII.    B.  XI. 

When  it  is  required  to  draw  a  perpendicular  from  a 
point  in  one  plane  which  is  at  right  angles  to  another 
plane,  unto  this  last  plane,  it  is  done  by  drawing  a 
perpendicular  from  the  point  to  the  common  section  of 
the  planes ;  for  this  perpendicular  will  be  perpendicular 
to  the  plane  by  Def.  4.  of  this  Book :  and  it  would  be 
\  foolish  in  this  case  to  do  it  by  the  11th  Prop,  of  the 
'therVd'"1  same:  but  Euclid*,  Apollonius,  and  other  geometers, 
tions.  "  when  they  have  occasion  for  this  problem,  direct  a 
perpendicular  to  be  drawn  from  the  point  to  the  plane, 
and  condude  that  it  will  fall  upon  the  common  section 
of  the  planes,  because  this  is  the  very  same  thing  as  if 
they  had  made  use  of  the  construction  above  mentioned, 
and  then  concluded  that  the  straight  line  must  be  per- 
pendicular to  the  plane;  but  is  expressed  in  fewer  words. 
Some  editor,  not  perceiving  this,  thought  it  was  neces- 
sary to  add  this  proposition,  which  can  never  be  of  any 
use  to  the  11th  Book;  and  its  being  near  to  the  end, 
among  propositions  with  which  it  has  no  connexion,  is 
a  mark  of  its  having  been  added  to  the  text. 

PROP.  XXXIX.    B.  XL 

In  this  it  is  supposed  that  the  straight  lines  which 
bisect  the  sides  of  the  opposite  planes,  are  in  one  plane, 
which  ought  to  have  been  demonstrated;  as  is  now 
done. 

B.  XII. 

The  learned  Mr.  Moore,  professor  of  Greek  in  the 
University  of  Glasgow,  observed  to  me  that  it  plainly 
appears  from  Archimedes's  Epistle  to  Dositheus,  pre- 
fixed to  his  books  of  the  Sphere  and  Cylinder,  which 
epistle  he  has  restored  from  ancient  manuscripts,  that 
Eudoxus  was  the  author  of  the  chief  propositions  ia  this 
12th  Book. 

PROP.  II.    B.  XII. 
At  the  beginning  of  this  it  is  said  "  if  it  be  not  so, 
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"  the  square  of  BD  sball  be  to  the  square  of  FH,  as  the 
"  circle  ABCD  is  to  some  space  either  less  than  the 
"  circle  EFGH,  or  greater  than  it."  And  the  like  is 
to  be  found  near  to  the  end  of  this  proposition,  as  also 
in  Prop.  5.  11.  12.  18.  of  this  Book:  concerning  which 
it  is  to  be  observed,  that  in  the  demonstration  of  theo- 
rems, it  is  sufficient,  in  this  and  the  like  cases,  that  a 
thing  made  use  of  in  the  reasoning  can  possibly  exist, 
provided  this  be  evident,  though  it  cannot  be  exhibited 
or  found  by  a  geometrical  construction :  so,  in  this 
place,  it  is  assumed,  that  there  may  be  a  fourth  propor- 
tional to  these  three  magnitudes,  viz.  the  squares  of  BD, 
FH,  and  the  circle  ABCD ;  because  it  is  evident  that 
there  is  some  square  equal  to  the  circle  ABCD,  though 
it  cannot  be  found  geometrically ;  and  to  the  three 
rectilineal  figures,  viz.  the  squares  of  BD,  FH,  and  the 
square  which  is  equal  to  the  circle  ABCD.  there  is  a 
fourth  square  proportional;  because  to  the  three  straight 
lines  which  are  their  sides,  there  is  a  fourth  straight 
line  proportional  *,  and  this  fourth  square,  or  a  space  *  H.  6. 
equal  to  it,  is  the  space  which  in  this  proposition  is  de- 
noted by  the  letter  S :  and  the  like  is  to  be  understood 
in  the  other  places  above  cited :  and  it  is  probable  that 
this  has  been  shewn  by  Euclid,  but  left  out  by  some 
editor ;  .for  the  lemma  which  some  unskilful  hand  has 
added  to  this  proposition  explains  nothing  of  it 


PROP.  III.     B.  XII. 

In  the  Greek  text  and  the  translations,  it  is  said, 
"  and  because  the  two  straight  lines  BA,  AC,  which 
"  meet  one  another,"  &c.  Here  the  angles  BAC, 
KHL,  are  demonstrated  to  be  equal  to  one  another,  by 
10th  Prop.  B.  11.  which  had  been  done  before:  be- 
cause the  triangle  EAG  was  proved  to  be  similar  to  the 
triangle  KHL:  this  repetition  is  left  out,  arid  the  tri- 
angles BAC,  KHL,  are  proved  to  be  similar  in  a 
shorter  way  by  Prop.  21.  B.  6. 


PROP.  IV.     B.  XII. 

A  few  things  in  this  are  more  fully  explained,  than 
in  the.  Greek  text. 
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PROP.  V.    B,  XII. 

In  this,  near  to  the  end,  are  the  words,  u*  i^TTfocrOev 
i%<%fa,  "  as  was  before  shewn";  and  the  same  are 
found  again  in  the  end  of  Prop.  18.  of  this  Book;  but 
the  demonstration  referred  to,  except. it  be  in  the  use- 
less lemma  annexed  to  the  2d  Prop,  is  no  where  in  these 
Elements,  and  has  been  perhaps  left  out  by  some  editor, 
who  has  forgot  to  cancel  those  words  also* 

PROP.  VI.    B.  XII. 

A  shorter  demonstration  is  given  of  this ;  and  that 
which  is  in  the  Greek  text  may  be  made  shorter  by  a 
step  than  it  is:  for  the  author  of  it  makes  use  of  .the 
22d  Prop,  of  B.  5.  twice:  whereas  once  would  have 
served  his  purpose ;  because  that  proposition  extends  to 
any  number  of  magnitudes  which  are  proportionals 
taken  two  by  two,  as  well  as  to  three  which  are  pro- 
portional to  other  three. 

COR.  PROP.  VIII.    B.  XII. 

The  demonstration  of  this  is  imperfect,  because  it  is 
not  shewn,  that  the  triangular  pyramids  into  which 
those  upon  multangular  bases  are  divided,  are  similar 
to  one  another,  as  ought  necessarily  to  have  been  done, 
and  is  done  in  the  like  case  in  Prop.  12.  of  this  Book: 
the  full  demonstration  of  the  corollary  is  as  follows : 

Upon  the  polygonal  bas«*s  ABCDE,  FGHKL,  let 
there  be  similar  and  similarly  situated  pyramids  which 
have  the  points  M,  N,  for  their  vertices :  the  pyramid 
ABCDEM  has  to  the  pyramid  FGHKLN  the  tripli- 
cate ratio  of  that  which  the  side'  AB  has  to  the  homolo- 
gous side  FG. 

Let  the  polygons  be  divided  into  the  triangles  ABE, 

*  so  6.       EBC,  ECD;  FGL,  LGH,  LHK,  which  are  similar*, 

«ach  to  each :  and  because  the  pyramids  are  similar, 
♦liDef.u.  therefore  *  the  triangle  EAM  is  similar  to  the  triangle 

*  4. 6.         LFN,  and  the  triangle  ABM  to  FGN :  wherefore  #  ME 

is  to  E A,  as  NL  to  LF ;  and  as  AE  to  EB,  so  is  FL  to 
LG,  because  the  triangles  EAB,  LFG,  are  similar; 
therefore,  ex  aequali,  as  ME  to  EB,  so  is  NL  to  LG : 
in  like  manner  it  may  be  shewn,  that  EB  is  to  BM,  as 
LG  to  GN;  therefore,  again,  ex  aequali,  as  EM  to  MB, 
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so  is  LN  to~NG:  wherefore  the  triangles  EMB,  LNG, 
having  their  sides  proportionals,  are  #  equiangular,  and  •  5.  & 


similar  to  one  another :  therefore  the  pyramids  which 
have  the  triangles  EAB,  LFG,  for  their  bases,  and 
the  points  M,  N  for  their  vertices,  are  similar*  to  one  •1iDef.11, 
another,  for  their  solid  angles  are*  equal,  and  the  «b.ii.  . 
solids  themselves  are  contained  by  the  same  number  of 
similar  planes:  in  the  same  manner  the  pyramid 
EBCM  may  be  shewn  to  be  similar  to  the  pyramid 
LGHN,  and  the  pyramid  ECDM  to  LHKN:  and  be- 
cause  the  pyramids  EABM,  LFGN,  are  similar,  and 
have  triangular  bases,  the  pyramid  EABM  has*  to  *8. n. 
LFGN  the  triplicate  ratio  of  that  which  EB  has  to  the 
homologous  side  LG.  And,  in  the  same  manner,  the 
pyramid  EBCM  has  to  the  pyramid  LGHN  the  tripli- 
cate ratio  of  that  which  EB  has  to  LG :  therefore,  as 
the  pyramid  EABM  is  to  the  pyramid  LFGN,  so  is 
the  pyramid  EBCM  to  tbe  pyramid  LGHN :  in  like 
manner,  as  the  pyramid  EBCM  is  to  LGHN,  so  is  the 
pyramid  ECDM  to  the  pyramid  LHKN :  and  as  one 
of  the  antecedents  is  to  one  of  the  consequents,  so  are  all 
the  antecedents  to  all  the  consequents :  therefore  as  the 
pyramid  EABM  to  the  pyramid  LFGN,  so  is  the 
whole  pyramid  ABCDEM  to  the  whole  pyramid 
FGHKLN:  and  the  pyramid  EABM  has  to  the 
pyramid  LFGN,  the  triplicate  ratio  of  that  which  AB 
has  to  FG;  therefore  the  whole  pyramid  has  to  the 
whole  pyramid  the  triplicate  ratio  of  that  which  AB 
has  to  the  homologous  side  FG.     Q.  E.  D. 
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PROP.  XI.  and  XII.    B.  XII. 

The  order  of  the  letters  of  the  alphabet  is  not  ob- 
served in  these  two  propositions,  according  to  Euclid's 
manner,  and  is  now  restored :  by  which  means,  the  first 
part  of  Prop.  12.  may  be  demonstrated  in  the  same 
words  with  the  first  part  of  Prop.  11.;  on  this  account 
the  demonstration  of  that  first  part  is  left  out,  and  as- 
sumed from  Prop.  11. 

PROP.  XIII.     B.  XII. 

In  this  proposition,  the  common  section  of  a  plane 
parallel  to  the  bases  of  a  cylinder,  with  the  cylinder  it- 
self, is  supposed  to  be  a  circle,  and  it  was  thought  pro- 
1  per  briefly  to  demonstrate  it;  from  which  it  is  suf- 
ficiently manifest,  that  this  plane  divides  the  cylinder 
into  two  others :  and  the  same  thing  is  understood  to 
be  supplied  in  Prop.  14. 

PROP.  XV.    B.  XII. 

"  And  complete  the  cylinders  AX,  EO."  Both  the 
enunciation  and  exposition  of  the  proposition  represent 
the  cylinders  as  well  as  the  cones,  as  already  described: 
wherefore  the  reading  ought  rather  to  be,  "  and  let  the 
"  cones  be  ALC,  ENG ;  and  the  cylinders  AX,  EO." 

The  first  case  in  the  second  part  of  the  demonstration 
is  wanting;  and  something  also  in  the  second  case  of 
that  part,  before  the  repetition  of  the  construction  is 
mentioned ;   which  are  now  added. 

PROP.  XVII.    B.  XII. 

In  the  enunciation  of  this  proposition,  the  Greek 
words  eig  rhv  /xsi^ova  afcufav  o-teqeov  vroTwetyov  ey/ga^ai 
fAri  4<auQv  riig  ikaavovog  afal^ag  Kara  tjjv  hmQ&VEiav  are 
thus  translated  by  Commandine  and  others,  "in  majori 
"  solidum  polyhedrum  describere  quod  minoris  sphserae 
"  superficiem  non  tangat";  that  is,  "  to  describe  in  the 
"  greater  sphere  a  solid  polyhedron  which  shall  not 
"  meet  the  superficies  of  the  lesser  sphere  " :  whereby 
they  refer  the  words  Kara  rfo  em^avuav  to  these  next  to 
them  Trig  kkdaaovog  cfai^ag :  but  they  ought  by  no 
means  to  be  thus  translated:  for  the  solid  polyhedron 
doth  not  only  meet  the  superficies  of  the  lesser  sphere, 
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but  pervades  the  whole  of  that  sphere :  therefore  the 
aforesaid  words  are  to  be  referred  to  to  orcf eov  Toxisifcv, 
and  ought  thus  to  be  translated,  viz.  To  describe  in  the 
greater  sphere  a  solid  polyhedron  whose  superficies 
shall  not  meet  the  lesser  sphere ;  as  the  meaning  of  the 
proposition  necessarily  requires. 

The  demonstration  of  the  proposition  is  spoiled  and 
mutilated :  for  some  easy  things  are  very  explicitly  de- 
monstrated, while  others  not  so  obvious  are  not  suf- 
ficiently explained ;  for  example,  when  it  is  affirmed, 
that  the  square  of  KB  is  greater  than  the  double  of  the 
square  of  BZ,  in  the  first  demonstration ;  and  that  the 
angle  BZK  is  obtuse,  in  the  second:  both  which  ought 
to  have  been  demonstrated :  besides,  in  the  first  de- 
monstration, it  is  said,  "  draw  KX1  from  the  point  K, 
"  perpendicular  to  BD";  whereas  it  ought  to  have  been 
said,  "join  KV",  and  it  should  have  been  demonstrated, 
that  KV  is  perpendicular  to  BD :  for  it  is  evident  from 
the  figure  in  Hervagius's  and  Gregory's  editions,  and 
from  the  words  of  the  demonstration,  that  the  Greek 
editor  did  not  perceive  that  the  perpendicular  drawn 
from  the  point  K  to  the  straight  line  BD  must  neces- 
sarily fall  upon  the  point  V,  for  in  the  figure  it  is  made 
to  fall  upon  the  point  £2,  a  different  point  from  V,  which 
is  likewise  supposed  in  the  demonstration.  Comman- 
dine  seems  to  have  been  aware  of  this;  for  in  this  figure 
he  marks  one  and  the  same  point  with  two  letters  V,  ft; 
and  before  Commandine,  the  learned  John  Dee,  in  the 
commentary  he  annexes  to  this  proposition  in  Henry 
Billingsley's  translation  of  the  Elements,  printed  at  Lon- 
don, ann.  1570,  expressly  takes  notice  of  this  error,  and 
gives  a  demonstration  suited  to  the  construction  in  the 
Greek  text,,  by  which  he  shews  that  the  perpendicular 
drawn  from  the  point  K  to  BD,  must  necessarily  fall 
upon  the  point  V. 

Likewise  it  is  not  demonstrated,  that  the  quadrila- 
teral figures  SOPT,  TPRY,  and  the  triangle  YRX, 
do  not  meet  the  lesser  sphere,  as  was  necessary  to  have 
been  done;  only  Clavius,  as  far  as  I  know,  has  observed 
this,  and  demonstrated  it  by  a  lemma,  which  is  now  pre- 
mised to  this  proposition,  something  altered,  and  more 
briefly  demonstrated. 

In  the  corollary  of  this  proposition,  it  is  supposed 
that  a  solid  polyhedron  is  described  in  the  other  sphere 
similar  to  that  which  is  described  in  the  sphere  BCDE ; 
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but,  as  the  construction  by  which  this  may  be  done  is 
not  given,  it  was  thought  proper  to  give  it,  and  to  de- 
monstrate that  the  pyramids  in  it  are  similar  to  those 
of  the  same  order  in  the  solid  polyhedron  described  in 
the  sphere  BCDE. 

From  the  preceding  notes,  it  is  sufficiently  evident 
how  much  the  Elements  of  Euclid,  who  was  a  most 
accurate  geometer,  have  been  vitiated  and  mutilated  by 
ignorant  editors.  The  opinion  which  the  greatest  part 
of  learned  men  have  entertained  concerning  the  present 
Greek  edition,  viz.  that  it  is  very  little  or  nothing  dif- 
ferent from  the  genuine  work  of  Euclid,  has  without 
doubt  deceived  them,  and  made  them  less  attentive  and 
accurate  in  examining  that  edition ;  whereby  several 
errors,  some  of  them  gross  enough,  have  escaped  their 
notice  from  the  age  in  which  Theon  lived  to  this  time. 
Upon  which  account  there  is  some  ground  to  hope, 
that  the  pains  we  have  taken  in  correcting  those  errors, 
and  freeing  the  Elements  as  far  as  we  could  from 
blemishes,  will  not  be  unacceptable  to  good  judges; 
who  can  discern  when  demonstrations  are  legitimate, 
and  when  they  are  not. 

The  objections  which  since  the  first  edition  have  been 
made  against  some  things  in  the  notes,  especially 
against  the  doctrine  of  proportionals,  have  either  been 
fully  answered  in  Dr.  Barrow's  Lect.  Mathemat.  and 
in  these  notes ;  or  are  such,  except  one  which  has  been 
taken  notice  of  in  the  note  on  Prop.  1.  Book  11. 
as  shew  that  the  person  who  made  them  has  not  suf- 
ficiently considered  the  things  against  which  they  are 
brought;  so  that  it  is  not  necessary  to  make  any  fur- 
ther answer  to  these  objections  and  others  like  them 
against  Euclid's  definition  of  proportionals,  of  which 
definition  Dr.  Barrow  justly  says  in  page  297  of  the 
above-named  book,  that  "  Nisi  madhinis  impulsa  vali- 
"  dioribus,  aaternum  persistet  hiconcussa," 
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PREFACE. 


Euclid's  Data  is  the  first  in  order  of  the  books 
written  by  the  ancient  geometers  to  facilitate  and 
promote  the  method  of  resolution  or  analysis. 
In  the  general,1  a  thing  is  said  to  be  given,  which 
is  either  actually  exhibited,  or  can  be  found  out, 
that  is,  which  is  either  known  by  hypothesis,  or 
that  can  be  demonstrated  to  be  known  ;  and  the 
propositions  in  the  book  of  Euclid's  Data  shew 
what  things  can  be  found  out  or  known  from 
those  that  by  hypothesis  are  already  known  ;  so 
that  in  the  analysis  or  investigation  of  a  problem, 
from  the  things  that  are  laid  down  to  be  known 
or  given,  by  the  help  of  these  propositions  other 
things  are  demonstrated  to  be  given,  and  from 
these,  other  things  are  again  shewn  to  be  given, 
and  so  on,  until  that  which  was  proposed  to  be 
found  out  in  the  problem  is  demonstrated  to  be 
given  ;  and  when  this  is  done  the  problem  is 
solved,  and  its  composition  is  made  and  derived 
from  the  compositions  of  the  Data  which  were 
made  use  of  in  the  analysis.  And  thus  the 
Data  of  Euclid  are  of  the  most  general  and  ne- 
cessary use  in  the  solution  of  problems  of  every 
kind. 

/Euclid  is  reckoned  to  be  the  author  of  the 
Book  of  the  Data,  both,  by  the  ancient  and  mo- 
dem-geometers :  and  there  seems  to  be  no  doubt 
of  his  having  written  a  book  on  this  subject,  but 
which^  in  the  course  of  so  many  ages,  has  been 
much  vitiated  by  unskilful  editors  in  several 
places,  both  in  the  order  of  the  propositions,  and 
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-  in  the  definitions  and  demonstrations  themselves. 
To  correct  the  errors  which  are  now  found  in  it, 
and  bring  it  nearer  to  the  accuracy  with  which  it 
was  no  doubt  at  first  written  by  Euclid,  is  the 
design  of  this  edition,  that  so  it  may  be  rendered 
more  useful  to  geometers,  at  least  to  beginners 
who  desire  to  learn  the  investigatory  method  of 
the  ancients.  And  for  their  sake,  the  composi- 
tions of  most  of  the  Data  are  subjoined  to  their 
demonstrations,  that  the  compositions  of  pro- 
blems  solved  by  help  of  the  Daija  may  be  the 
more  easily  made. 

Marinus',  the  philosopher's  preface,  which,  in 
the  Greek  edition,  is  prefixed  to  the  Data,  is 
here  left  out,  as  being  of  no  use  to  understand 
them.  At  the  end  of  it  he  says,  that  Euclid  has 
not  used  the  synthetical,  but  the  .analytical 
method  in  delivering  them :  in  which  he  is  quite 
mistaken  ;  for  in  the  analysis  of  a  theorem,  the 
thing  to  be  demonstrated  is  assumed  in  the 
analysis;  but  in  the  demonstrations  of  the  Data, 
the  thing  to  be  demonstrated,  which  is,  that 
something  or  other  is  given,  is  never  once  as- 
sumed in  the  demonstration,  from  which  it  is 
manifest,  that  every  one  of  them  is  demonstrated 
synthetically  ;  though  indeed,  if  a  proposition  of 
the  Data  be  turned  into  a  problem  (for  example, 
the  84th  or  85th  in  the  former .  editions,  which 
here  are  the  85th  and  86th),  the  demonstration 
of  the  proposition  becomes  the  analysis  of  the 
problem. 

Wherein  this  edition  differs  from  the  Greek, 
and  the  reasons  of  the  alterations  from  it,  will 
be  shewn  in  the  notes  at  the  end  of  the  Data. 
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DEFINITIONS. 

f 

•  I. 

Spaces,  lines,  and  angles,  are  said  to  be  given  in  mag- 
nitude, when  equals  to  them  can  be  found. 

II. 

A  ratio  is  said  to  be  given,  when  a  ratio  of  a  given 
magnitude  to  a  given  magnitude  which  is  the  same 
ratio  with  it  can  be  found. 

Ill- 
Rectilineal  figures  are  said  to  be  given  in  species,  which 
have  each  of  their  angles  given,  and  the  ratios  of 
their  sides  given. 

*  IV. 

Points,  lines,  and  spaces,  are  said  to  be  given  in  posi- 
tion, which  have  always  the  same  situation,  and  which 
are  either  actually  exhibited,  or  can  be  found. 

A. 

An  angle  is  said  to  be  given  in  position,  which  is  con- 
tained by  straight  lines  given  in  position. 

V. 

A  circle  is  said  to  be  given  in  magnitude,  when  a 
straight  line  from  its  centre  to  the  circumference  is 
given  in  magnitude. 

VI. 

A  circle  is  said  to  be  given  in  position  and  magnitude, 
the  centre  of  which  is  given  in  position,  and  a 
straight  line  from  it  to  the  circumference  is  given  in 
magnitude. 

z 
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VII. 

Segments  of  circles  are  said  to  be  given  in  magnitude, 
when  the  angles  in  them,  and  their  bases,  are  given 
in  magnitude. 

VIII. 

Segments  of  circles  are  said  to  be  given  in  position  and 
magnitude,  when  the  angles  in  them  are  given  in 
magnitude,  and  their  bases  arQ  given  both  in  posi- 
tion and  magnimde. 

IX. 

A  magnitude  is  said  to  be  greater  than  another  by  a 
given  magnitude,  when  this  given  magnitude  being 
taken  from  it,  the  remainder  is  equal  to  the  other 
magnitude. 

X. 

A  magnitude  is  said  to  be  less  than  another  by  a  given 
magnitude,  when  this  given  magnitude  being  added 
to  it,  the  whole  is  equal  to  the  other  magnitude. 


*i. 


PROPOSITION  I. 


*  1  Def. 
Dat. 


See  N.  The  ratio  of  given  magnitudes  to  one  another  is  given. 

Let  A,  B,  be  two  given  magnitudes,  the  ratio  of  A  to 
B  is  given. 

Because  A  is  a  given  magnitude,  there  may*  be 
found  one  equal  to  it ;  let  this  be  C : 
and  because  B  is  given,  one  equal  to 
it  may  be  found ;  let  it  be  D :  and 
since  A  is  equal  to  C,  and  B  to  D : 
therefore  *  A  is  to  B,  as  C  to  D ;  and 
consequently  the  ratio  of  A  to  B  is 
given,  because  the  ratio  of  the  given 
magnitudes  C,  D,  which  is  the  same 
with  it,  has  been  found. 


7.5. 


A    B    C   D 


t  The  figures  in  the  margin  shew  the  number  of  propositions  in 
the  other  editions. 
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PROP.  II. 


f. 


If  a  given  magnitude  have  a  given  ratio  to  another  magni-  See  N. 
tude,  u  and  if  unto  the  two  magnitudes  by  which  the 
(*  given  ratio  is  exhibited,  and  the  given  magnitude,  a 
"fourth  proportional  can  be  found  ";  the  other  magni- 
tude is  given. 

Let  the  given  magnitude  A  have  a  given  ratio  to  the 
magnitude  B :  if  a  fourth  proportional  can  be  found  to 
the  three  magnitudes  above  named,  B  is  given  in  mag- 
nitude. 

Because  A  is  given,   a   magnitude 
may  be  found  equal  to  it # ;  let  this  be  •  t  rjef. 

C :  and  because  the  ratio  of  A  to  B  is 
given,  a  ratio  which  is  the  same  with  it 
may  be  found ;  let  this  be  the  ratio  of     A  B  C    D 
the  given  magnitude  £  to  the  given 
magnitude  F :  unto  the  magnitudes  E,  £    H 

F,  C,  find  a  fourth  proportional  D, 
which,  by  the  hypothesis,  can  be  done. 
Wherefore,  because  A  is  to  B,  as  £  to 
F;  and  as  E  to  F,  so  is  C  to  D;  A  is*  *u.5. 

to  B,  as  C  to  D.     But  A  is  equal  to  C :  therefore  *  B,  *  14. 5. 
is  equal  to  D.     The  magnitude  B  is  therefore  given  *  *  1  Def. 
because  a  magnitude  D  equal  to  it  has  been  found. 

The  limitation  within  the  inverted  commas  is  not  in 
the  Greek  text,  but  is  now  necessarily  added  ;  and  the 
same  must  be  understood  in  all  the  propositions  of  the 
book  which  depend  upon  this  second  proposition, 
where  it  is  not  expressly  mentioned.  See  the  note 
upon  it. 

PROP.  III. 

y  &ny  given  magnitudes  be  added  together,  their  sum 

shall  be  given. 

Let  any  given  magnitudes  AB,  BC,  be  added  toge- 
ther, their  sum  AC  is  given. 

Because  AB  is  given,  a  magnitude  equal  to  it  may  *  •  t  Def. 
be  found  ;  let  this  be  DE  :  and 

because.  BC  is  given,  one  equal     A  B       Q 

to  it  may  be  found ;  let  this  be 


3. 


EF:  wherefore   because  AB  is     D 
equal  to  DE,  and  BC  equal  to 


E     F 


z  2 


s4. 
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EF;  the  whole  AC  is  equal  to  the  whole  DF ;  AC  is 
therefore  given,  because  DF  has  been  found  which  is 
equal  to  it. 

PROP.  IV. 

r 

If  a  given  magnitude  be  taken  from  a  given  magnitude  ; 
the  remaining  magnitude  shall  be  given. 

From  the  given  magnitude  AB,  let  the  given  magni- 
tude AC  be  taken;  the  remaining  magnitude  CB  is  given. 

*  l  Dcf.  Because  AB  is  given,  a  magnitude  equal  to  it  may  * 

be  found ;  let  this  be  DF  : 

and  because   AC  is  given,       a^ Q        fi 

one  equal  to  it  maybe  found; 

let  this  be  DE :  wherefore,      _.  F         IT 

because  AB  is  equal  to  DF,      ^ * *- 

and  AC  to  DE:  the  remain- 
der CB  is  equal  to  the  remainder  FE.     CB  is  therefore 

*  i  Def.      given  #,  because  FE  which  is  equal  to  it  has  been  found. 

«•  PROP.  V. 

See  n.         If  of  three  magnitudes,  the  first  together  with  the  second 

be  given,  and  also  the  second  together  with  the  third ; 
either  the  first  is  equal  to  the  third,  or  one  of  them  is 
greater  than  the  other  by  a  given  magnitude. 

Let  AB,  BC,  CD,  be  three  magnitudes,  of  which  AB 
together  with  BC,  that  is,  AC,  is  given ;  and  also  BC 
together  with  CD,  that  is,  BD,  is  given.  Either  AB 
is  equal  to  CD,  or  one  of  them  is  greater  than  the 
other  by  a  given  magnitude. 

Because  AC,  BD,  are  each  pf  them  given,  they  are 
either  equal  to  one  another, 
or  not<equal.  First,  let  them       a       "R  C        l\ 

be  equal,  and  because  AC      ** ■ -^ ** 

is  equal  to  BD,  take  away 

the  common  part  BC ;  therefore  the  remainder  AB  is 
,  equal  to  the  remainder  CD. 

But  if  they  be  unequal,  let  AC  be  greater  than  BD, 
and  make  CE  equal  to  BD.     Therefore,  CE  is  given, 
because  BD  is  given.    And 
the  whole  AC  is  given ;      AE      B        C        I) 

*  4  Dat.       therefore  *  AE  the  remain-     7-*=— J » — ■ *& 

der  is  given.    And  because 
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EC  is  equal  to  BD,  by  taking  BC  from  both,  the  re- 
mainder EB  is  equal  to  the  remainder  CD.  And  AE 
is  given ;  wherefore  AB  exceeds  EB,  that  is,  CD,  by 
the  given  magnitude  AE. 

PROP.  VI.  5. 

If  a  magnitude  have  a  given  ratio  to  a  part  of  it,  it  shall  See  N. 
also  have  a  given  ratio  to  the  remaining  part  of  it. 

Let  the  magnitude  AB  have  a  given  ratio  to  AC  a 
part  of  it ;  it  has  also  a  given  ratio  to  the  remainder  BC. 

Because  the  ratio  of  AB  to  AC  is  given,  a  ratio  may 
be  found*  which  is  the  same  to  it :  let  this  be  the  ratio  *  2  Def- 
of  DE,  a  given  magnitude  to  the 

given  magnitude  DF.     And  be-      J^ C       B 

cause  DE,  DF,  are  given,  the 

remainder  FE  is  *  given  :  arid      J) ~p       E   *  4  **at* 

because  AB  is  to  AC,  as  DE  to 

DF,  by  conversion*  AB  is  to  BC,   as  DE  to  EF.  •E.5. 
Therefore  the  ratio  of  AB  to  BC  is  given,  because  the 
ratio  of  the  given  magnitudes  DE,  EF,  which  is  the 
same  with  jit,  has  been  found. 

Cor.  From  this  it  follows,  that  the  parts  AC,  CB, 
have  a  given  ratio  to  one  another :  because  as  AB  to 
BC,  so  is  DE  to  EF ;  by  division  *  AQ  is  to  CB,  as  *  17. 5. 
DFtoFE;  and  DF,  FE,  are  given;  therefore*  the  *2Def. 
ratio  of  AC  to  CB  is  given. 

PROP.  VII.  6. 

If  two  magnitudes  which  have  a  given  ratio  to  one  another  See  N. 
be  added  together ;  the  whole  magnitude  shall  have  to 
each  of  them  a' given  ratio. 

Let  the  magnitudes  AB,  BC,  which  have  a  given 
ratio  to  one  another,  be  added  together :  the  whole 
AC  has  to  each  of  the  magnitudes  AB,  BC,  a  given 

ratio. 

Because  the  ratio  of  AB  to  BC  is  given,  a  ratio  may 
be  found  *  which  is  the  same  with  it ;  let  this  be  the  *  2  Def- 
ratio  of  the  given  magnitudes 
DE,  EF :  and  because  DE,       a  B        C 

EF,  are  given,  the  whole  DF      ** 1 

is   given*:    and    because  as      ^  i?     1?  *3Dat. 

AB  to  BC,  so  is  DE  to  EF ;      ^ &— £- 

by  composition  *  AC  is  to  CB  *  18- 6' 


/ 
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•  E.  5.        as  DF  to  FE;  and  by  conversion  *,  AC  is  to  ABJ  as 

DF  to  DE :  wherefore  because  AC  is  to  each  of  the 
magnitudes  AB,  BC,  as  DF  to  each  of  the  others  DE, 
EF ;  the  ratio  of  AC  to  each  of  the  magnitudes  AB, 

•  *  Def.       BC,  is  given  #. 


r-  PROP.  VIII.     . 

See  N.  If  a  given  magnitude  be  divided  into  two  parts  which  have 
a  given  ratio  to  one  another 9  and  if  a  fourth  propor- 
tional can  be  found  to  the  sum  of  the  two  magnitudes  by 
which  the  given  ratio  is  exhibited,  one  of  them,  and  the 
given  magnitude  ;  each  of  the  parts  is  given. 

s       Let  the   given  magnitude  AB  be  divided  into  the 
parts  AC,  CB,  which  have  a 

given  ratio  to  one  another  ;if       a  C        B 

a  fourth  proportional  can  be  ' 

found    to    the    above-named       -p.  "FT? 

magnitudes ;  AC  and  CB  are      ^ ==! — ■=* 

each  of  them  given. 

Because  the  ratio  of  AC  to  CB  is  given,  the  ratio  of 

•  r  Dat.      AB  to  BC  is  given  *,  therefore  a  ratio,  which  is  the  same 

•  2  Def.       with  it,  can  be  found  *;  let  this  be  the  ratio  of  the  given 

magnitudes,  DE,  EF ;  and  because  the  given  magni- 
tude AB  has  to  BC  the  given  ratio  of  DE  to  EF,  if 
unto  DE,  EF,  AB,  a  fourth  proportional  can  be  found, 

*  2  Dat.      this  which  is  BC  is  given  * ;  and  because  AB  is  given, 

*  4  Pat.       the  other  part  AC  is  given  *. 

In  the  same  manner,  and  with  the  like  limitation, 
if  the  difference  AC  of  two  magnitudes  AB,  BC, 
which  have  a  given  ratio  be  given ;  each  of  the  magni- 
tudes AB,  BC,  is  given. 


8.  PROP.  IX. 

Magnitudes  which  have  given  ratios  to  the  same  magni- 
tude, have  also  a  given  ratio  to  one  another. 

Let  A,  C,  have  each  of  them  a  given  ratio  to  B ;  A 
has  a  given  ratio  to  C. 

Because  the  ratio  of  A  to  B  is  given,  a  ratio  which 
*2Def,      is  the  same  to  it  may  be  found  *;  let  this  be  the  ratio 
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of  the  given  magnitudes  D,  £ :  and  because  the  ratio 
of  B  to  C  is  given,  a  ratio  which  is  the  same  with  it 
may  be  found  * :  let  this  be  *  2  Def. 

the  ratio  of  the  given  mag- 
nitudes F,  G :  to  F,  G,  E, 
find  a  fourth  proportional 
H,  if  it  can  be  done ;  and 
because  as  A  is  to  B,  so  is  D 
to  £ ;  and  as  B  to  C,  so  is 
(F  to  G,  and  so  is)  E  to  H; 
ex  aequali,  as  A  to  C,  so  is 
BtoH:  therefore  the  ratio 

of  A  to  C  is  given  *,  because  *  *  Def. 

the  ratio  of  the  given  mag- 
nitudes D  and  H,  which  is 

the  same  with  it,  has  been  found  :  but  if  a  fourth  pro- 
portional to  F,  G,  E,  cannot  be  found,  then  it  can  only 
be  said  that  the  ratio  of  A  to  C  is  compounded  of  the 
ratios  of  A  to  B,  and  B  to  C,  that  is,  of  the  given  ra- 
tios of  D  to  E,  and  F  to  G. 


A  B  C  D  E   H 

r  g 


PROP.  X. 

Iftxjoo  or  more  magnitudes  have  given  ratios  to  one  another, 
and  if  they  have  given  ratios,  though  they  be  not  the 
same,  to  some  other  magnitudes :  these  other  magnitudes 
shall  also  have  given  ratios  to  one  another. 

Let  two  or  more  magnitudes  A,  B,  C,  have  given 
ratios  to  one  another;  and  let  them  have  given  ratios, 
though  they  be  not  the  same,  to  some  other  magnitudes 
D,  E,  F:  the  magnitudes  D,  E,  F,  have  given  ratios 
to  one  another. 

Because  the  ratio  of  A  to  B  is  given,  and  likewise 
the  ratio  of  A  to  D ; 


9. 


D 
E 
F 


*  9  Dat. 


*9Dat. 


therefore  the  ratio  of     j^ 

D  to  B  is  given  *;  but 

the  ratio  of  B  to  E  is      B : r- 

given;  therefore*  the 

ratio  of  D  to   E  is      C 

given:    and    because 

the  Tatio  of  B  to  C  is  given,  and  also  the  ratio  of  B  to 

E;  the  ratio  of  E  to  C  is  given  * :  and  the  ratip  of  C  *  9  l)at. 

toiF  is  given  \  wherefore  the  ratio  of  E  to  F  is  given  ; 

D,  E,  F*  have  therefore  given  ratios  to  one  another. 
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**•  PROP.  XI. 

If  two  magnitudes  have  each  of  them  a  given  ratio  to  another 
magnitude,  both  of  them  together  shall  have  a  given  ratio 

to  that  other. 

• 

Let  the  magnitudes  AB,  BC,  have  a  given  ratio  to 
the  magnitude  D,  AC  has  a  given  ratio  to  the  same  D. 

Because    AB,     BC,    have 
each  of  them  a  given  ratio  to       a  Jt        r* 

D,  the  ratio  of  AB  to  BC  is      **-* ■ ** ^ 

•9Dat.       given*:  and  by  composition, 

the   ratio   of  AC   to   CB   is      i* 

*  7  Dat.       given  *  :  but  the  ratio  of  BC 

*  9  Dat.      to  D  is  given  :  therefore  *    the  ratio  of  AC  to  D  is 

given. 

23.  PROP.  XII. 

See  N.  If  the  whole  have  to  the  whole  a  given  ratio ,  and  the  parts 
have  to  the  parts  given,  but  not  the  same,  ratios :  every 
one  of  them,  whole  or  part,  shall  have  to  every  one  a 
given  ratio. 

Let  the.  whole  AB  have  a  given  ratio  to  the  whole 
CD,  and  the  parts  AE,  EB,  have  given,  but  not  the 
same,  ratios  to  the  parts  CF,  FD  :  every  one  shall  have 
to  every  one,  whole  or  part,  a  given  ratio. 

Because  the  ratio  of  AE  to  CF  is  given  ;  as  AE  to 
CF,  so  make  AB  to  CG;  the  ratio  therefore  of  AB  to 
CG  is  given  :  wherefore  the  ratio  of  the  remainder  EB 

*  19. 5.        to  the  remainder  FG  is  given,  because  it  is  the  same  * 

with   the  ratio   of  AB   to 

CG:  and  the  ratio  of  EB  A_"E,  B 

to  FD  is  given,  wherefore  ^     ^ 

the  ratio  -of  FD  to  FG  is  p      -,  r  TV 

*  9  bat.       given  *;  and,  by  conversion,  « K V    " 

the  ratio  of  FD  to  DG  is 

*  6  Dat*      given  * :  and  because  AB  has  to  each  of  the  magni- 

tudes CD,  CG,  a  given  ratio,  the  ratio  of  CD  to  CGis 
•9 Dat.  given*,  and  therefore*  the  ratio  of  CD  to  DG  is 
I  *  gj£       given:  but  the  ratio  of  GD  to  DF  is  given,  wherefore* 

*  Cor.  6.      tne  rat*°  °f  CD  to  DF  is  given,  and  consequently  *  the 
Dat.  ratio  of  CF  to  FD  is  given ;  but  the  ratio  of  CF  to  AE 

*  jo  Dat.     is  given,  as  also  the  ratio  of  FD  to  EB;"  wherefore* 

the  ratio  of  AE  to  EB  is  given ;  as  also  the  ratio  of 
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MS 


AB  to  each  of  them  #.    The  ratio  therefore  of  every  *  t  l>at. 
one  to  every  one  is  given. 


PROP.  XIII. 


94. 


If  the  first  of  three  proportional  straight  lines  have  a  given  See  N. 
ratio  to  the  thira\  the  first  shall  also  have  a  given  ratio 
to  the  second. 

Let  A,  B,  C,  be  three  proportional  straight  lines, 
that  is,  as  A  to  B,  so  is  B  to  C ;  if  A  has  to  C  a  given 
ratio,  A  shall  also  have  to  B  a  given  ratio. 

Because  the  ratio  of  A  to  C  is  given,  a  ratio  which 
is  jthe  same  with  it  may  be  found*: -let  this  be  the  +*Def. 
ratio  of  the, given  straight  lines  D,  E;  and  between  D 
and  E  find  a  *  mean  proportional  F ;    therefore  the  *  i&  6. 
rectangle  contained   by   D    and    E  is 
equal  to  the  square  of  F,  and  the  rect- 
angle D,  E,  is  given,  because  its  sides 
D,  E,  are  given ;  wherefore  the  square 
of  F,  and  the  straight  line  F  is  given : 
and  because,  as  A  is  to  C,  so  is  D  to  E ; 
but  as  A  to  C,  so  is  *  the  square  of  A 
to  the  square  of  B ;  and  as  D  to  E,  so 


is*  the  square  of  D  to  the  square  of  F: 


A    B 


•4  Cor.  20. 
6. 


D 


therefore  the  square*  of  A  is  to  the 
square  of  B,  as  the  square  of  D  to  the 
square  of  F:  as  therefore*  the  straight 
line  A  to  the  straight  line  B,  so  is  the 
straight  line  D  to  the  straight  line  F ; 
therefore  the  ratio  of  A  to  B  is  given*, 
because  the  ratio  of  the  given  straight 
lines  D,  F,  which  is  the  same  with  it,  has  been  found. 

PROP.  XIV. 


•J  Cor.  20. 
6. 

•  11.  5. 

•  *2.  6. 


*2Def. 


A. 


If  a  magnitude,  together  with  a  given  magnitude,  have  a  See  N. 
given  ratio  to  another  magnitude;  the  excess  of  this 
other  magnitude  above  a  given  magnitude,  has  a  given 
ratio  to  the  first  magnitude:  and  if  the  excess  of  a 
magnitude  above  a  given  magnitude  have  a  given  ratio 
to  another  magnitude ;  this  other  magnitude,  together 
with  a  given  magnitude,  has  a  given  ratio  to  the  first 

magnitude. 

• 

Let  the  magnitude  AB,  together   with  the  given 
magnitude  BE,  that  is  AE,  have  a  given  ratio  to  the 
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magnitude  CD :  the  excess  of  CD  above  a  given  mag- 
nitude has' a  given  ratio  to  AB. 

Because  th4  ratio  of  AE  to  CD  is  given ;  as  AE  to 
CD,  so  make  BE  to  FD ;  therefore  the  ratio  of  BE  to 
FD  is  given,  and  BE  is  given; 

*  t  Dat.       wherefore  FD  is  given  * :  and        A j±       ]g 

because  as  AE  to  CD,  so  is  * 

BE  to   FD,    the    remainder      ^  ~ir     Ti 

•  19. 5.       AB  is  *  to  the  remainder  CF,      **-. £ — ** 

as  AF  to  CD:  but  the  ratio  of 

AE  to  CD  is  given  ;  therefore  the  ratio  of  AB  to  CF 
is  given;  that  is,  CF,  the  excess  of  CD  above  the 
given  magnitude  FD,  has  a  given  ratio  to  AB. 

Next,  let  the  excess  of  the  magnitude  AB  above  the 
given  magnitude  BE,  that  is,  let  AE  have  a  given  ratio 
to  the  magnitude  CD ;  CD  together  with  a  given  mag- 
nitude has  a  given  ratio  to  AB. 

Because  the  ratio  of  AE  to  CD  is  given;  as  AE  to 
CD  so  make  BE  to  FD;  there- 
fore the  ratio  of  BE  to  FD  is      £ ^      B 

given,  and  BE  is  given;  where* 

•  %  Dat       f°re  PD  is  given  * :  and  because, 

as  AE  to  CD,  so  is  BE  to  FD,      C #     X 

♦  u.  5.       AB  is  to  CF,  as*  AE  to  CD : 

but  the  ratio  of  AE  to  CD  is  given,  therefore  the  ratio  of 
AB  to  CF  is  given;  that  is,  CF,  which  is  equal  to  CD  to- 
gether with  the  given  magnitude  DF,  has  a  given  ratio 
to  AB. 
B.  PROP.  XV. 

See  N.  If  a  magnitude,  together  with  that  to  which  another  mag- 
nitude has  a  given  ratio,  be  given ;  the  sum  of  this 
other,  and  that  to  which  thejirst  magnitude  has  a  given 
ratio,  is  given. 

Let  AB,  CD,  be  two  magnitudes,  of  which  AB,  to- 
gether with  BE,  to  which  CD  has  a  given  ratio,  is 
given ;  CD  is  given,  together  with  that  magnitude  to 
which  AB  has  a  given  ratio. 

Because  the  ratio  of  CD  to  BE  is  given ;  as  BE  to 
CD  so  make  AE  to  FD ;  therefore  the  ratio  of  AE  to 
FD  is  given,  and  AE  is  given, 

*  %  Dat.      wherefore  *  FD  is  given :  and       a  B       "F 

because  as  BE  to  CD,  so  is  « ** 

•Cor.  19.5.  AE  to  FD :  AB  is*  to  FC,  as-  ^ 

BE  to  CD :   and  the  ratio  of  * SL-J2 

BE  to  CD  is  given :  wherefore 
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the  ratio  of  AB  to  FC  is  given :  and  FD  is  given,  that 
is,  CD  together  with  FC,  to  which  AB  has  a  given 
ratio,  is  given. 

PROP.  XVI.  10. 

If  the  excess  of  a  magnitude  above  a  given  magnitude  have  See  N. 
a  given  ratio  to  another  magnitude  ;  the  excess  of  both 
together  above  a  given  magnitude  shall  have  to  that 
other  a  given  ratio  i  and  if  the  excess  of  two  magnitudes 
together  above  a  given  magnitude^  have  to  one  of  them  a 
given  ratio ;  either  the  excess  of  the  other  above  a 
given  magnitude  has  to  that  one  a  given  ratio ;  or  the 
other  is  given  together  with  the  magnitude  to  which  that 
one  has  a  given  ratio. 

Let  the  excess  of  the  magnitude  AB  above  a  given 
magnitude,  have  a  given  ratio  to  the  magnitude  BC; 
the  excess  of  AC  both  of  them  together,  above  the  given 
magnitude,  has  a  given  ratio  to  IJC. 

Let  AD  be  the  given  magnitude,  the  excess  of  AB 
above  which,  viz.  DB  has  a 

given  ratio  to  BC:  and  be-J^ D      B Q 

cause  DB  has  a  given  ra- 
tio to  BC,  the  ratio  of  DC  to  CB  is  given*,  and  AD  is  •  r  Dat 
given ;  therefore  DC,  the  excess  of  AC  above  the  given 
magnitude  AD,  has  a  given  ratio  to  BC. 

Next,  let  the  excess  of  two  magnitudes  AB,  BC,  toge- 
ther, above  a  given  magni- 
tude, have  to  one  of  them     A  J)     !B     EC 
BC  a  given  ratio;  either  the  nr 
excess  of  the  other  of  them  AB  above  the  given  magni- 
tude shall  have  to  BC  a  given  ratio;  or  AB  is  given, 
together  with  the  magnitude  to  which  BC  has  a  given 
ratio. 

Let  AD  be  the  given  magnitude,  and  first  let  it  be 
less  than  AB ;  and  because  DC  the  excess  of  AC  above 
AD  has- a  given  ratio  to  BC,  DB  has*  a  given  ratio  *Cor.  6. 
to  BC ;  that  is,  DB  the  excess  of  AB  above  the  given  Dat- 
magnitude  AD  has  a  given  ratio  to  BC. 

But  let  the  given  magnitude  be  greater  than  AB, 
and  make  AE  equal  to  it ;  and  because  EC,  the  excess 
of  AC  above  AE,  has  to  BC  a  given  ratio,  BC  has  *  a  *  6  Dat. 
given  ratio  to  BE;  and  because  AE  is  given,  AB  toge- 
ther with  BE  to  which  BC  has  a  given  ratio  is  given. 
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11.  PROP.  XVII. 

See  N.  If  the  excess  of  a  magnitude  above  a  given  magnitude  have 
a  given  ratio  to  another  magnitude ;  the  excess  of 
the  same  first  magnitude  above  a  given  magnitude^  shall 
have  a  given  ratio  to  both  the  magnitudes  together.  And 
if  the  excess  of  either  of  two  magnitudes  above  a  given 
magnitude  have  a  given  ratio  to  both  magnitudes  toge- 
ther; the  excess  of  the  same  above  a  given  magnitude 
$hatt  have  a  given  ratio  to  the  other. 

Let  the  excess  of  the  magnitude  AB  above  a  given 
magnitude  have  a  given  ratio  to  the  magnitude  BC ; 
the  excess  of  AB  above  a  given  magnitude  has  a  given 
ratio  to  AC. 

Let  AD  be  the  given  magnitude :  and  because  DB, 
the  excess  of  AB  above  AD,  has  a  given  ratio  to  BC ; 

*  7  Dat.      the  ratio  of  DC  to  DB  is  given  * ;  make  the  ratio  of 

AD  to  DE  the  same  with 

this  ratio ;  therefore  the  ra-      A.         E     D  Tp       C 

tio  of  AD  to  DE  is  given ; 

*  2  Dat.      and  AD  is  given,  wherefore  *  DE  and  the  remainder 

AE  are  given.     And  because  as  DC  to  DB,  so  is  AD 

*  i«.  5.       to  DE,  AC  is  *  to  EB,  as  DC  to  DB ;  and  the  ratio  of 

DC  to  DB  is  given ;  wherefore  the  ratio  of  AC  to  EB, 
js  given ;  and  because  the  ratio  of  EB  to  AC  is  given, 
and  that  AE  is  given,  therefore  EB  the  excess  of  AB 
above  the  given  magnitude  AE,  has  a  given  ratio  to 
Av. 

Next,  let  the  excess  of  AB  above  a  given  magnitude 
have  a  given  ratio  to  AB  and  BC  together,  that  is,  to 
AC;  the  excess  of  AB  above  a  given  magnitude  has  a 
given  ratio  to  BC. 

Let  AE  be  the  given  magnitude;  and  because  EB  the 
excess  of  AB  above  AE  has  to  AC  a  given  ratio,  as 
AC  to  EB  so  make  AD  to  DE ;  therefore  the  ratio  of 

*  6  Dat.      AD  to  DE  is  given,  as  also  *  the  ratio  of  AD  to  AE : 
*% Dat.      and  AE  is  given,  wherefore*  AD  is  given:  and  be- 
cause, as  the  whole  AC,  to  the  whole  EB,  so  is  AD  to 

*19.5.        DE,   the   remainder  DC  is*  to  the  remainder   DB> 
as  AC  to  EB;  and  the  ratio  of  AC  to  EB  is  given; 

*  Cor.  6.      wherefore  the  ratio  of  DC  to  DB  is  given,  as  also  * 
Pat*  the  ratio  of  DB  to  BC:  and  AD  is  given;  therefore 

DB,  the  excess  of  AB  above  a  given  magnitude  AD, 
has  a  given  ratio  to  BC. 
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PROP.  XVIII.  14. 

If  to  each  of  two  magnitudes,  which  have  a  given  ratio 
to  one  another,  a  given  magnitude  be  added;  the  wholes 
shall  either  have  a  given  ratio  to  one  another,  or  the 
excess  of  one  of  them  above  a  given  magnitude  shall 
have  a  given  ratio  to  the  other. 

Let  the  two  magnitudes  AB,  CD  have  a  given  ratio 
to  one  another,  and  to  AB  let  the  given  magnitude  BE 
be  added,  and  the  given  magnitude  DF  to  CD :  the 
wholes  AE,  CF  either  have  a  given  ratio  to  one  another, 
or  the  excess  of  oife  of  them  above  a  given  magnitude 
has  a  given  ratio  to  the  other. 

Because  BE,  DF,  are  each  of  them  given,  their  ratio*  •  1  Dat. 
is  given,  and  if  this  ratio  be  the  same  with  the  ratio  of 
AB  fo  CD,  the  ratio  of  AE  to 
CF,  which  is  the  same*  with  the      a      *n  -p    *  u.  5. 

given  ratio  of  AB  to  CD,  shall     ^      ™ a 

be  given.  n   T%  IP 

But  if  the  ratio  of  BE  to  DF     **— H *• 

be  not  the  same  with  the  ratio  of 
AB  to  CD,  either  it  is  greater  than  the  ratio  of  AB  to 
CD,  or,  by  inversion,  the  ratio  of  DF  to  BE  is  greater 
than  the  ratio  of  CD  to  AB : 

first,  let  the  ratio  of  BE  to     AJ£____€r       V 

DF  be  greater  than  the  ratio  .      ^       '** 

of  AB  to  CD ;  and  as  AB  to      p        ti  x» 

CD,  so   make    BG  to   DF; -M £ 

therefore  the  ratio  of  BG  to 

DF  is  given ;    and  DF  is  given,   therefore  *    BG  is  *  2  Dat, 

given :  and  because  BE  has  a  greater  ratio  to  DF  than 

(AB  to  CD,  that  is  than)  BG  to  DF,  BE  is  greater*  *  *<>•  5. 

than  BG :  and  because  as  AB  to  CD,  so  is  BG  to  DF ; 

therefore  AG  is  *  to  CF,  as  A B  to  CD  :  but  the  ratio  •  12. 5. 

of  AB  to  CD  is  given,  wherefore  the  ratio  of  AG  to 

CF  is  given ;  and  because  BE,  BG  are  each  of  them 

given,  GE  is  given :  therefore  AG,  the  excess  of  AE 

above  a  given  magnitude  GE,  has  a  given7  ratio  to  CF. 

The  other  case  its  demonstrated  in  the  same  manner. 

PROP.  XIX.  15. 

If  from  each  of  two  magnitudes,  which  have  a  given  ratio 

to  one  another,  a  given  magnitude  be  taken,  the  re- 

1  mainders  shall  either  have  a  given  ratio  to  one  an- 
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other )  or  the  excess  of  one  of  them  abo$e,a  given  mag" 
nitude,  shall  have  a  given  ratio  to  the  other. 

» 

Let  the  magnitudes  AB,  CD,  have  a  given  ratio 
to  one  another,  and  from  AB  let  the  given  magnitude 
AE  be  taken,  and  from  CD  the  given  magnitude  OF: 
the  remainders  EB,  FD  shall  either  have  a  given  ratio 
to  one  another,  or  the  ex- 
cess of  one  of  them  above  a       A j^  j> 

given  magnitude  shall  have 

a  given  ratio  to  the  other.        n       V  T\ 

Because   AE,    CF    are     ^ * — 

each  of  them  given,  their 

•  1  Dat.      ratio  is  given  * ;   and  if  this  ratio  be  the  same  with  the 

ratio  of  AB  to  CD,  the  ratio  of  the  remainder  EB  to 

•  19.5.       tne  remainder  FD,  which  is  the  same*  with  the  given 

ratio  of  A B  to  CD,  shall  be  given. 

But  if  the  ratio  of  AB  to  CD  be  not  the  same  with 
the  ratio  of  AE  to  CF,  either  it  is  greater  than  the 
ratio  of  AE  to  CF,  or,  by  inversion,  the  ratio  of  CD 
to  AB  is  greater  than  the  ratio  of  CF  to  AE :  first,  let 
the  ratio  of  AB  to  CD  be  greater  than  the  ratio  of  AE 
to  CF,  and  as  AB  to  CD,  so  make  AG  to  CF:  therefore 
the  ratio  of  AG  to  CF  is 
given,  and  CF  is  given,     a  «p  C  B 

•  %  Dat.       wherefore  *  AG  is  given :    " t* •— ** 

and  because  the  ratio  of  ^  -^        ^ 

AB  to  CD,  that  is,  the  ra-   ^ ■ — =? ±? 

tioof  AG  to  CF,  is  greater 

•  io.  5.       than  the  ratio  of  AE  to  CF;  AG  is  greater  *  than  AE : 

and  AG,  AE  are  given,  therefore  the  remainder  EG 
is  given;   and  as  AB  to  CD,  so  is  AG  to  CF,  and  so 

•  19. 5r       is  *  the  remainder  GB  to  the  remainder  FD ;  and  the 

ratio  of  AB  to  CD  is  given:  wherefore  the  ratio  of  GB 
to  FD  is  given ;  therefore  GB,  the  excess  of  EB  above 
a  given  magnitude  EG,  has  a  given  ratio  to  FD.  In 
the  same  manner  the  other  case  is  demonstrated. 

16.  PROP.  XX. 

If  to  one  of  two  magnitudes  which  have  a  given  ratio  to 
one  another,  a  given  magnitude  be  addea\  and  from  the 
other  a  given  magnitude  be  taken;  the  excess  of  the  sum 
above  a  given  magnitude  shall  have  a  given  ratio  to  the 
remainder. 

.    Let  the  two  magnitudes  AB,  CD  have  a  given  ratio 
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to  One  another,  and  to  ABlet  the  given  magnitude  E A 
be  added,  and  from  CD  let  the  given  magnitude  CF  be 
taken ;  the  excess  of  the  sum  EB  above  a  given  mag- 
nitude has  a  given  ratio  to  the  remainder  FD. 

Because  the  ratio  of  AB  to  CD  is  given,  make  as 
AB  to  CD,  so  AG  to  CF:  therefore  the  ratio  of  AG 
to  CF    is  given,  and  CF 
is  given,  wherefore  *  AG      t?        A  G      B      *  * Dat* 

is  given :  and  EA  is  given,  ^ Vs °- 

therefore   the    whole   EG       p  •    IT  "n 

is  given  :   and  because  as  .    ^ *  +* 

AB  to  CD,  so  is  AG  to 

CF,  and  so  is  *  the  remainder  GB  to  the  remainder  •  19. 5. 
FD ;  the  ratio  of  GB  to  FD  is  given.    And  EG  is 
given,  therefore  GB,  the  excess  of  the  sum  EB  above 
the  given  magnitude  EG,  has  a  given  ratio  to  the  re- 
mainder FD. 

PROP.  XXL  c, 

If^  two  magnitudes  have  a  given  ratio  to  one  another ',  if  See  N. 
a  given  magnitude  be  added  to  one  of  them,  and  the 
other  be  taken  Jrom  a  given  magnitude ;  the  sum,  to- 
gether with  the  magnitude  to  which  the  remainder  has  • 
a  given  ratio,  is  given:  and  the  temainder  is  given  to- 
gether with  the  magnitude  to  which  the  sum  has  a  given 
ratio* 

Let  the  two  magnitudes  AB,  CD,  have  a  given  ratio 
to  one  another;  and  to  AB  let  the  given  magnitude 
BE  be  added,  and  let  CD  be  taken  from  the  given  mag- 
nitude FD :  the  sum  AE  is  given,  together  with  the 
magnitude  to  which  the  remainder  FC  has  a  given  ratio. 

Because  the  ratio  of  AB  to  CD  is  given,  make  as 
AB  to  CD,  so  GB  to  FD :  therefore  the  ratio  of  GB 
to  FJ)  is  given,  and  FD  is  given,  wherefore  GB  is 
given*;  and  BE  is  given,     '  **Dat. 

the  whole  GE  is  therefore      G        A  Jfr     E 

given:  and  because  as  AB  ■  ^ 

to  CD,  so  is  GB  to  FD,     v  r  \\ 

and  so   is*  GA    to   FC;     I V ^    M9.5. 

the  ratio  of  GA  to  FC  is 

given:  and  AE  together  with.  GA  is  given,  because 

GE  is  given;  therefore,  the  sum  AE,  together  with 
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GA,  to  which  the  remainder  FC  hits  a  gfven  ratio,  is 
given.     The  secbnd  part  is  manifest  from  Pibj).  15. 

D.  PROP.  XXII. 

See  N.        If  two  magnitudes  have  a  given  ratio  to  one  another*  gf 
from  one  of  them  a  given  magnitude  be  taken*  and  the 
other  be  taken  from  a  given  magnitude  $  ea^h  of  the  re- 
mainders is  given,  together  with  the  magnitude  to  which 
the  other  remainder  lias  a  given  ratio* , 

Let  the  two  magnitudes  AB>  CD,  halve  a  given  ratio 
to  one  another,  and  from  AB  let  the  gtvfcn  magnitude 
AE  be  taken,  and  let  CD  be  tak*n  from  the  given  mag- 
nitude CF;  the  remainder  EB  is  givfcn,  together  with* 
the  magnitude  to  which  the  other  remainder  DF  has  a* 
given  ratio. 

Because  the  ratio  of  AB  to  CD  is  given*  make  as  AB> 
to  CD,  so  AG  to  CF:  the  ratio  of  AG  to  CF  is  there* 

•  2  Dat.     fore  given,  and  CF  is  given,  wherefore  *  AG  is  given ; 
and    AE    is    given,    and 
therefore    the    remainder         a  "E    JK  0 

EG  is  given:  and  because  ~-» — *r — - 

as  AB  to  CD,  so  is  AG  to       *        *     T*      "F 

•19.5.      .CF:  and  so  is*  the   re-       ^ 4* — -*- 

mainder  BG  to  the  re- 
mainder DF ;  the  ratio  of  BG  to  DF  is  given :  and 
EB  together  with  BG  is  given,  because  EG  is  given: 
therefore  the  remainder  EB,  together  with  BG,  to 
which  DF  the  other  remainder  has  a  given  ratio,  is 
given.  The  second  part  is  plain  from  this  and  Prop.  15. 

«o.  PROP.  XXIII. 

See  N.  IffroM  ft®0  given  magnitudes  there  be  taken  magnitudes 
which  have  a  given  ratio  to  one  another,  the  remainders 
shall  either  have  a  given  ratio  to  one  another,  or  the 
excess  of  one  of  them  above  a  given  magnitude  shall 
have  a  given  ratio  to  the  other. 

Let  AB,  CD,  be  two  given  magnitudes,  and  from 
them  let  the  magnitudes  AE,  CF,  which  have  a  given 
ratio  to  one  another,  be  taken;  the  remainders  EB, 
FD,  either  have  a  given  ratio  to  one  another,  or  the 
excess  of  one  of  them  above  a  given  magnitude  has  a 
given  ratio  to  the  othef. 
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Because   AB»    CD,   are 
each   of   them    given,   the    A  IT  *r 

ratio  of  AB  to  CD  is  given:        ^  ** 

and  if  this  ratio  be  the  same   p      x»  -rv 

with  the  ratio  of  AE  to  CF,   ** »  *'• 

then  the  remainder  EB  has*  *  19. 5. 

the  same  given  ratio  to  the  remainder  FD. 

But  if  the  ratio  of  AB  to  CD  be  not  the  same  with 
the  ratio  of  AE  to  CF,  it  is  either  greater  than  it,  or,  by 
inversion,  the  ratio  of  CD  to  AB  is  greater  than  the 
ratio  of  CF  to  AE :  first,  let  the  ratio  of  AB  to  CD  be 
greater  than  the  ratio  of  A  E  to  CF ;  and  as  AE  to  CF, 
so  make  AG  to  CD ;  therefore  the  ratio  of  AG  to  CD 
is  given,  because  the  ratio  of  AE  to  CF  is  given ;  and 
CD  is  given ;  wherefore  *  AG  is  given  ;  and  because  *  2  Dat. 
the  ratio  of  A  B  to  CD  is  greater  than  the  ratio  of  (AE 
to  CF  that  is,  than  the  ra- 
tio of)  AG  to  CD ;  AB  is    A  EG  B 
greater  *   than  AG  :    and                      ^     ■  *  10. 5. 
AB,  AG,  are  given ;  there-    p              "FT) 

fore  the  remainder  BG  is    — ♦ ^ 

given  :  and  because  as  AE 

to  CF,  so  is  AG  to  CD,  and  so  is  *  EG  to  FD ;  the  ratio  *  19. 5. 
of  EG  to  FD  is  given  :  and  GB  is  given  ;  therefore  EG, 
the  excess  of  EB  above  a  given  magnitude  GB,  has  a 
given  ratio  to  FD.      The  other  case  is  shewn  in  the 
same  way. 

PROP.  XXIV.  is. 

If  there  be  three  magnitudes^  thejlrst  of  which  has  a  given  8ce  N- 
ratio  to  the  second,  and  the  excess  of  the  second  above 
a  given  magnitude  has  a  given  ratio  to  the  third ;  the 
excess  of  the  Jirst  above  a  given  magnitude  shall  also 
have  a  given  ratio  to  the  third. 

Let  AB,  CD,  E,  be  the  three  magnitudes  of  which 
AB  has  a  given  ratio  to  CD,  and  the  excess  of  CD 
above  a  given  magnitude  has  a  given  ratio  to  E ;  the 
excess  of  AB  above  a  given  magnitude  has  a  given 
ratio  to  E. 

Let  CF  be  the  given  magnitude,  the  excess  of  CD 
above  which,  viz.  FD,  has  a  given  ratio  to  E :  and  be- 
cause the  ratio  of  AB  to  CD  is  given,  as  AB  to  CD, 
so  make  AG  to  CF ;  therefore  the  ratio  of  AG  to  CF,. 
is  given :  and  CF  is  given,  wherefore  *  AG  h  given :  *  s  Dat. 

A   A 
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•19.5. 
*  9  Dat. 


17. 


•  9  Dat. 


*  18  Dat. 
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and  because  as  AB  to  CD,  so  is  AG 
to  CF,  and  so  is  *  GB  to  FD ;  the 
ratio  of  GB  to  FD  is  given.  And  the 
ratio  of  FD  to  E  is  given,  wherefore  * 
the  ratio  of  GB  to  E  is  given,  and  AG 
is  given  ;  therefore  GB  the  excess  of 
AB  above  a  given  magnitude  AG  has 
a  given  ratio  to  E. 

Coit.  1.  And  if  the  first  have  a  given 
ratio  to  the  second,  and  the  excess  of 
the  first  above  a  given  magnitude  have 
a  given  ratio  to  the  third ;  the  excess  of  the  second 
above  a  given  magnitude  shall  have  a  given  ratio  to 
the  third.  For,  if  the  second  be  called  the  first,  and  the 
first  the  second,  this  corollary  will  be  the  same  with  the 
proposition. 

Cor.  2.  Also,  if  the  first  have  a  given  ratio  to  the 
second,  and  the  excess  of  the  third  above  a  given  mag- 
nitude have  also  a  given  ratio  to*  the  second,  the  same 
excess  shall  have  a  given  ratio  to  the  first;  as  is  evi- 
dent from  the  9th  Dat. 

PROP.  XXV. 

If  there  be  three  magnitudes,  the  excess  qfthejirst  where- 
of above  a  given  magnitude  has  a  given  ratio  to  the 
second ;  and  the  excess  of  the  third  above  a  given  mag- 
nitude has  a.  gyven  ratio  to  the  same  second :  thejint 
shall  either  have  a  given  ratio  to  the  thirds  or  the  ex- 
cess of  one  of  them  above  a  given  magnitude  shall  have 
a  given  ratio  to  the  other. 

Let  AB,  C,  DE,  be  three  magnitudes,  and  let  the 
excesses  of  each  of  the  two  AB,  DE,  above  given  mag- 
nitudes, have  given  ratios  to  C ;  AB,  DE,  either  have  a 
given  ratio  to  one  another,  or  the  excess  of  one  of  them 
above  a  given  magnitude  has  a  given  ratio  to  the  other. 

LetTB  the  excess  of  AB  above  the 
$iven  magnitude  AF  have  a  given  ratio 
to  C ;  and  let  GE,  the  excess  of  DE 
above  the  given  magnitude  DG  have  a 
given  ratio  to  C ;  and  because  FB,  GE 
have  each  of  them  a  given  ratio  to  C, 
they  have  a  given  *  ratio  to  one  an- 
other. But  to  FB,  GE  the  given  mag- 
nitudes AF,  DG  are  added;  there- 
fore *  the  whole  magnitudes  AB,  DE, 
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have  either  a  giwn  ratio  t*  one  another,  or  die  excess 
•of  one  of  them  above  a  given  magnitude,  has  a  given 
ratio  to  the  other. 


PROP.  XXVI.  is. 

If  there  be  three  magnitudes,  the  excesses  of  one  of  which 
above  given  magnitudes  have  given  ratios  to  the  other 
two  magnitudes ;  these  two  shall  either  have  a  given 
ratio  to  one  another,  or  the  excess  of  one  of  them  above 
a  given  magnitude  tkaU  lave  a  given  tntioto  the  other. 

.  Let  AB,  CD,  EF,  be  three  magnitudes,  and  let  GD, 
the  excess  of  one  of  them  CD  above  the  given  magni- 
tude CO,  have  a  given  ratio  to  AB :  and  also  let  KD, 
the  excess  of  the  same  CD  above  the  given  magnitude 
CK,  have  a  given  ratio  to  EF,  either  AB  has  a  given 
ratio  to  EF,  or  the  excess  of  one  of  them  above  a  given 
magnitude  has  a  given  ratio  to  the  other. 

Because  GD  has  a  given  ratio  to  AB,  as  GD  to  AB, 
so  make  CG  to  HA ;  therefore  the  ratio  of  CG  to  HA 
is  given ;  and  CG  is  given,  wherefore *  HA  is  given  2  •  *  t>»t 
and  because  as  GD  to  AB,  so  is  CG  to  HA,  and  so 
is  *  CD  to  HB :  the  ratio  of  CD  to  HB  is  given :  also  •  11. 5. 
because  KD  has  a  given  ratio  to  EF,  as  KD  to  EF, 
so  make   CK  to   LE :   therefore  the 
ratio  of  CK  to  LE  is  given ;  and  CK     H 
is    given,    wherefore  LE  *  is   given ; 
and  because  as  KD  to  EF,  so  is  CK  to 
LE,  and  so*  is  CD  to  LF ;  the  ratio  of 
CD  to  LF  is  given :  but  the  ratio  of 
CD  to  HB  is  given ;  wherefore  *  the 
ratio  of  HB  to  LF  is  given.;  .and  from 
HB,  LF  the  given  magnitudes  HA, 
LE  being  taken,  the  remainders  AB, 
EF  shall  either  have  a  given  ratio  to  one  another,  or 
the  excess  of  one  of  them  above  a  given  magnitude  has 
a  given  ratio  to  the  other  *.  •  19  Dat. 

Another  Demonstration. 

Let  AB,  C,  DE,  be  three  magnitudes,  and  let  the 
excesses  of  one  erf  ebem  C  above  given  magnitudes  have 
given  ratios  to  AB,  and  DE  •;  either  AB,  DE,  have  a 
given  ratio  to  one  another,  or  the  excess  of  one  of  them 
above  a  given  magnitude  has  a  given  ratio  to  jthe  other. 
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•9  Dat 
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*  14  Dat. 


*  14  Dat. 


*  9  Dat. 


•  19  Dat 


F 
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Because  the  excess  of  C  above  a  given  magnitude 
has  a  given  ratio  to  AB :  therefore*  AB  together  with 
a  given  magnitude  has  a  given  ratio  to 
C :  let  this  given  magnitude  be  AF, 
wherefore  FB  has  a  given  ratio  to  C : 
also  because  the  excess  of  C  above  a 
given  magnitude  has  a  given  ratio  to 
DE ;  therefore  *  DE  together  with  a 
given  magnitude  has  a  given  ratio  to 
C :  let  this  given  magnitude  be  DG, 
wherefore  GE  has  a  given  ratio  to  C:  and  FB  has  a  given 
ratio  to  C,  therefore*  the  ratio  of  FB  to  GE  is 
given:  and  from  FB,  GE,  the  given  magnitudes  AF, 
DG  being  taken,  the  remainders  AB,  DE,  either  have  a 
given  ratio  to  one  another,  or  the  excess  of  one  of  them 
above  a  given  magnitude  has  a  given  ratio  to  the  other*. 
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19. 


•*Dat 


•  19.  5. 


*9Dat 


PROP.  XXVII. 

If  there  be  three  magnitudes,  the  excess  of  the  first  of 
which  above  a  given  magnitude  has  a  given  ratio  to  the 
second ;  and  the  excess  of  the  second  above  a  given 
magnitude  has  also  a  given  ratio  to  the  third :  the  ex- 
cess of  the  first  above  a  given  magnitude  shall  have  a 
given  ratio  to  the  third. 

Let  AB,  CD,  E,  be  three  magnitudes,  the  excess  of 
the  first  of  which  AB  above  the  given  magnitude,  AG, 
viz.  GB,  has  a  given  ratio  to  CD :  and  FD  the  excess 
of  CD  above  the  given  magnitude  CF,  has  a  ffiven 
ratio  to  E :  the  excess  of  AB  above  a  given  magnitude 
has  a  given  ratio  to  E. 
.  Because  the  ratio  of  GB  to  CD  is  given,  as  GB  to 
CD,  so  make  GH,  to  CF;  therefore 
the  ratio  of  GH  to  CF  is  given ;  and 
CF  is  given,  wherefore*  GH  is  given ; 
and  AG  is  given,  wherefore  the  whole 
AH  is  given  :  and  because  as  GB  to 
CD,  so  is  GH  to  CF,  and  so  is  *  the 
remainder  HB  to  the  remainder  FD ; 
the  ratio  of  HB  to  FD  is  given :  and 
the  ratio  of  FD  to  E  is  given,  where-  Bl  ,  DJ  El 
fore*  the  ratio  of  HB  to  E  is  given: 
and  AH  is  given ;  therefore  HB  the  excess  of  AB 
above  a  given  magnitude  AH  has  a  given  ratio  to  E., 
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"  Otherwise, 

"  Let  AB,  C,  D,  be  three  magnitudes,  the  excess 
u  EB  of  the  first  of  which  AB  above  the  given  magni- 
"  tude  AE  has  a  given  ratio  to  C,  and 
"the  excess  of  C  above  a  given  mag- 
"  nitnde  has  a  given  ratio  to  D :  the 
"  excess  of  AB  above  a  given  magni- 
"  tude  has  a  given  ratio  to  D. 

"  Because  EB  has  a  given  ratio  to 
"  C,  and  the  excess  of  C  above  a  given 
(<  magnitude  has  a  given  ratio  to  D ; 
"  therefore  *  the  excess  of  EB  above  a 
"  given  magnitude  has  a  given  ratio  to 
"  D :  let  this  given  magnitude  be  EF ;  therefore  FB 
"  the  excess  of  EB  above  EF  has  a  given  ratio  to  D:  and 
"  AF  is  given,  because  AE,  EF,  are  given:  therefore 
"  FB  the  excess  of  AB  above  a  given  magnitude  AF 
u  has  a  given  ratio  to  D." 

PROP.  XXVIII.  ' 


Bi 


d 


0 


*24Dat. 


*5. 


If  two  lines  given  in  position  cut  one  another ',  the  point  or  See  N. 
points  in  which  they  cut  one  another  are  given. 

Let  two  lines  AB,  CD,  given  in  position,  cut  one  an* 
other  in  the  point  E;  the  point  E  is  given. 

Because  the  Ijnes  AB,  CD, 
are  given  in  position;  they 
'  have  always  the  same  situa- 
tion*, and  therefore  the  point, 
or  points,  in  which  they  cut 
one  another  have  always  the 
same  situation :  and  because 
the  lines  AB,  CD,  can  be 
found  *,  the  point,  or  points, 
in  which  they  cut  one  another, 
are  likewise  found;  and  there- 
fore are  given  in  position*. 


•  4  Def. 


.£  *4Def. 


D 


PROP.  XXIX. 


•  4  Def. 


26. 


If  the  extremities  of  a  straight  line  be  given  in  position  ; 
the  straight  line  is  given  in  position  and  magnitude. 

Because  the  extremities  of  the  straight  line  are  given, 
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*  4  Def.      they  can  be  found  * :  let  these  be  the  points  A>  B,  be- 
tween which  a  straight  line  AB 

•lPostu-    can   be   drawn*;  this  has  an     a_ ji 

!»te.         invariable  position,  because  be- 
tween two  given  points  there 

can  be  drawn  but  one  straight  line :  and  when  the 
straight  line  AB  is  drawn,  its  magnitude  is  at  the  same 
time  exhibited,  or  given:  therefore  the  straight  line 
AB  is  given  in  position  and  magnitude. 

tr.  PROP.  XXX. 

If  one  of  the  extremities  of  a  straight  line  given  in  posi- 
tion and  magnitude  be  given  ;  the  other  extremity  shall 
also  be  given. 

Let  the  point  A  be  given,  to  wit,  one  of  the  extremi- 
ties of  a  straight  line  given  in  magnitude,  and  which 
\  lies  in  the  straight  line  AC  given  in  position ;  the 
other  extremity  is  also  given. 

Because  the  straight  Jine  is  given  in  magnitude,  one 

*  l  Def.       equal  to  it  can  be  found  * :  let  this  be  the  straight  line 

D:    from   the  greater  straight 

line  AC  cut  off  AB  equal  to  the       .  B        P 

lesser  D:    therefore  the  other      A  J — - — - 

extremity  B  of  the  straight  line 

AB  is  found  :  and  the  point  B     D 

has  always  the  same  situation; 

because  any  other  point  in  AC,  upon  the  same  side  of 

A,  cuts  off  between  it  and  the  point  A  a  greater  or  less 

straight  line,  than  AB,  that  is,  tjjan  D :  therefore  the 

•  4  Def.      point  B  is  given  *  :  and  it  is  plain  another  such  point 

can  be  found  in  AC,  produced  upon  the  other  side  of 
the  point  A. 

28.  PROP.  XXXI. 

If  a  straight  line  be  drawn  through  a  given  point  parallel 
to  a  straight  line  given  in  position ;  that  straight  litie 
is  given  in  position. 

Let  A  be  a  given  point,  and  BC  a  straight  line  given 
in  position ;  the  straight  line  drawn  through  A  parallel 
to  BC  is  given  in  position. 
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Through     A     draw  *    the  .  •  si.  1. 

straight  line  DAE  parallel  to    i\  A  v 

BC;    the   straight    line   DAE      - ■  E 

has  always  the  same  position,     -^ 
because  no  other  straight  line     "  ,£■ 

can  be  drawn  through   A  pa- 
rallel to  BC :  therefore  the  straight  line  DAE  which 
has  been  found  is  given  *  in  position.  *  4  Def. 

PROP.  XXXII.  t9. 

If  a  straight  line  be  drawn  to  a  given  point  in  a  straight 
line  given  in  position,  and  make  a  given  angle  with 
it ;  that  straight  line  is  given  in  position. 

Let  AB  be  a  straight  line  given  in  position,  and  C  a 
given  point  in  it,  the  straight 
line    drawn      to    C,    which 
makes  a   given    angle   with 
CB,  is  given  in  position. 
•    Because  the  angle  is  given, 

one  equal  to  it  can  be  found  # ;      \P^ __  *  i  Def. 

let  this  be  the  angle  at  D.  At 
the  given  point  C,  in  the 
given      straight     line      AB 

make  *  the  angle  ECB  equal  /  *  *3.  l. 

to  the  angle  at  D :  therefore 
the  straight  line  EC  has  al- 
ways the  same  situation,  because  any  other  straight  line 
FC,  drawn  to  the  point  C,  makes  with  CB  a  greater  or 
less  angle  than  the  angle  EBC,  or  the  angle  at  D : 
Therefore  the  straight  line  EC,  which  has  been  found, 
is  given  in  position. 

It  h  to  be  observed,  that  there  are  two  straight  lines 
EC,  GC,  upon  one  side  of  AB,  that  make  equal  angles 
with  it,  and  which  make  equal  angles  with  it  when  pro- 
duced to  the  other  side. 

PROP.  XXXIII.  so. 

If  a  straight  line  be  drawn  from  a  given  point  to  a  straight 
line  given  in  position,  and  make  a  given  angle  with  it ; 
that  straight  line  is  given  in  position. 

From  the  given  point  A  let  the  straight  line  AD  be 
drawn  to  the  straight  line  BC  given  in  position,  and 
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make  with  it  agiven  angle  ADC: 
AD  is  given  in  position. 

*  31.  i.  Through  the  point  A  draw* 

the  straignt  line  EAF  parallel 
to  BC ;  and  because  through 
the  given  point  A  the  straight 
line  EAF  is  drawn  parallel  to 
BC,  which  is  given  in  position,  EAF  is  therefore  given 

*  31  Dat.     jn  pOSition  *.     And  because  the  straight  line  AD  meets 

*  S9.  l.       the  parallels  BC,  EF,  the  angle  EAD  is  equal #  to  the 

angle  ADC;  and  ADC  is  given,  wherefore  also  the 
angle  EAD  is  given :  therefore,  .because  the  straight 
line  DA  is  drawn  te  the  given  point  A  in  the  straight 
line  EF  given  in  position,  and  makes  with  it  a  given 

*  32  Dat    angle  EAD,  AD  is  given  *  in  position. 

».  PROP.  XXXIV. 

See  N.  If  from  a  given  point  to  a  straight  line  given  in  position, 
a  straight  line  be  drawn  which  is  given  in  magnitude  ; 
the  same  is  also  given  in  position. 

Let  A  be  a  given  point,  and  BC  a  straight  line 
given  in  position,  a  straight  line  given  in  magnitude, 
drawn  from  the  point  A  to  BC,  is  given  in  position. 

Because  the  straight  line  is  given  in  magnitude,  one 

*  l  Def.       equai  to  it  can  De  found  #  ;  ]et  this  be  the  straight  line 

D:  from  the  point  A  draw  AE  perpendicular, to  BC: 

and  because  AE  is  the  shortest  of  all 

the  straight  lines  which  can  be  drawn 

from  the  point  A  toBC,  the  straight 

line  D,  to  which  one  equal  is  to  be 

drawn  from  the  point  A  to  BC,  can- 


not be  less  than  AE.      If  therefore      B 

D  be  equal  to  AE,  AE  is  the  straight     D   " 

line  given  in  magnitude  drawn  from 

the  given  point  A  to  BC :  and  it  is  evident  that  AE  is 

*  33  Dat.     given  in  position  *,  because  it  is  drawn  from  the  given 

point  A  to  BC,  which  is  given  in  position,  and  makes 
with  BC  the  given  angle  AEC. 

But  if  the  straight  line  D  be  not  equal  to  AE,  it 

must  be  greater  than  it :  produce  AE,  and  make  AF 

equal  to  D ;  and  from  the  centre  A,  at  the  distance 

1  AF,  describe  the  circle  GFH,  and  join  AG,  AH  :  be- 

*  6  Def.     cause  the  circle  GFH  is  given  in  position  *,  and  the 
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•S8Dat 


straight  line   BC  is  also  given  in   position;   there- 
fore their  intersection  G  is 
given  * ;  and  the  point  A  is 
given  ;     wherefore   AG   is 

S"  ven  in  position  * ;  that  is,                  /        \  «  29  Dat 

e  straight  line  AG  given     6 — u^    Ml >>ft     V 

in  magnitude  (for  it  is  equal 
to  D)9  and  drawn  from  the 
given  point  A  to  the  straight 

line  BC  given  in  position,  is  also  given  in  position ; 
and  in  like  manner  AH  is  given  in  position :  therefore 
in  this  case  there  are  two  straight  lines  AG,  AH,  of 
the  same  given  magnitude  which  can  be  drawn  from  a 
given  point  A  to  a  straight  line  BC  given  in  position. 

PROP.  XXXV.  st. 

If  a  straight  line  be  drawn  between  two  parallel  straight 
lines  given  in  position,  and  make  given  angles  with 
them;  the  straight  line  is  given  in  magnitude. 

Let  the  straight  line  EF  be  drawn  between  the  paral- 
lels AB,  CD,  which  are  given  in  position,  and  make 
the  given  angles  BEF,  EFD :  EF  is  given  in  magni- 
tude. 

In  CD  take  the  given  point  G,  and  through  G  draw  *  *  31.  1. 
GH  parallel  to  EF :  and  because  CD  meets  the  paral- 
lels GH,  EF,  the  angle  EFD  is  equal  *  to  the  angle  *  29. 1. 
HGD:  and  EFD  is  a  given 
angle ;  wherefore  the  angle 
HGD  is  given  :  and  because 
HG  is  drawn  to  the  given  point 
G,  in  the  straight  line  CD, 
given  in  position,  and  makes  a 
given  angle  HGD;  the  straight 
line  HG  is  given  in  position  * :  and  AB  is  given  in  posi-  *  38  Dat 
tion:  therefore  the  point  H  is  given  *:  and  the  point  G  is  *  28  Dtt. 
also  given,  wherefore  GH  is  given  in  magnitude*:  and  *  29  Dat 
EF  is  equal  to  it,  therefore  EF  is  given  in  magnitude*    ' 

PROP.  XXXVI.  as. 

If  a  straight  line  given  in  magnitude  be  drawn  between  See  N. 
two  parallel  straight  lines  given  in  position,  it  shall 
make  given  angles  with  the  parallels. 

* 

Let  the  straight  line  EF  given  in  magnitude  be  drawn 


36* 
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*  1  Def. 

*  12. 1. 


♦  6  Def. 

•  28  Dat. 


*  29  Dat. 


*  A.  Def. 


*  34.  1. 


*  *».  t. 


*  1  Def. 


E    H    B 


F    K    D 
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between  the  parallel  straight  lines 
AB,  CD,  which  are  given  in  po- 
sition :  the  angles  AEF,  EFC, 
shall  be  given. 

Because  EF  is  given  in  magni- 
tude, a  straight  line  equal  to  it  can 
be  found  *;  let  this  be  G:  in  AB 
take  a  given  point  H,  and  from  it 
draw*  HK  perpendicular  to  CD :  therefore  the  straight 
line  G,  that  is,  EF,  cannot  be  less  than  HK  :  and  if  G 
be  equal  to  HK,  EF  also  is  equal  to  it ;  wherefore  EF 
is  at  rigljt  angles  to  CD ;  for  if  it  be  not,  EF  would  be 
greater  than  HK,  which  is  absurd.  Therefore  the  angle 
EFD  is  a  right,  and  consequently  a  given  angle: 

But  if  the  straight  line  G  be  not  equal  to  HK,  it 
must  be  greater  than  it;  produce  HK,  and  take  HL 
equal  to  G;  and  from  the  centre  H,  at  the  distance 
HL,  describe  the  circle  MLN,  and  join  HM,  HN : 
and  because  the  circle  *  MLN,  and  the  'straight  line 
CD,  are  given  in  position,  the  points  M,  N  are  *  given : 
and    the    point    H    is 

given,     wherefore    the    ^  E  H         B 

straight  lines  HM,  HN, 
are  given  in  position*: 
and  CD  is  given  in 
position ;  therefore  the 
angles  HMN,    HNM, 

are  given  in  position*;  G— — 

of  the  straight  lines  HM, 

HN,  let  HN  be  that  which  is  not  parallel  to  EF,  for 
EF  cannot  be  parallel  to  both  of  them  :  and  draw  EO 
parallel  to  HN :  EO  therefore  is  equal  *  to  HN,  that 
is,  to  G;  and  EF  is  equal  to  G;  wherefore  EO  is 
equal  to  EF,  and  the  angle  EFO  to  the  angle  EOF, 
that  is  *,  to  the  given  angle  HNM,  and  because  the 
angle  HNM,  which  is  equal  tp  the  angle  EFO,  or  EFD, 
has  been  found ;  therefore  the  angle  EFD,  that  is,  the 
angle  AEF,  is  given  in  magnitude  * ;  and  consequently 
the  angle  EFC. 


ND 


E.  .  PROP.  XXXVII. 

SeeN.        If  a  straight  line  given  in  magnitude  be  drawn  from  a 

point  to  a  straight  line  given  in  position,  in  a  given 

<     angle ;  the  straight  line   drawn  through  that  point 
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parallel  to  the  straight  line  given  in  position,  it  give* 
in  position. 

Let  the  straight  line  AD  given  in  magnitude  be 
drawn  from  the  point  A,  to  the 
straight  line  BC  given  in  position, 
in  the  given  angle  ADC;  the 
straight  line  EAF  drawn  through  A 
parallel  to  BC  is  given  in  position. 

In  BC  take  a  given  point  G,  and 
draw  GH  parallel  to  AD :  and  be- 
cause HG  is^drawn  to  a  given  point  G  in  the  straight 


is  equal  to  #  AD,  which  is  given  in  magnitude :  there-  *  S4«  l. 
fore  because  G>  one  of  the  extremities  of  the  straight 
line  GH,  given  in  position  and  magnitude,  is  given,  the 
other  extremity  H  is  given  * ;   and  the  straight  line  *  30 
EAF,   which  is  drawn   through  the  given   point  H 
parallel  to  BC  given  in  position,  is  therefore  given  *  in  *  31 
position* 


Dat 


Dat. 


PROP.  XXXVIII. 


34. 


If  a  straight  line  be  draxvnfrom  a  given  point  to  two  pa- 
rallel straight  lines  given  in  position  ;  the  ratio  of  the 
segments  between  the  given  point  and  the  parallels  shall 
be  given. 

Let  the  straight  line  EFG  be  drawn  from  the  given 
point  E  to  the  parallels  AB,  CD,  the  ratio  of  EF  to 
EG  is  given. 

From"  the  point  Edraw  EHK  perpendicular  to  CD; 
and  because  from  a  given  point  E  the  straight  line  EK 
is  drawn  to  CD  which  is  given  in  position,  in  a  given 
adgle  EKC ;  EK  is  given  in  position  * ;  and  AB,  CD,  •  33  Dat. 


&. 


FH        B 


C  KG  D 

TT 15 

are  given  in  position ;  therefore  *   the  points  H,  K  *  28  Dat. 


964* 

*t9Dat 
« l  Dat. 


35,36. 
SeeN. 


•  33  Dat. 

« 

•  28  Dat. 

•  89  Dat. 


♦2  Dat 
*  30  Dat. 
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are  given :  and  the  point  E  is  given;  wherefore  *  E^, 
EK  are  given  in  magnitude,  and  the  ratio  *  of  thenvis 
therefore  given.     But  as  EH  to  EK,  so  is  EF  to  EG, 
because  AB,  CD,  are  parallels ;  therefore  the  ratio  of 
EF  to  EG  is  given.    . 

PROP.  XXXIX. 

If  the  ratio  of  the  segments  of  a  straight  line  between  a 
given-  point  in  it  and  two  parallel  straight  lines  be 
given ;  if  one  of  the  parallels  be  given  in  position,  the 
other  is  also  given  in  position. 

From  the  given  point  A,  let  the  straight  line  AED 
be  drawn  to  the  two  parallel  straight  lines  FG,  BC, 
and  let  the  ratio  of  the  segments  AE,  AD,  be  given ; 
if  one  of  the  parallels  BC  be  given  in  position,  the 
other  FG  is  also  given  in  position. 

From  the  point  A  draw  AH  perpendicular  to  BC, 
and  let  it  meet  FG  in  K;  and  because  AH  is  drawn 
from  the  given  point  A  to  the  straight  line  BC  gJJe* 
in  position,  and  makes  a  given  angle  AHD ;  AH  is 


A 

F 

E/ 

K    G 

B 

r>     i 

H     C 

given  *  in  position ;  and  BC 
is  likewise  given  in  position, 
therefore  the  point  H  is  given  * ; 
the  point  A  is  also  given;  where- 
fore AH  is  given  in  magni- 
tude *,  and,  because  FG,  BC, 
are  parallels,  as  AE  to  AD,  so 
is  AK  to  AH ;  and  the  ratio 
of  AE  to  AD  is  given,  where- 
fore the  ratio  of  AK  to  AH  is  given ;  but  AH  is  given 
in  magnitude,  therefore  *  AK  is  given  in  magnitude;  and 
it  is  also  given  in  position,  and  the  point  A  is  given : 
wherefore*  the  point  K  is  given.  And  because  the 
straight  line  FG  is  drawn  through  the  given  point  K 
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parallel  to  BC  which  is  given  in  position,  therefore  •  *  si  Dat 
FG  is  given  in  position. 

PROP.  XL.  ST,  38. 

If  the  ratio  qf  the  segments  of  a  straight  line  into  which  &**  N. 
it  is  cut  by  three  parallel  straight  lines  be  given;  if 
.  two  of  the  parallels  be  given  in  position,  the  third  it 
also  given  in  position. 

Let  AB,  CD,  HK,  be  three  parallel  straight  lines, 
of  which  AB,  CD  are  given  in  position  ;  and  let  the 
ratio  of  the  segments  GE,  GF,  into  which  the  straight 
line  GEF  is  cut  by  the  three  parallels,  be  given ;  the 
third  parallel  HK  is  given  in  position. 

In  AB  take  a  given  point  L,  and  draw  LM  perpen- 
dicular to  CD,  meeting  HK  in  N:   because  LM  is 
drawn  from  the  given  point  L  to  CD  which  is  given  in 
position,  and  makes   a   given  angle  LMD  ;   LM  is 
given  in  position  * ;  and  CD  is  given  in  position,  where-  *  ss  Dat 
rare  the  point  M  is  given*;  and  the  point  L  is  given ;  LM  *  28  Dat. 
is  therefore  given  in  magnitude*;  and  because  the  ratio  *  *9  Dat. 
of  GE  to  GF  is  given,  and  as  GE  to  GF,  so  is  NL  to 


CF  M        D  CF  Ml) 

NM ;  the  ratio  of  NL  to  NM  is  given ;  and  therefore  *  *  Cor.  6. 
the  ratio  of  ML  to  LN  is  given ;  but  ML  is  given  in  irZF^ 
magnitude*,  wherefore*  LN  is  given  in  magnitude:  or  7  Dat)  < 
and  it  is  also  given  in  position,  and  the  point  L  is  given,  *  *  Dat. 
wherefore  *  the  point  N  is    given :    and  because  the  *  so  Dat 
straight  line  HK  is  drawn  through  the  given  point  N 
parallel  to  CD,  which  is  given  in  position,  therefore 
HK  is  given  in  position  *.  *  31  Dat. 

PROP.  XLI.  F. 

If  a  straight  line  meet  three  parallel  straight  lines  which  Sce  N* 
are  given  in  position ;  the  segments  into  which  they  cut 
it  have  a  given  ratio. 

Let  the  parallel  straight  lines  AB,  CD,  EF,  given 


are 
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•  33  Dat. 


*  29  Dat. 

*lDat. 

39. 
SeeN. 


*82.  1. 


6.1. 


*  1  Def. 


•lDat. 
*  3  Def. 

40. 


A G    I.     ft 


M_l) 


EK 


N V 


m  position,  be  cut  by  the  straight  line  GHK ;  the  ratio  * 

of  GH  to  HK  is  given. 

In  AB  take  a  given  point  L, 
and  draw  LM  perpendicular  to 
CD,  meeting  EF  in  N ;  there- 
fore* LM  Is  given  in  position : 
and  CD,  EF,  are  given  in  posi- 
tion, wherefore  the  points  M,  N, 
are  given :  and  the  point  L  is 
given  ;  therefore  *  the  straight 
lines  LM,  MN,  are  given  in 
magnitude ;  and  the  ratio  of  LM  to  MN  is  therefore 
given  * :  but  as  LM  to  MN,  so  is  GH  toJHK ;  where- 
fore the  ratip  of  GH  to  HK  is  given. 

PROP.  XLH. 

If  each  of  the  sides  of  a  triangle  be  given  in  magnitude  j 
the  triangle  is  given  in  species. 

Let  each  of  the  sides  of  the  triangle  ABC  be  given 
in  magnitude,  the  triangle  ABC  is  given  in  species* 

Make  a  triangle*  DEF,  the  sides  of  which  are 
equal,  each  to  each,  to  the  given  straight  lines  AB, 
BC,  CA ;  which  can  be  done,  because  any  two  of  them 
must  be  greater  than 
the  third  ;  and  let 
DE  be  equal  to  AB, 
EF  to  BC,  and  FD 
to  CA ;  and  because 
the  two  sides  ED, 
DF,  are  equal  to  the 
two  BA,  AC,  each 

to  each,  and  the  base  EF  equal  to  the  base  BC ;  the 
•angle  EDF  is  equal  *  to  the  angle  BAC ;  therefore,  be- 
cause the  angle  EDF,  which  is  equal  to  the  angle 
BAC,  has  been  found,  the  angle  BAC  is  grven  * :  in 
like  manner  the  angles  at  B,  C,  are  given.  And  be- 
cause the  sides  AB,  BC,  CA,  are  given,  their  ratios  to 
one  another  are  given  * ;  therefore  the  triangle  ABC  is 
given  *  in  species. 

PROP.  XLIII. 

If  each  of  the  angles  of  a  triangle  be  given  in  magnitude: 

the  triangle  is  given  in  species. 

Let  each  of  the  angles  of  the  triangle  ABC  be  given 
in  magnitude,  the  triangle  ABC  is  given  in  specie* 
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Take  a  straight  line  DE 
given  in  position  and  magni- 
tude, and  at  the  points  D,  E, 
make  *  the  angle  EDF  equal 
to  the  angle  BAC,  and  the 
angle  DEF  equal  to  ABC ; 
therefore  the  other  angles 
EFD,  BCA  are  equal,  and 

each  of  the  angles  at  the  points  A,  B,  C  is  given, 
wherefore  each  of  those  at  the  points  D,  E,  F,  is  given : 
And  because  the  straight  line  FD  is  drawn  to  the  given 
point  D  in  DE  which  is  given  in  position,  making  the 
given  angle  EDF;  therefore  DF  is  given  in  position*; 
In  like  manner  EF  also  is  given  in  position  ;  wherefore 
the  point  F  is  given :  and  the  points  D,  E  are  given ; 
therefore  each  of  the  straight  lines  DE,  EF,  FD  is 
given*  in  magnitude;  wherefore  the  triangle  DEF  is  * 29 Dat. 
given  in  species  * ;  and  it  is  similar  *  to  the  triangle  *  4$  **■*• 
ABC ;  which  therefore  is  given  in  species.  1  ^ef#  6> 

PROP.  XLIV.  41. 

If  one  of  the  angles  of  a  triangle  be  given,  and  if  the 
sides  about  it  have  a  given  ratio  to  one  another ;  the 
triangle  is  given  in  species. 

Let  the  triangle  ABC  have  one  of  its  angles  BAC 
given,  and  let  the  sides  BA,  AC,  about  it  have  a  given 
ratio  to  one  another ;  the  triangle  ABC  is  given  in 
species. 

Take  a  straight  line  DE  given  in  position  and  mag- 
nitude, and  at  the  point  D,  in  the  given  straight  line 
DE,  make  the  angle  EDF  equal  to  the  given  angle 
BAC :  wherefore  the  angle  EDF  is  given  ;  and  because 
the  straight  line  FD  is  drawn  to  the  given  point  D  in 
J£D»  which  is  given  in  position, 
making  the  given  angle  EDF ; 
therefore  FD  is  given  in  posi- 
tion *.  And  because  the  ratio 
of  BA  to  AC  is  given,  make 
the  ratio  of  ED  to  DF  the  same 
with  it,  and  join  EF ;  and  be- 
cause the  ratio  of  ED  to  DF  is  given,  and  ED  is  given, 
therefore  *  DF  is  given  in  magnitude:  and  it  is  given  *  %  Dat. 
also  in  position,  and  the  point  D  is  given,  wherefore 
the  point  F  is  given  *;  and  the  points  D,  E  are  giv^n,  •  so  Dat. 


•  S2  Dat. 


968 
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*  49  Dat.  wherefore  DE,  EF,  FD  are  given*  in  magnitude;  and 
the  triangle  DEF  is  therefore  given*  in  species;  and 
because  the  triangles  ABC,  DEF  have  one  angle  BAC 
equal  to  one  angle  EDF,  and  the  sides  about  these 
angles  proportionals;  the  triangles  are*  similar,  but 
the  triangle  DEF  is  given  in  species,  and  therefore  also 
the  triangle  ABC* 


•  42  Dat. 


•6.6. 


it . 

SeeN. 


*  t  Dat. 


*  2  Dat. 


•  22.  5. 


*  20.  1. 
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•  42  Dat. 


•5.6. 


PROP.  XLV. 

If  the  sides  of  a  triangle  have  to  one  another  given  ratios  ; 

the  triangle  is  given  in  species. 

Let  the  sides  of  the  triangle  ABC  have  given  ratios 
to  one  another,  the  triangle  ABC  is  given  in  species. 

Take  a  straight  line  D  given  in  magnitude ;  and  be- 
cause the  ratio  of  AB  to  BC  is  given,  make  the  ratio 
of  D  to  E  the  same  with  it ;  and  D  is  given,  therefore* 
E  is  given.     And  because  the  ratio  of  BCto  CA  is 

fiven,  to  this  make  the  ratio  of  E  to  F  the  same ;  and 
1  is  given,  and  therefore  *  F.  And  because  as  AB  to 
BC,  so  is  D  to  E;  by  composition  AB  and  BC  to- 
gether are  to  BC,  as  D 
and  E  to  F:  but  as  BC 
to  CA,  so  is  E  to  F; 
therefore,  ex  sequali  *,  as 
AB  and  BC  are  to  CA, 
so  are  D  and  E  to  F,,and 
AB  and  BC  are  greater* 
than  CA ;  therefore  D 
and  E  are  greater  *  than 
F.  In  the  6ame  manner, 
any  two  of  the  three  D,  E,  F  are  greater  than  the 
third.  Make  *  the  triangle  GHK,  whose  sides  are 
equal  to  D,  E,  F,  so  that  GH  be  equal  to  D,  HK  to 
E,  and  KG  to  F ;  and  because  D,  E,  F  are,  each  of 
them,  given,  therefore  GH,  HK,  KG  are  each  of  them 
given  in  magnitude;  therefore  the  triangle  GHK  is 

§iven  *  in  species :  but  as  AB  to  BC,  so  is  (D  to  E, 
lat  is)  GH  to  HK ;  and  as  BC  to  CA,  so  is  (E  to  T, 
that  is)  HK  to  KG;  therefore,  ex  aequali,  as  AB  to 
AC,  so  is  GH  to  GK.  Wherefore*  the  triangle 
ABC  is  equiangular  and  similar  to  the  triangle  GHK"; 
and  the  triangle  GHK  is  given  in  species :  therefore 
also  the  triangle  ABC  is  given  in  species. 


D  E  ? 


•A.  ft. 
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Cob.  If  a  triangle  be  required  to  be  made,  tbe  sides 
of  whicb  shall  have  tbe  same  ratios  which  three  given 
straight  Uses  D,  E,  F  have  to  one  another;  it  is 
necessary  that  every  two  of  them  be  greater  than  tbe 
third* 

PROP.  XLVI.  4*. 

If  the  sides  of  a  right  angled  triangle  about  one  of  the 
acute  angles  have  a  given  ratio  to  one  another;  the  tri- 
angle is  given  in  species. 

Let  the  sides  AB,  BC  about  the  acute  angle  ABC 
of  the  triangle  ABC,  which  has  a  right  angle  at  ,A> 
have  a  given  ratio  to  one  another;  the  triangle  ABC  is 
given  in  species. 

Take  a  straight  line  DE  given  in  position  and  mag- 
nitude ;  and  because  the  ratio  of  AB  to  BC  is  given, 
make  as  AB  to  BC,  so  DE  to  EF;  and  because  DE 
ba6  a  given  ratio  to  EF,  and  DE  is  given,  therefore  *  •  t  Dth 
EF  is  given ;  and  because  as  AB  to  BC,  so  is  DE  to 
EF;  and  AB  is  less  *  than  BC,  therefore  DE  is  less  *  !  **•}• 
than  EF.  From  the  point  D  draw  DG  at  right  angles 
to  DE,  and  from  the 
centre  E,  at  the  distance 
EF,  describe  a  circle 
which  shall  meet  D6  in 
two  points;  let  G  be 
either  of  them,  and  join 
EG:  therefore  the  cir- 
cumference of  the  circle  is  given  *  in  position;  and  the  *  6  Def« 
straight  line  DG  is  given  *  in  position,  because  it  is  *  **  D»t. 
drawn  to  the  given  point  D  in  DE  given  in  position, 
in  a  given  angle;  therefore  *  the  point  G  is  given,  and  *  *&  Dat» 
the  points  D,  E  are  given,  wherefore  DE,  EG,  GD  are 
given  *  in  magnitude,  and  the  triangle  DEG  in  **9Dat. 
species*.  And  because  the  triangles  ABC, , DEG,  #4f  Dat. 
have  the  angle  BAC  equal  to  the  angle  EDG,  and  the 
sides  about  the  angles  ABC,  DEG  proportionals,  and 
each  of  the  other  angles  BCA,  EGD,  less  than  a  right 
angle;  the  triangle  ABC  is  equiangular*  and  similar  to  *  r\6* 
the  triangle  DEG;  but  DEG  is  given  in  species ;  there- 
fore the  triangle  ABC  is  given  in  species :  and  in .  the 
same  manner,  the  triangle  made  by  drawing  a  straight 
fine  from  E  to  the  ptber  point  in  which,  the  circle 
meets  DG,  is  given  in  species. 

B    B 
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PROP.  XLVIL 

(f  q,  triavgk  have  one  of  its  angles  wHch  is  not  a  right 
mgle  gwe%  and*  if&e  ^e$  <^out  anther  Cfngle  Juwe  a 
given  ratio  to  one  another  s  the  triangle  is  given  in 
species. 

Let  the  triangle  ABC  have  one  of  its  angles  ABC  a 
gives,  but  «0t  *  right  angle,  ao4  let  the  tides  BA,  AQ 
about  ^mother  angle  BAC  have  a  given  ratio  to  one 
another ;  the  triangle  ABC  is  given  in  species. 

First,  let  the  given  ratio  be  the  ratio 
of  equality,  that  is,  let  the  sides  BA,  AC, 
and  consequently  the  angles  ABC,  ACB, 
be  equal;  and  because  the  angle  ABC  is 
given,  the  angle  ACB,  and  also  the  re- 
maining* angle  BAC  is  given;  there- 
fore the  triangle  ABC  is  given  *  in  spe- 
etes ;  and  it  is  evident  that  in  this  case 
the  given  angle  ABC  must  be  acute. 

Next,  let  the  given  ratio  be  the  ratio  of  a  less  to  a 
greater,  that  is,  let  the  side  AB  adjacent  to  the  given 
angle  be  less  than  the  side  AC :  take  a  straight  line 
DE  given  in  position  and  magnitude,  and  make  the 
angle  DEF  equal  to  the  given  angle  ABC:  there- 
* 39 Dat  for*  £F  is  given*  in  posi- 
tion; and  because  the  ratia 
of  BA  to  AC  is  given,  as 
PA  to  AC*  so  makeJED  to 
DG;  and  because  the  ratio 
ef  ED  to  DG  is  given,  and 
ED  is  given,  the  straight 
line  DG  is  given  *,  and  6  A 
is  less  than  AC,  therefore 
ED  is  less*  than  DG.  From 
the  centre  D,  at  the  distance 
DG,  describe  the  circle  GF 
meeting  EF  in  F,  and  join 
DF ;  and  because  the  circle 
is  given*  in  position,  as  also 

the  straight  line  EF,  the  point  F  is  given  * ;  and  the 
points  D,  E,  are  given ;  wherefore  the  straight  lines  DE, 
EF.  FD  are  given*  in  magnitude,  and  the  triangle 
DEF  in  species  *•  And  because  BA  is  less  than  AC, 
the  angle  ACB  is  less  *  than  the  angle  ABC,  and 
therefore  ACB  is  less  *  than  a  right  angle.    In  the 
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•7.6. 


same  manner  because  ED  is  less  than  DO  or  DF9  the 
angle  DFE  is  less  than  a  right  angle:  and  because  the 
triangles  ABC,  DEF,  have  the  angle  ABC  equal  to 
the  angle  DEF,  and  the  sides  about  the  angles  BAC, 
EDF,  proportionals,  and  each  of  the  other  angles 
ACB,  DEF,  less  than  a  right  angle;  the  triangles 
ABC,  DEF  are  *  similar,  and  DEF  is  given  in  species,  *  7. 6. 
wherefore  the  triangle  ABC  is  also  given  in  species. 

Thirdly,  let  the  given  ratio  be  the  ratio  of  a  greater 
td  a  less,  that  is,  let  the  side  AB  adjacent  to  the  given 
angle  be  greater  than  AC ;  and,  as  in  the  last  case, 
take  a  straight  line  DE  given  in 
position  and  magnitude,  and  make 
the  angle  DEF  equal  to  the  given 
angle  ABC;  therefore  EF  is 
given  *  in ,  position :  also  draw 
1)G  perpendicular  to  EF;  there- 
fore if  the  ratio  of  BA  to  AC  be 
the  same  with  the  ratio  of  ED  to 
the  perpendicular  DG,  the  tri- 
angles ABC,  DEG,  are  similar #, 
because  the  angles  ABC,  DEG, 
are  equal,  and  DGE  is  a  right 
angle :   therefore  the  angle  ACB 

is  a  right  angle,  and  the  triangle  ABC  is  given  *  in     43  Ual* 
species. 

But  if,  in  this  last  case,  the  given  ratio  of  BA  to  AC 
be  not  the  same  With  the  ratio  of  ED  to  DG,  that  is, 
with  the  ratio  of  BA  to  the  perpendicular  AM  drawn 
from  A  to  BC ;  the  ratio  of  BA  to  AC  must  be  less  * 
than  the  ratio  of  BA  to  AM,  because  AC  is  greater 
than  AM.     Make  as  BA  to  AC,  so  ED  to  DH;  there- 
fore the  ratio  of  ED  to  DH  is  less  than  the  ratio  of 
(BA  to  AM,  that  is,  than  the  ra- 
tio of)  ED  to  DG  :  and  conse- 
quently DH    is    greater  #   than 
DG ;   and  because  BA  is  greater 
than  AC,  ED  is  greater*  than 
DH.     From  the  centre  D,  at  the 
distance  DH,  describe  the  circle 
KHF  which    necessarily    meets 
the  straight  line  EF  in  two  points, 
because  DH  is  greater  than  DG, 
and  less  than  DE.    Let  the  circle 
meet  EF  in  the  points  F,   K, 
which  are  given,  as  wfc*  shewn  iu 
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the  preceding  case;  and  DF,  DK  being  joined,  the  tri- 
angles DEF,  DEK  are  given  in  species,  as  was  there 
shewn.  From  the  centre  A,  at  the  distance  AC, 
describe  a  circle  meeting  BC  again  in  L:  and  if  the 
angle  ACB  be  less  than  a  right  angle,  ALB  must  be 
greater  than  a  right  angle ;  and  on  the  contrary.  In 
the  same  manner,  if  the  angle  DFE  be  less  than  a  right 
angle,  DKE  must  be  greater  than  one;  and  on  the  con- 
trary. Let  each  of  the  angles 
ACB,  DFE    be  either   less    or 

freater  than  a  right  angle;  and 
ecause  in  the  triangles  ABC, 
DEF,  the  angles  ABC,  DEF, 
are  equal,  and  the  sides  BA,  AC, 
and  ED,  DF,  about  two  of  the 
other  angles  proportionals,  the 
triangle  ABC  is  similar  *  to  the 
triangle  DEF.  In  the  same 
manner  the  triangle  ABL  is 
similar  to  DEK.  And  the  tri- 
angles DEF,  DEK  are  given  in 
species;  therefore  also  the  triangles  ABC,  ABL  are 
given  in  species.  And  from  this  it  is  evident,  that,  in 
this  third  case,  there  are  always  two  triangles  of  a  dif- 
ferent species,  to  which  the  things  mentioned  as  given 
in  the  proposition  can  agree. 

PROP.  XLVIII. 

If  a  triangle  have  one  angle  given,  and  if  both  the  sides 
together  about  that  angle  have  a  given  ratio  to  the  re- 
maining side  i   the  triangle  is  given  in  species. 
Let  the  triangle  ABC  have  the  angle  BAC  given, 
and  let  the  sides  BA,  AC,  together  about  that  angle 
have  a  given  ratio  to  BC;  the  triangle  ABC  is  given  in 
species. 

Bisect*  the  angle  BAC  by  the  straight  line  AD; 
therefore  the  angle  BAD  is  given.  And  because  as 
BA  to  AC,  so  is  *  BD  to  DC,  by  permutation,  as  AB 
to  BD,  so  is  AC  to  CD ;  and  as  B  A  and  AC  together 
to  BC,  so  is*  AB  to  BD.  But 
the  ratio  of  BA  and  AC  together 
to  BC  is  given,  wherefore  the  ratio 
of  AB  to  BD  is  given,  and  the 
angle  BAD  is  given ;  therefore  * 
the  triangle  ABD  is  given  in  spe- 
cies, and  the  angle  ABD  is  there- 
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fore  given  ,*  the  angle  B AC  is  also  given,  wherefore  the 
triangle  ABC  is  given  in  species  *.  •  43  Dtt. 

A  triangle  which  shall  have  the  things  that  are  men- 
tioned in  the  proposition  to  be  given,  can  be  found  in 
the  following  manner.  Let  EFG  be  the  given  angle, 
and  let  the  ratio  of  H  to  K  be  the  given  ratio  which 
the  two  sides  about  the  angle  EFG  must  have  to  the 
third  side  of  the  triangle ;  therefore,  because  two  sides 
of  a  triangle  are  greater  than  the  third  side,  the  ratio 
of  H  to  K  must  be  the  ratio  of  a  greater  to  a  less. 
Bisect  *  the  angle  EFG  by  the  straight  line  FL,  and  *  9«  *• 
by  the  47th  Proposition  find  a  triangle  of  which  EFL 
is  one  of  the  angles,  and  in  which  the  ratio  of  the  sides 
about  the  angle  opposite  to  FL  is  the  same  with  the  ra- 
tio of  H  to  K :  to  do  which,  take  FE  given  in  position 
and  magnitude,  and  draw  EL  perpendicular  to  FL: 
then  if  the  ratio  of  H  to  K  be  the  same  with  the  ratio 
of  FE  to  EL,  produce  EL, 
and  let  it  meet  FG  in  P; 
the  triangle  FEP  is  that 
which  was  to  be  found: 
for  it  has  the  given  angle 
EFG;  and  because  this 
angle  is  bisected  by  FL, 
the  sides  EF,  EP,  toge- 
ther are  to  EP  as  *  FE  to  ^  •  j.  6. 
EL,  that  is,  as  H  to  K. 

But  if  the  ratio  of  H  to  K  be  not  the  same  with  the 
ratio  of  FE  to  EL,  it  must  be  less  than  it,  as  was 
shewn  in  Prop.  47.»  and  in  this'  case  there  are  two 
triangles,  each  of  which  has  the  given  angle  EFL, 
and  the  ratio  of  the  sides  about  the  angle  opposite  to 
FL  the  same  with  the  ratio  of  H  to  K.  By  Prop.  47. 
find  these  triangles  EFM,  EFN,  each  of  which  has  the 
angle  EFL  for  one  of  its  angles,  and  the  ratio  of  the 
side  FE  to  EM  or  EN  the  same  with  the  ratio  of  H  to 
K;  and  let  the  angle  EMF  be  greater,  and  ENF  less, 
than  a  right  angle.  And  because  H  is  greater  than  K, 
EF  is  greater  than  EN,  and  therefore  the  angle  EFN, 
that  is,  the  angle  NFG,  is  less  *  than  the  angle  ENF.  •  is.  i. 
To  each  of  these  add  the  angles  NEF,  EFN ;  therefore 
the  angles  NEF,  EFG  are  Jess  than  the  angles  NEF, 
EFN,  FNE,  that  is,  than  two  right  angles ;  therefore 
the  straight  lines,  EN,  FG,  must  meet  together  when 
produced ;  let  them  meet  in  O,  and  produce  EM  to  G. 
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Each  of  the  triangles  EFG*  EFO,  has  the  things  men* 
tioned  to  be  given  in  the  proposition:  for  each  of  them 
has  the  given  angle  EFG ;  and  because  this  angle  is 
bisected  by  the  straight  line  FMN,  the  sides  EF,  FG, 
together  have  to  EG  the  third  side  the  ratio  of  FE  to 
EM,  that  is,  of  H  to  K.  In  like  manner,  the  sides  EF, 
FO,  together  have  to  EO  the  ratio  which  H  has  to  K. 


46. 


*  44  Dat. 


*  43  Dat. 


PROP.  XLIX. 

If  a  triangle  have  one  angle  given,  and  jf  the  sides  about 
another  angle  both  together  have  a  given  rati*  to  the 
third  side ;  the  triangle  is  given  in  species* 

Let  the  triangle  ABC  have  one  angle  ABC  given, 
and  let  the  two  sides  BA,  AC,  about  another  angle 
BAC  have  a  given  ratio  to  BC;  the  triangle  ABC  » 
given  in  species. 

Suppose  the  angle  BAC  to  be  bisected  by  the 
straight  line  AD ;  BA  and  AC  together  are  to  BC,  as 
AB  to  BD,  as  was  shewn  in  the  preceding  proposition. 
But  the  ratio  of  BA  and  AC  together  to  BC  is  given ; 
therefore  also  the  ratio  of  AB  to  BD  is  given.  And 
the  angle  ABD  is  given,  wherefore*  the  triangle 
ABD  is  given  in  species ;  and  consequently  the  angle 
BAD,  and  its  double  the  angle  BAC  are  given:1  and  the 
angle  ABC  is  given.  Therefore 
the  triangle  ABC  is  given  in 
species  *. 

A  triangle  which  shall  have 
the  things  mentioned  in  the 
proposition  to  be  given  may 
be  thus  found.  Let  EFG  be 
the  given  angle,  and  the  ratio  of 
H  to  K  the  given  ratio;  and  by 
Prop.  44.  find  the  triangle  EFL, 
which  has  the  angle  EFG  for 
one  of  its  angles,  and  the  ratio 
of  the  sides,  EF,  FL,  about  this 
angle  the  same  with  the  ratio  of 
H  to  K ;  and  make  the  angle  LEM  equal  to  the  angle 
FEL.  And  because  the  ratio  of  H  to  K  is  the  ratio 
which  two  sides  of  a  triangle  have  to  the  third,  H  urot 
be  greater  than  K.  And  because  EF  is  to  FL,  as  H 
to  K,  therefore  EF  is  greater  than  FL,  and  the  angle 
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FEL*  that  is,  LEM*  is  ttafefbrt  teas  than  th*  apgjfc 
ELF.  Wherefore  the  angles  LFEy  FEM,  artf  \M 
than  two  right  angles,  as  wa»  shewn  in  th*  JbntfgpHfeg 
proposition,  and  the  straight  line*  FL,  EM,  must  neet 
if  produced ;  let  them  meet  in  G,  EFG  ife  the  trkfcgle 
which  was  to  be  found:  for  EFG  is  one  of  its  angles,  and 
because  the  angle  FEG  is  bisected  by  EL,  the  two 
sides,  FE,  EG,  together  have  to  the  third  side  FG  the 
ratio  of  EF  to  FL,  that  is,  the  given  ialk>  of  H  to-  K, 

PROP.  L.  76. 

If  from  the  vertex  of  a  triangle  given  in  species,  a 
straight  line  be  drawn  to  the  base  in  a  given  angle  j 
it  shaft  have  a  given  ratio  to  the  base* 

Frtx*  the  vertex  A  of  the  triangle  ABC  whfcl  is 
given  hi  species,,  let  AD  be  drawn  to  the  base  BC  in  d 
given  angle  ADB ;  die  ratio  of  AD  to  BC  is  given. 

Because  the  triangle  ABC  is  given 
in  species,  the  angle '  ABD  is  given, 
and  the  angle  ADB  is  given*  these- 

fi*e  the  triangle  ABD  is  given  *  in     /    \       "X^  *  *  Dtt* 
species  i  wfcereforte  the  ratio  of  AD     jjf     J)  r  £ 

t,a  AB  .  fe-  gfrem,   And  the  ratio  of 
AB  to  BC  is  given ;  and  therefore  *  tb*  t$Xm  of  AD  tto 
BC  is  g>ven. 

PROP.  LI.  47. 

BectSiimff^ure^  gwfcn  in  specks*  art  divided!  kdb  &i± 
anglies  which  are  given  hi  species* 

Let  l/he  rectilineal  figure  ABCDE  be  given  fan  speL 
eies:  ABCDE-  may  be  divided  ibtt*  triangles  given-  na 
spseies. 

Join  BE,  B©?  and  because  ABCDE.  is  given  ik 
species,  the  angle  BAE  is  given*,  *sDef. 

and  the  ratio  of  BA  to*  AE<  is 
given  * ;  wherefore  the  triangle 
BAE  isi  given  in  species  *,,  and.  the 
angle  AEB  is  therefore  given,"* 
But  the  whole  angle  AED  is  given, 
and  therefore:  the  remaining  angle 
BED  is.  given,  and'  the.  ratio  of  AE< 
to  KB  is  given,  as  ako>  the  i*aJio  of 
AEtoED;  therefor  tbei^Or©£BE^EDuwiivan^  •9*sfc 
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And  tbe  angle  BED  is  given,  wherefore  the  triangle 
•  44  Dat.  feED  is  given  *  in  species.  In  the  same  manner,  the 
triangle  BDC  is  given  in  species ;  therefore  rectilineal 
figures  which  are  given  in  species  are  divided  into  tri- 
angles given  in  species. 


46. 


PROP.  LII. 


If  two  triangles  given  in  species  be  described  upon  the 
same  straight  line ;  they  shall  have  a  given  ratio  to  one 
another. 

« 

Let  the  triangles  ABC,  ABD,  given  in  species,  be 
described  upon  the  same  straight  line  AB;  the  ratio  of 
the  triangle  ABC  to  the  triangle  ABD  is  given. 

Through  the  point  C,  draw  CE  parallel  to  ABr  and 
let  it  meet  DA  produced  in  E,  and  join  BE.  Because 
the  triangle  ABC  is  given  in  species,  the  angle  BAC,  that 
is,  the  angle  ACE,  is  given;  and  because  the  triangle 
ABD  is  given  in 
species,  the  angle 
DAB,  that  is, 
the  angle  AEC,  is 
given.  Therefore 
the  triangle  ACE 
is  given  in  spe- 
cies ;  wherefore 
'   the  ratio  of  E A  to 

*  s  Oef.       AC  is  given  *,  and  the  ratio  of  CA  to  AB  is  given,  as 
•9 Dat.      also  the  ratio  of  BA  to  AD;  therefore  the  ratio  of* 

•  57.  i.        EA  to  AD  is  given,  and  the  triangle  ACB  is  equal  # 

to  the  triangle  AEB,  and  as  the  triangle  AEB,  or 

*  i.  6.         ACB,  is  to  the  triangle  ADB,  so  is  *  the  straight  line 

EA  to  AD:  but  the  ratio  of  EA  to  AD  is  given; 
therefore  the  ratio  of  the  triangle  ACB  to  the  triangle 
ADB  is  given. 

PROBLEM. 

To  find  the  ratfoof  two  triangles  ABC,  ABD^  given 
in  species,  and  which  are  described  upon  the  same 
,  straight  line  AB. 

Take  a  straight  line  FG  given  in  position  and  mag- 
nitude, and  because  the  angles  of  the  triangles  ABC, 
ABD  are  given,  at  the  points  F,  G,  of  the  straight  line 

•  $5.  l.       FG,  make  the  angles  GFH,  GFK  *,  equal  to  the  an- 
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gles  BAC,  BAD  and  the  angles  FGH,  FGK,  equal 
to  the  angles  ABC,  ABD,  each  to  each.  Therefore  the 
triangles  ABC,  ABD  are  equiangular  to  the  triangles 
FGH,  FGK,  each  to  each.  Through  the  point  H  draw 
HL  parallel  to  FG,  meeting  KF  produced  in  L.  And 
because  the  angles  BAC,  BAD  are  equal  to  the  angles 
GFH,VGFK,  each  to  each  ;  therefore  the  angles  ACE, 
AEC  are  equal  to  FHL,  FLH,  each  to  each,  and  the 
triangle  AEC  equiangular  to  the  triangle  FLH.  There- 
fore as  EA  to  AC,  so  is  LF  to  FH,  and  as  C A  to  AB, 
so  HF  to  FG ;  «nd  as  BA  to  AD,  so  is  GF  to  FK; 
wherefore,  ex  sequali,  as  EA  to  AD,  so  is  LF  to  FK. 
But,  as  was  shewn,  the  triangle  ABC  is  to  the  triangle 
ABD,  as  the  straight  line  EA  to  AD,  that  is,  as  LF  to 
FK.  The  ratio  therefore  of  LF  to  FK  has  been  found, 
which  is  the  same  with  the  ratio  of  the  triangle  ABC 
to  the  triangle  ABD. 

PROP.  LIU.  49. 

If  two  rectilineal  figures  given  in  species  be  described  upon  See  N. 
the  same  straight  lime  ;  they  shall  have  a  given  ratio  to 
one  another. 

% 

Let  any  two  rectilineal  figures  ABCDE,  ABFG, 
which  are  given  in  species,  be  described  upon  the  same 
straight  line  AB ;  the  ratio  of  them  to  one  another  is 
given. 

Join  AC,   AD,  AF;   each  of  the  triangles  AED, 
ADC,  ACB,  AGF,  ABF  is  given  *   in  species.    And  •  15  Dtu 
because  thev  triangles  ADE,   ADC  given  in  species, 
are  described  upon   the  same 
straight  line  AD,  the  ratio  of  _ 

EAD  to  DAC  is  given  *;  and       F^--^^^^        *  5f  Dtt# 
by  composition,    the   ratio  of         If"     /       J^fC 
EACD.to  DAC  is  given*.  \     / *^^ I      •mat. 


And  the  ratio  of  DAC  to  CAB 

is  given  *,  because  they  are  de-         T^^^ZZ    ^      •  5S  Dtt 

scribed  upon  the  same  straight     ~ 

line  AC;    therefore  the  ratio  _-   T 

of  EACDto  ACB  is  given*;*  fl     A.  L  My  q     •9Dat. 

and,  by  composition,  the  ratio 

of  ABCDE  to  ABC  is  given.    In  the  same  manner, 

the  ratio  of  ABFG,  to  ABF  is  given.    But  the  ratio 

of  the  triangle  ABC  to  the  triangle  ABF  is  given ; 
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•  59  Dat.     wherefore  •  because  (be  ratio  of  ABCDE  to  ABC  is 

given?  as  also  the  ratio  of  ABC  to  ABF>  and  the  ratio 
of  ABF  to  ABFG ;  the  ratio  of  the  rectilineal  ABCDE 

*  9  Dat      to  the  rectilineal  ABFG  is  given  *. 

PROBLEM. 

To  find  the  ratio  of  two  rectilineal  figures  givew  in 
species,  and  described  mott  the  same  straight  line. 

Let  ABCDE,  ABFG  be  two  rectilineal  figures 
given  in  species,  and  described  upon  the  same  straight 
line  AB,  and  join  AC,  AD,  AF.  Take  a  straight  Hne 
HK  given  in  positron  and  magnitude,  and  by  the  54ti 
Dat  find  the  ratio  of  the  triangle  ADE  to  the  triangle 
ADC,  and  make  the  ratio  of  HK  to  KL  the  same  wtth 
it  Find  also  the  ratio  of  the  triangle  ACD  to  the  tri- 
angle ACB,  and  make  the  ratio  of  KL  to  LM  the 
same.  Also,  find  the  ratio  of  the  triangle  ABC  to  the 
,  triangle  ABF,  and  make  the  ratio  of  LM  to  MN  the 
same.  And,  lastly,  find  the  ratio  of  the  triangle  AFB 
to  the  triangle  AFG,  and  make  the  ratio  of  MN  to 
NO  the  same.  Then  the  ratio  of  ABCDE  to  ABFG 
is  the  same  with  the  ratio  of  HM  to  MO. 

Because  the  triangle  EAD 
is  to  the  triangle  DAC,  as  the 
straight  line  HK  to  KL;  and 
as  the  triangle  DAC  to  CAB*, 
so  is  the  straight  line  KL  to 
LM  ;  therefore  by  using  com- 
position as  often  as  the  numw 
ber  of  triangles  requires,  the 
rectilineal  ABCDE  is  to  the  ^»  T   irxr 

triangle  ABC,  as  the  straight    H      ^^  ^"T  Q 
line  HM  to  ML*      Inc  like 

manner, '  because  the  triangle  GAF  is  to  FAB,  a*  ON 
to  NM,  by  composition,  the  rectilineal  ABFG  is  to 
the  triangle  ABF  as  MO  to  NM,  and  by  uurersioBv  as 
ABF  to  ABFG  so  is  NM  to  MO.  And  the  triangle 
ABC  is  to  ABF,  as  LM  to  MN.  Wherefore,  because 
as  ABCDE  to  ABC,  so  i*  HM  to  ML:  and  as  ABC 
to  ABF,  so  is  LM  to  MN;:  and  as  ABF  to  ABFG,  a* 
is  MN  to  MO ;  ex  aequali,  as  the  rectilineal  A 
to  ABFG,  so  is  the  straight  line  HM  to  MOt 


;m* 
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PROP.  LIV.  5a 


If  two  straight  lines  have  a  given  ratio  to  one  another  ; 
the  similar  rectilineal  fgures  described  upon  them  shmir 
larly,  shall  have  a  given  ratio  to  one  another. 

Let  the  straight  tines  AB,  CD,  have  *  given  ratio  to 
one  another,  and  let  the  similar  and  similarly  placed 
rectilineal  figures  E,  P,  be  described  upon  then;  the 
ratio  of  E  to  F  is  given. 

To  AB,  CD,  let  Gbe  a 
third  proportional;  therefore 
as  AB  to  CD,  so  is  CD  to,  G. 
And  the  ratio  of  AB  to  CD  is 

fiven  ;  wherefore  *tbe  ratio  of 
5D  to  G  is  given ;  and  conse- 
quently the  ratio  of  AB  to  G        H  1C       L 
is  also  given  *.    But  as  AB  to  •  9  Dtt 
G,  so  is  the  %ure  E  to  the  figure  *  F.    Therefore  the  •?*  Cor, 
ratio  of  E  to  F  is  given.  *°-  6« 

PROBLEM. 

* 

To  find  the  ratio  of  two  similar  rectilineal  figures 
E»  F,  similarly  described  upon  straight  lines  AB,  CD, 
which  have  a  given  ratio  to  one  another:  Let  G  be  a 
third  proportional  to  AB,  CD. 

Take  a  straight  line  H  given  in  magnitude ;  and  be- 
cause the  ratio  of  AB  to  CD  is  given,  make  the  ratio 
of  H  to  K  the  same  with  it ;  and  because  H  is  givei* 
K  is  given.  As  H  is  to  K*  so  make  K  to  L ;  then  the 
ratio  of  E  to  F  is  the  same  with  the  ratio  of  H  to  L: 
for  AB  is  to  CD,  as  H  to  K,  wherefore  CD  is  to  G,  as 
K  to  L ;  and,  ex  sequalf,  as  AB  to  G*  so  is  H  to  L  ; 
but  the  figure  E  is  to*  the  figure  F,  as  AB  to  G,  •  %  Cor., 
that  is,  as  H  to  L.  *  so.  6. 

PROP.  LV.  5i. 


\** 


If  two  straight  lines  have  a  given  ratio  to  one  mother ; 
the  rectilineal  figures  given  in  species,  described  upon 
them%  shaffl  have  to  one  another  a  given  ratio. 

Let  AB,  CD,  be  two  straight  lines  which  have  a 
given  ratio  to  one  another;  the  rectilineal  figures  E,  F, 
given  in  species  and  described  upon  theiife  have  a  given 
ratio  to  ooe,  another. 
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Upon  the  straight  line  AB,  describe  the  figure  AG 
similar  and  similarly  placed  to  the  figure  F;  and  be- 
cause F  is  given  in  species,  AG  is  also  given  in  species; 
therefore,  since  the  figures  * 

E,  AG,  which  are  given 
in  species,  are  described 
upon  the  same  straight 
line  AB,  the  ratio  of  E 

•  53  Dat.    to  AG  is   given  *,    and 

because  the  ratio  of  AB 
to  CD  is  given,  and  up- 
on them  are  described  the  similar  and  similarly  placed 

•  54  Dtt    rectilineal  figures  AG,  F,  the  ratio  of  AG  to  F  is  given  * ; 

and  the  ratio  of  AG  to  E  is  given ;  therefore  the  ratio 

•  9  Dat.      of  E  to  F  is  given  *.  # 

PROBLEM. 

To  find  the  ratio  of  two  rectilineal  figures  E,  F, 
given  in  species  and  described  upon  the  straight  lines 
AB,  CD,  which  have  a  given  ratio  to  one  another. 

Take  a  straight  line  H  given  in  magnitude;  and  be- 
cause the  rectilineal  figures  E,  AG,  given  in  species, 
are  described  upon  the  same  straight  line  AB,  find 
their  ratio  by  the  53d  Dat.  and  make  the  ratio  of  H  to 
K  the  same,  K  is  therefore  given.  And  because  the 
similar  rectilineal  figures  AG,  F,  are  described  upon 
the  straight  lines  AB,  CD,  which  have  a  given  ratio, 
find  their  ratio  by  the  54th  Dat.  and  make  the  ratio  of 
K  to  L  the  same :  the  figure  E  has  to  F  the  same  ratio 
which  H  has  to  L :  for  by  the  construction,  as  E  is  to 
AG,  so  is  H  to  K ;  and  as  AG  to  F,  so  is  K  to  L : 
therefore,  ex  aequali,  as  E  to  F,  so  is  H  to  L. 

«-  PROP.  LVL 

If  a  rectilineal  Jigure  given  in  species  be  described  upon 
a  straight  line  given  in  magnitude ;  the  Jigure  is  given 
in*  magnitude* 

Let  the  rectilineal  figure  ABCDE  given  in  species, 
be  described  upon  the  straight  line  AB  given  in  mag- 
nitude ;  the  figure  ABCDE  is  given  in  magnitude. 

Upon  AB  let  the  square  AF  be  described ;  therefore 
AFis  given  in  species  and  magnitude,  and  because  the 
rectilineal  figures  ABCDE,  AF,  given  in  species  are 
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8S1 


described  upon  the  same  straight 
line  AB,  the  ratio  of  ABCDE 
to  A F  is  given*:  but  the  square 
AF  is  given  in  magnitude,  there- 
fore *  also  the  figure  ABCDE 
is  given  in  magnitude. 

PROB. 

To  find  the  magnitude  of  a 
rectilineal  figure  given  in  spe- 
cies described  upon  a  straight 
line  given  in  magnitude. 

Take  the  straight  line  GH 
equal    to    the    given    straight 

line  AB,  and  by  the  53d  Dat.  find  the  ratio  which  the 
square  AF  upon  AB  has  to  the  figure  ABCDE ;  and 
make  the  ratio  of  GH  to  HK  the  same;  and  upon 
GH  describe  the  square  GL  and  complete  the  paral- 
lelogram LHKM;  the  figure  ABCDE  is  equal  to 
LHKM.  Because  AFis  to  ABCDE,  as  the  straight 
line  GH  to  HK,  that  is,  as  the  figure  GL  to  HM ; 
and  AF  is  equal  to  GL ;  therefore  ABCDE  is  equal 
toHM*. 


•  53  Dat. 


•  S  Dat, 


•14.5. 


PROP.  LVIL  53. 

If  two  rectilineal  figures  be  given  in  species,  and  if  a 
side  of  one  of  them  have  a  given  ratio  to  a  side  of  the 
other;  the  ratios  of  the  remaining  sides  to  the  remain- 
ing sides  shall  be  given. 

Let  AC,  DF,  be  two  rectilineal  figures  given  in 
species,  and  let  the  ratio  of  the  side  AB  to  the  side 
DE  be  given,  the  ratios  of  the  remaining  sides  to  the 
remaining  sides  are  also  given. 

Because  the  ratio  of  AB  to  DE  is  given,  as  also*  the  *  3  Def. 
ratios  of  AB  to  BC,  and  of  DE  to  EE,  the  ratio  of  BC 
to  EF,  is,  given  *.      In  the  same  manner  the  ratios  of  *  to  *>»t. 
the  other  sides  to  the  other  sides  are  given. 

The  ratio  which  BC  has  to  EF  may  be  found  thus : 
take  a  straight  line  G  given  in  magnitude,  and  because 
the  ratio  of  BC  to  BA  is  given,  make  the  ratio  of  G  to 
H  the  same ;  and  because  the  ratio  of  AB  to  DE  is 
given,  make  the  ratio  of  H  to  K  the  same ;  and  make 
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the  ratio  of  K  to  L  the 
same  with  the  given  ratio 
of  DE  to  EF.  Since  there-  ' 
fore  as  BC  to  BA,  so  is 
G  to  H;  and  as  BA  to 
DE,  so  is  H  to  K;  and 
as  DE  to  EF,  so  is  K  to 
L;  ex  aequali,  BC  is  to 
EF,  as  6  to  L ;  therefore 
the  ratio  of  G  to  L  has 
been  found,  which  is  the 
same  with  the  ratio  of  BC  to  EF. 


G  H  K 


G. 

SeeN. 


•SCor. 
SO.  6. 


•  13  Dat. 


PROP.  LVIIL 

Jf  two  similar  rectilineal  figures  have  a  given  ratio  to 
one  another^  their  homologous  sides  have  also  a  given 
ratio  to  one  another. 

Let  the  two  similar  rectilineal  figures  A,  B,  have  a 
given  ratio  to  one  another,  their  homologous  sides  have 
also  a  given  ratio. 

Let  the  side  CD  be  homologous  to  EF;  and  to  CD, 
EF,  let  the  straight  line  G  be  a  third  proportional. 
As  therefore  *  CD  to  G,  so  is  the  figure  A  to  B ;  and 
the  ratio  of  A  to  B  is  given, 
therefore  the  ratio  of  CD  to 
G  is  given;  and  CD,  EF, 
G,  are  proportionals;  where- 
fore* the  ratio  of  CD  to  EF 
is  given. 
.     The  ratio  of  CD  to  EF 


try 


TT 


may  be  found  thus :  take  a 
straight  line    H    given    in 

magnitude ;  and  because  the  ratio  of  the  figure  A  to  B 
is  given,  make  the  ratio  of  H  to  K  the  same  with  it : 
and,  as  the  13th  Dat.  directs  to  be  done,  find  a  meaa 
proportional  L  between  H  and  K ;  the  ratio  of  CD  to 
EF  is  the  same  wkh  that  of  H  to  L.  Let  G  be  a  third 
proportional  to  CD,  EF;  therefore  as  CD  to  G,  so  is 
(A  to  B,  and  so  is)  H  to  K ;  and  as  CD  to  EF,  so  is 
H  to  L,  as  is  shewn  in  die  13th  Dat. 
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PROP.  LIX. 


54. 


If  two  rectilineal  Jigures  given  in  species  have  a  given  See  N- 
ratio  to  one  another^ ,  their  sides  shall  likewise  have 
given  ratios  to  one  another. 

Let  the  two  rectilineal  figures  A,  B,  given  in  species, 
have  a  given  ratio  to  one  another!  their  sides  shall  also 
have  given  ratios  to  one  another. 

If  trie  figure  A  be  similar  to  B,  their  "homologous 
sides  shall  have  a  given  ratio  to  one  another,  by  the  pre- 
ceding proposition ;  and  because  the  figures  are  given 
in  species,  the  sides  of  each  of  them  have  given  ratios*  *  3  Def. 
to  one  another ;  therefore  each  side  of  one  of  them 
has  *  to  each  side  of  the  other  a  given  ratio.  *  9  Dat 

But  if  the  figure  A  be  not  similar  to  B,  let  CD,  EF, 
be  any  two  of  their  sides ;  and  upon  EF  conceive  the 
figure  EG  to  be  de- 
scribed similar  and  simi- 
larly placed  to  the  figure 
A,  so  that  CD,  EF  be 
homologous  sides :  there- 
fore EG  is  given  in  spe- 
cies :  and  the  figure  B  is 
given  in  species ;  .where- 
fore* the  ratio  of  B  to 
EG  is  given:  and  the 
ratio  of  A  to  B  is  given, 

therefore  *  the  ratio  of  the  figure  A  to  EG  is  given  *  •  9  Dtt. 
and  A  is-  similar  to  EG;  therefore  *  the  ratio  of  the  *  58  Dat 
side  CD  to  EF  is  given ;  and  consequently*  the  ratios  •  9  Dat. 
of  the  remaining  sides  to  the  remaining  sides  are  given. 

The  ratio  of  CD  to  EF  may  be  found  thus :  take  a 
Straight  line  H  given  in  magnitude,  and  because  the 
ratip  of  the  figure  A  to  9  is  given,  make  the  ratio  of 
H  to  K  the  same  with  it  And  by  the  53d  Dat.  find 
the  ratio  of  the  figure  B  to  EG,  and  make  {he  ratio  of 
K  to  L  the  same :  between  H  and  L  find  a  mean  pro- 
portional M,  the  ratio  of  CD  to  EF  is  the  same  with 
the  ratio  of  H  to  M,  Becavse  the  figure  A  is  to  B  as 
H  to  K,  and  as  B  to  EG,  so  is  K  to  L;  ex  aequali,  as 
A  to  EG,  so  is  H  to  L :  and  the  figures  A,  EG,  are 
similar,  and  M  is  a  mean  proportional  between  H  and 
L ;  therefore,  as  wa$  shewn  in  the  preceding  proposi- 
tion, CD  is  tp  EF  as  H  to  M. 


H 
K 

M 
L 
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•  56  Dat. 


•  58  Dat. 

•  2  Dat. 

•  3  Def. 


PROP.  LX.         '         u-   H  ^ 


j*  * 


Ai 


■  /•"l 


♦     ,< 


If  a  rectilineal  Jigure  be  given  in  species  and  magnitude, {, 
the  sides  of  it  shall  be  given  in  magnitude, , 


i,*»*4 


Let  the  rectilineal  figure  A  be  given  in  species  ^nd' 
magnitude,  its  sides  are  given  in  magnitude.       ' 

Take  a  straight  line  BC  given  in  position  and  mag-; 
nitude,  and  upon  BC  describe*  the  figure  D  simUar^ntf^ 
similarly  placed,  to 
the  figure  A,  and 
let  EF  be  the  side 
of  the  figure  A  ho- 
nvdogousto  BCtfae 
side, of  D;, there- 
fore the  figure  D 
is  given  in  species. 
And  because  upon 
the  given  straight 

line  BC  the  figure  #  . 

D  given  in  species  is  described,  D  is  given*  in  .magni- 
tude, and  the  figure  A  is  given  in  magnitude*  therefofeii 
the  r&tio  of  A  to  D  is  given  :  and  the  figure  A.isjsugimi 
lar  to  D :  therefore  the  ratio  of  the  side  EF  ic»  tht  *oj* 
mologous  side  BC  is  given  * ;  and  BC  is  gi*efti  ™**?  • 
Yore*  EF  is  given  :  and  the  ratio  of  EF  UK'EtAJftil 
give*  *,  therefore  EG  is  given.  And,  in.  the^a»eg 
manner,  each  of  the  other  sides  of  the  figure;  A  aifi 
shewn  to  be  given.  V       .JJ»« 


i    i 


PROBLEM- 


»/.'!'*  •»  :a*ifc 


i.n  A 


.  v.y  '  but 

*  * 

To  describe  a  rectilineal  figui-e  A  siroUar^aagjWp* 
figure  D,  and  equal  to  another  given  figuraH.  .,  Il  i*u 
Prop.  25.  B.  6.  Elements.  \  ^  U 

Because  each  of  the  figures  D,  H,-is  ^Tet)>iiUeiv^»i^ 
tio  is  given,  which  may  be,  found  by  making  ^upot>  tfteu 
given  straight  line  BC  the  parallelogram  BK  equal  to 
•  Cor.45.i.  J),  and  upon  its  side  CK  making*  the  parallelogram  KL 
equal  to  H  in  the  angle  KCL  equal  to  the  angle  MBC : 
therefore  the  ratio  of  D  to  H,  that  is,  oHMfC  to  RIV**» 
the  same  with  the  fatio  of  BC  to  CLt  apd  because3** 

ft  ■*•»•*,    if      ~  ^        *•  I 


•  Cor.45.1. 
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figures  D,  A,  are  similar,  and  that  the  ratio  of  D  to  A, 
or  H,  is  the  same  with  the  ratio  of  BC  to  CL ;  by  the 
58th  Dat.  the  ratio  of  the  homologous  sides  BC,  EF,  is 
the  same  with  the  ratio  of  BC  to  the  mean  proportional 
between  BC  and  CL.  Find  EF  the  mean  propor- 
tional ;  then  EF  is  the  side  of  the  figure  to  be  described, 
homologous  to  BC  the  side  of  D,  and  the  figure  itself 
can  be  described  by  the  18th  Prop.  B.  6.,  which,  by  the 
construction,  is  similar  to  D;  and  because  D  is  to  A, 
as*  BC  to  CL,  that  is,  as  the  figure  BK  to  KL;  and  *  *  Cor. 
that  D  is  equal  to  BK,  therefore  A*  is  equal  to  KL,  .  ***** 
that  is,  to  H.  145' 

PROP.  LXL  ". 

If  a  parallelogram  given  in  magnitude  have  one  of  its  sides  •*•  N* 
and  one  of  its  angles  given  in  magnitude,  the  other  side 
also  is  given. 

Let  the  parallelogram  ABDC  given  in  magnitude, 
have  the  side  AB  and  the  angle  BAC  given  in  magni- 
tude, the  other  side  AC  is  given. 

Take  a  straight  line  EF  given  in  position  and  magni- 
tude ;  and  because  the  parallelogram  AD  is  given  in 
magnitude,  a  rectilineal  figure 

equal  to  it  can  be  found*.  And  A JJ    •!!>€£ 

a  parallelogram  equal  to  this  /  J 

figure  can  be  applied*  to  the  /  /     #Cor.45.i. 

given  straight  line  EF  in  an         gk Tv 

angle  equal  to  the  given  angle 
BAC.     Let  this  be  the  paral- 
lelogram EFHG,  having  the 
angle  FEG  equal  to  the  angle      __ 
BAC.     And  because  the  pa-     G 
rallelograms    AD,   EH,    are 

equal,  and  have  the  angles  at  A  and  E  equal;  the  sides 
about  them  are  reciprocally  proportional*;  therefore  as  •*•»«• 
AB  to  EF,  so  is  EG  to  AC:  and  AB,  EF,  EG,  are 
given,  therefore  also  AC  is  given*.    Whence  the  way  •  «•  *• 
of  finding  AC  is  manifest. 

PROP.  LXII.  H. 

If  a  parallelogram  have  a  given  angle*  the  rectangle  eon*  Ses  N« 
tained  Ay  the  sides  about  that  angle  has  a  given  ratio 
to  the  parallelogram. 

c  c 
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Let  the  parallelogram  ABCD  have  the  gi*en  angle 
ABC,  the  rectangle  AB,  BC,  has  a 
given  ratio  to  the  parallelogram 
AC. 

From  the  point  A  draw  AE  per* 
pendicular  to  BC ;  because  the  an- 
gle ABC  is  given,  as  also  the  angle 

*  43  Dat.     AEB,  the  triangle  ABE  is  given* 

in  species;  therefore  the  ratio  of 
BAto  AE  is  given.    But  as  BA  to 

*  1-  6-         AE,  so  is*  the  rectangle  AB,  BC, 

to  the  rectangle  AE,  BC,  therefore 

*  35.  l.        the  ratio  of  the  rectangle  AB,  BC,  to  AE,  BC,  that  is*, 

to  the  parallelogram  AC,  is  given. 

And  it  is  evident  how  the  ratio  of  the  rectangle  to 
the  parallelogram  may  be  found,  by  making  the  aiu» 
gle  FGH  equal  to  the  given  angle  ABC,  and  drawing 
from  any  point  F  in  one  of  its  sides,  FK  perpendicular 
to  the  other  GH :  for  GF  is  to  FK,  as  BA  to  AE, 
that  is,  as  the  rectangle  AB,  BC,  to  the  parallelogram 
AC. 
£6.  Cor.     And  if  a  triangle  ABC  has  a  given  angle 

ABC,  the  rectangle  AB,  BC,  contained  by  the  sides 
about  that  angle,  shall  have  a  given  ratio  to  the  trian- 
gle ABC.  '  .        . 

Complete  the  parallelogram  ABCD  ;  therefore  by 
this  proposition,  the  rectangle  AB,  BC,  has  a  given 
ratio  to  the  parallelogram  AC ;  and  AC  has  a  given 

*  41.  l.       ratio  to  its  half  the  triangle*  ABC ;  therefore  the  rect- 

*  9  Dat.       angle  AB,  BC,  has  a  given*  ratio  to  the  triangle  ABC 

And  the  ratio  of  the  rectangle  to  the  triangle  is  found 
thus :  make  the  triangle  FGK  as  was  shewn  in  the  pro- 
position :  the  ratio  of  GF  to  the  half  of  the  perpendicular 
FK,  is  the  same  with  the  ratio  of  the  rectangle  AB, 
BC,  to  the  triangle  ABC.  Because,  as  was  shewn,  GF 
is  to  FK,  as  AB,  BC,  to  the  parallelogram  AC;  and  FK 
is  to  its  half,  as  AC  is  to  its  half,  which  is  the  triangle 
ABC :  therefore,  ex  aequali,  GF  is  to  the  half  of  FK, 
as  the  rectangle  AB,  BC,  is  to  the  triangle  ABC. 

56.  PROP.  LXIIL 

• 

If  two  parallelograms  be  equiangular,  as  a  side  of  the  first 
to  a  side  of  the  second,  so  is  the  other  side  of  the  se- 
cond to  the  straight  line  to  which  the  other  side  of  the 
Jirst  has  the  same  ratio  which  the  first  'parallelogram 
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has  to  the  second.  And  consequently >  if  the  ratio  of 
the  first  parallelogram  to  the  second  be  given,  the  ratio 
of  the  other  side  &f  the -first  to  that  straight  line  is 
given  ;  and  if  the  ratio  of  the  other  side  of  the  first  to 
that  straight  line  be  given,  the  ratio  of  the  first  paral- 
lelogram to  the  second  is  given. 

Let  AC,  DF,  be  two  equiangular  parallelograms ;  as 
BC,  a  side  of  the  first,  is  to  EF,  a  side  of  the  second, 
so  is  DE,  the  other  side  of  the  second,  to  the  straight- 
line  to  which  AB,  the  other  side  of  the  first,  has  the 
same  ratio  which  AC  has  to  DF. 

Produce  the  straight  line  AB,  and  make  as  BC  td 
EF  so  DE  to  BG,  and  complete 
the  parallelogram  BGHC ;  there* 
fore,  bfecaitse  BC  or  GH,  is  to 
EF,  as  DE  to  BG,  the  sides 
about  the  equal  angles  BGH, 
DEF,  are  reciprocally  propor- 
tional ;  wherefore*,  the  parallels  t^  ***"  •  14. 5. 
gram  BH  is  equal  to  DF;  and 
AB  is  to  BG,  as  the  parallelo- 

fram  AC  is  to  BH,  that  is,  to 
)F;  as  therefore  BC  is  to  EF, 
so  is  DE  to  PG,  which  is  the  straight  line  to  which 
AB  has  the  same  ratio  that  AC  has  to  DF. 

And  if  the  ratio  of  the  parallelogram  AC  to  DF  be 
given,  then  the  ratio  of  the  straight  line  AB  to  BG  is 
given ;  and  if  the  ratio  of  AB  to  the  straight  line  BG 
be  given,  the  ratio  of  the  parallelogram  AC  to  DF  it 
given. 

PROP.  LXIV.  74.  73. 

If  two  parallelograms  have  unequal,  but  given  angles,  and  See  N. 
if -as  a  side  cf  the  first  to  a  side  of  the  second,  so  the 
other  side  qf  the  second  be  made  to  a  certain  straight 
line;  if  the  ratio  qf  the  first  paraUdogram  to  the  second 
be  given,  the  ratio  qf  the  other  side  qf  the  first  to  that 
straight  line  shall  be  given.  .  And  if  the  ratio  qfifa 
other  side  qf  the  first  to  that  straight  line  be  given,  the 
ratio  qf  the  first  parallelogram'  to  the  second  <thall  be 
given.  4 

Let  ABCD,  EFGH,  be  two  parallelogram*  which 
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*  43  Dat. 

•  9  Dat. 


have  the  unequal  but  given  angles  ABC,  EFG?.  trades 
BC  to  FG,  so  make  EF  to  the  straight  line  ML  If  4h* 
ratio  of  the  parallelogram  AC  to  EG  be  given,  the 
ratio  of  AB  to  M  is  given.  * 

At  the  point  B  of  the  straight  line  BC  make  the  an- 
gle CBK  equal  to  the  angle  EFG,  and  complete,  the 
parallelogram  KBCL.     And  because  the  ratio  of  A<3 

•  35.  l.       to  EG  is  given,  and  that  AC  is  equal*  to  the  pandlelo-? 

gram  KC,  therefore  the  ratio  of  KC  to  EG  is  given ; 
and  KC,  EG,  are  equiangular,  therefore  as  BC  to  FG, 

•  63  Dat.     so  is*  EF  to  the  straight  line  to  which  KB  has  a  given 

ratio,  viz.  the  same  which  the  parallelogram  KC  has  to 
EG;  but  as  BC  to  FG,  so  is  EF  to  the  straight  line 
M ;  therefore  KB  has  a  given  ratio  to  M ;  and  the  ra- 
tio of  AB  to  BK  is  given,  because  the  triangle  ABK 
is  given  in  species*;  therefore  the  ratio  of  AB  to  M  is 
given*.  -  i        I 

And  if  the  ratio  of  AB  to  M  be  given,  the  rat  tool 
the  parallelogram  AC  to  EG  is  given ;  for  since  thd 
ratio  of  KB  to  BA  is  given,  as 
also  the  ratio  of  AB  to  M,  the 
ratio  of  KB  to  M  is  given*;  and 
because  the  parallelograms  KC, 
EG,  are  equiangular,  as  BC  to 
FG,  so  is*  EF  to  the  straight 
line  to  which  KB  has  the  same 
ratio  which  the  parallelogram 
KC  has  to  EG:  but  as  BC  to 
FG,  so  is  EF  to  M;  therefore  •    '  \ 

KB  is  to  M  as  the  parallelogram  KC  is  to  EGi 
and  the  ratio  of  KB  to  M  is  given,  therefore  die  r&tiotof 
the  parallelogram  KC,  that  is,  of  AC,  to  EG  is  gitefc. 

Cor.  And  if  two  triangles  ABC,  EFG,  have  two* 
equal  angles,  or  two  unequal  but  given  angles  ABQr 
EFG,  and  if  as  BC  a  side  of  the  first  to  FG  a  sided 
the  second,  so  the  other  side  of  the  Second  EF  be- made? 
to  a  straight  line  M;  if  the  ratio  of  the  4riaagkd1>e 
given,  the  ratio  of  the  other  side  of  the  first  to* ihfr 
straight  line  M  re  given.  ^     *>  *,*\  * 

Complete  the  parallelograms  ABCD,  EFGHsianfl 
because  the  ratio  of the  triangle  ABC'  toi  the  'triangle 
EFG  is  given,  the  raftio  of  the  parallelogram  AC  te=  EG 
is  given*,  because  the  parallelograms'  aiie  double*  *tf 
the  triangles;  atad  because  BC  is  to  FG>wEFto3tfJ 


*  9  Dat. 


*  6$  Dat. 
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the  ratio*  of  AB^M  ia  given  by  the  63  Dat  if  the  an* 
glee  ABC*  EFG,  are  equal ;  bat  if  they.be  unequal  but 
given  angles*  the  ratio  of  AB  to  M  is  given  by  this 
proposition. 

Aad  if  the  ratio  of  AB  to  M  be  given,  the  ratio  of 
die  parallelogram  AC  to  EG  is  given  by  the  same  pro* 
positions ;  and  therefore  the  ratio  of  the  triangle  ABC 
to  EFG  is  given. 

PROP.  LXV.  *s. 

If  two  equiangular  parallelograms  have  a  given  ratio  to 
'  one  another,  and  if  one  side  have  to  one  side  a  given  ra- 
tio ;  the  other  side  shall  also  have  to  the  other  side  a 
given  ratio. 

Let  the  two  equiangular  parallelograms  AB,  CD, 
have  a  given  ratio  to  one  another,  and  let  the  side  EB 
kave  a  given  ratio  to  the  side  FD ;  the  other  side  AE 
has  also  a  given  ratio  to  the  other  side  CF. 

Because  the  two  equiangular  parallelograms  AB, 
CSS  h**e  *  given  ratio  to  one  another;  as  EB,  a  sidp 
of  the  first,  is  to  FD,  a  side  of  the  second,  so  is*  FC,  •  63 Dai. 
the  ■  other  side  of  the  second,  to  the  straight  line  to 
wfiich  AE,  the  other  side  of  the  first,  has  the  same 
given  ratio  which  the  first  parallelogram  AB  has  to  the 
other    CD.      Let  this 

straight  line   be   EG;        j^ C 

therefore   the  ratio   of  J        ~~    7         /  / 

AE  to  EG  is  given ;  and      r7  I 

EB  is  to  FD,  as  FC  to        / B  F1 J) 

EG*  therefore  the  ratio 

of  FC  to  EG  is  given, 

because  the  ratio  of  EB 

to  FD  is  given;   and 

because  the  ratio  of  A E  to  EG,  as  also  the  ratio  of  FC 

to  EG  is  given;  the  ratio  of  AE  to  CF  is  given*.      .    •  9  Dtt. 

The  ratio  of  AE  to  CF  may  be  found  thus:  take  a 
slight  line  H  given  in  magnitude:  and  because  the 
ratio  of  the  parallelogram  AB  to  CD  is  given,  snake 
<he, ratio  of  H  to  K  the  same  with  it.  And  because 
the> ratio  of  FD  to  EB  is  given,  make  die  ratio  of  K  to 
Llhesaftne;  the  ratio  of  AE  to  CF  is  die  same  with 
Jbevotdo  of  H  to  L.  Make  as  EB  to  FD,  so  FC  to 
BG  ©.therefore,  by  inversion,  as  FD  to  EB,  so  is  EG  to 
FC ;  and  as  AE  to  EG,  so  is  *  (the  parallelogram     ft  Dtt 
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AB  to  CD,  and  so  is)  H  to  K:  but  as  EG  to  FC,  so 
is  (FD  to  EB,  and  so  is)  K  to  L ;  therefore,  ex  aaqualt, 
as  AE  to  FC,  so  is  H  to  L. 

69.  PROP.  LXVI. 

If  two  parallelograms  have  unequal  but  given  angles^  and 
a  given  ratio  to  one  another ;  if  one  side  have  to  one 
side  a  given  ratio,  the  other  side  has  also  a  given  ratio 
to  the  other  side. 

Let  the  two  parallelograms  ABCD,  EFGH,  which 
have  the  given  unequal  angles  ABC,  EFG,  have  a 
given  ratio  to  one  another,  and  let  the  ratio  of  BC  to 
FG  be  given ;  the  ratio  also  of  AB  to  EF  is  given. 

At  the  point  B  of  the  straight  line  BC  make  the  an- 
gle CBK  equal  to  the  given  angle  EFG,  and  complete 
the  parallelogram  BKLC :  and  oecause  each  of  the  *n- 

•  43  Dat.     gles  BAK,  AKB,  is  given,  the  triangle  ABK  is  given* 

in  species ;  therefore  the  ratio  of  AB  to  BK  is  given ; 
and  because,  by  the  hypothesis,  the  ratio  of  the  parallel- 

•  55.  l.       ogram  AC  to  EG  is  given,  and  that  AC  is  equal  *  to 

BL;  therefore  the  ratio  of  BL  to  EG  is  given:  and 
because  BL  is  equiangular  to  EG,  and,  by  the  hypo- 
thesis, the  ratio  of  BC  to 

•  65  Dat.     FG  is  given ;  therefore  *  the  A  K  PL 

ratio  of  KB  to  EF  is  given,              \    I  '           \    I 
and  the  ratio  of  KB  to  B A  A \j£ 

•  9  Dat.      is  given;  the  ratio  therefore* 


of  AB  to  EF  is  given.  E[ |H 

The  ratio  of  AB  to  EF     f* U 


may  be  found  thus :  take  the 
straight  line  MN  given  in 
position  and  magnitude;  and 
make  the  angle  NMO  equal  to  the  given  angle  BAK, 
and  the  angle  MNO  equal  to  the  given  angle  EFG  or 
AKB :  and  because  the  parallelogram  BL  is  equiangu- 
lar to  EG,  and  has  a  given  ratio  to  it,  and  that  the  ro- 
tio  of  BC  to  FG  is  given  ;  find  by  the  65th  Dat  the 
ratio  of  KB  to  EF ;  and  make  the  ratio  of  NO  to  OP 
the  same  with  it:  then  the  ratio  of  AB  to  EF  is  the 
same  with  the  ratio  of  MO  to  OP :  for  since  the  trian- 

fle  ABK  is  equiangular  to  MON,  as  AB  to  BK,  so  is 
40  to  ON:  and  as  KB  to  EF,  so  is  NO  to  OP; 
therefore,  ex  a&qtydi,  as  AB  to  EF>  so  k  MO  to  OP. 
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PROP.  LXVII.  to. 

If  the  sides  of  two  equiangular  parallelograms  have  given  See  N. 
ratios  to  one  another  ,•  the  parallelograms  shall  have  a 
given  ratio  to  one  another. 

Let  ABCD,  EFGH,  be  two  equiangular  parallelo- 
grams, and  let  the  ratio  of  AB  to  EF,  as  also  the  ratio 
of  BC  to  FG,  be  given ;  the  ratio  of  the  parallelogram 
AC  to  EG  is  given. 

Take  a  straight  line  K  given  in  magnitude,  and  be- 
cause the  ratio  of  AB 
to  EF  is  given,  make 
the  ratio  of  K  to  L  the 
same  with  it;  therefore 
L  is  given  #  :  and  be-        E? HJ    \  \      *  f  Dmt 


cause  the  ratio  of  BC 

to  FG  is  given,  make 

the  ratio  of  L  to  M  the 

same:   therefore  M  is 

given  *,  and  K  is  given  :  wherefore  *  the  ratio  of  K  to  *  *  D«t. 

M  is  given :  but  the  parallelogram  AC  is  to  the  parallel-  *  1  Oat. 

©gram  EG,  as  the  straight  line  K  to  the  straight  line 

M,  as  is  demonstrated  in  the  28d  Prop,  of  B.  6.  Elem. ; 

therefore  the  ratio  of  AC  to  EG  is  given. 

From  this  it  is  plain  how  the  ratio  of  two  equiangu- 
lar parallelograms  may  be  found  when  the  ratios  of 
their  sides  are  given. 

PROP.  LXVIII.  to. 

If  the  sides  of  two  parallelograms  which  have  unequal,  but  8cc  N* 
,   given  angles,  have  given  ratios  to  one  another ;  the  pa- 
rallelograms shall  have  a  given  ratio  to  one  another. 

Let  two  parallelograms  ABCD,  EFGH,  which  have 
the  given  unequal  angles  ABC,  EFG,  have  the  ratios 
of  their  sides,  viz.  of  AB  to  EF,  and  of  BC  to  FG, 
given ;  the  ratio  of  the  parallelogram  AC  to  EG  is 
given. 

At  the  point  B  of  the  straight  line  BC,  make  the 
angle.  CBK  equal  to  the  given  angle  EFG,  and  com- 
plete the  parallelogram  KBCJL :  and  because  each  of 
the,  angles  BAK,  BKA,  is  given,  the  triangle  ABK  is 
given  *  in  species :  therefore  the  ratio  of  AB  to  BK  is  *  43  Bat. 


wa 


sueuiye SXAW&. 


•  67  D*t. 


•35.1. 


71. 


•  9  Dat.  given ;  and  the  ratio  of  AB  to  EF  is  given*  whettffam# 
the  ratio  of  BK  to  EF 
4*  given.  And  the 
^atio  of  BC  to  FG  is 
given ;  and  the  angle 
KBC  is  equal  to  the 
angle  EFG ;  there- 
fore* the  ratio  of  the 
parallelogram  KC  to 

EG  is  given :  but  KC  is  equal  *  to  AC;  therefore  the 
ratio  of  AC  to  EG  is  given.  •*,.•-< 

The  ratio  of  the  parallelogram  AC  to  EG  may, be 
found  thus :  take  the  straight  line :|1N  given  in  posi- 
tion and  magnitude,  and  make  the  angle  MNQeqMl 
to  the  given  angle  KAB,  and  the  aijgje  NIVCD<K}nal&> 
the  given  angle  AKB  or  FEH :  and  because  the  ratio 
of  AB  to  EF  is  given,  make  the  ratio  of  NO  to  P  the 
same;  also  make  the  ratio  of  P  to  Q  the  same  with  l^e 

fiven  ratio  of  BC  to  FG,  the  parallelogram  AC  is  to 
:G,asMOtoQ. 

Because  the  angle  KAB  is  equal  to  the  angle  MNO, 
and  the  angle  AKB  equal  to  the  angle  NMO;  the  tri- 
qflgle  AK3  is  equiangular  to  NMO :  therefore  as  KB 
$q  BA,  $o  is  MO  to  ON;  and  as  BA  to  EF,  so  is  NO 
to  P;  wherefore,  ex  aequali,  as  KB  to  EF,  so  is  MO 
to  P:  and  BC  is  to  FG,  as  P  to  Q»  and  the  parallel- 
ograms KC,  EG,  are  equiangular  <;  therefore,  as  wis 
shewn  in  Prop.  67.,  the  parallelogram  KCi  ihafcifc  AC, 
is  to  EG,  as  MO  to  Q. 

Cob.  1.  If  two  triangles  ABC,  DEF,  have  two  cqgfel 
angles,  or  two  unequal  but  given  angles  ABC3  J>jEF, 
and  if  the  ratios  of  the  sides  --,/•;■  J.- 

about  these  angles,  viz.  the 
ratios  of  AB  to  DE,  and  of 
BC  to  EF,  be  given ;  the  tri- 
angles shall  have  a  given  ratio 
to  one  another,/ 

Couplets  the  parallelo- 
grams, BG,  EH*  the  ratio  of  JiG  t<*  EH  b  gheAtS; 
and  therefore  the  triangles  which  are  the  halves  <*uef 
sfivnfk  have  a  given,,*  ratio  to  one  anothsftv  v*  t  /  n  .; 
t  Cos.  %  If  thebtpes  BC,  EJP,  of  two,*rhmgW  JbB$, 
DEFrlia,ve  a  givfyn  ratio  to  one  another,  and  if  ab»-tbe 
straight  lines  AG,  ©H,  wtwhar©  drawn  to  th^ibases 
.  fronv  the,  opposite,  angles,  either >  ifr  oqval :  anglosyo*  <tu> 
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%qunltftit^iveii  angles^ 
AGCf   DHF,  have   a     JCA 
given'  ratio  to  one  an-      -      - 
other;  the  triaQglesshall 
have  a  given  ratio  to 
one  another. 

Draw  BK,  EL,  pa- 
rallel to  AG,  DH,  and  complete  the  parallelograms 
KC,  LF :  and  because  the  angles  AGC,  DHF,  or  their 
«qimls>  the  angles  KBC,  LEF,  are  either  equal,  or  un- 
equal but  given  ;  and  that  the  ratio  of  AG  to  DH,  that 
is,  of  KB  to  LE,  is  given;  as  also  the  ratio  of  BC  to 
EF  ;  therefore  *  the  ratio  of  the  parallelogram  KC  to  #  67  or  68 
&$  is  given;  wherefore  also  the  ratio  of  the  triangle  ***u 
ABC  to  DEF  is  given*.  #  f  4i .  i . 

PROP.  LXIX-  ,  6i. 

If  a  parallelogram  which  has  a  given  angle  be  applied  to 
one  side  of  a  rectilineal  Jigure  given  in  species  *  if  tie 
i  jjigprehave  a  given  ratio  to  the  parallelogram^  the  par aU 
*  \  lelogram  is  given  in  species. 

-   Let  ABCD  be  fe  rectilineal  figure  given  in  *pe- 
«ftes,  and  to  one  side  of  it  AB,  let  the  parallelogram 
ABEF  having  the  given  angle  ABE  be  applied;  if  the 
figure  ABCD  have  a  given  ratio  to  the  parallelogram 
BF,  *the  parallelogram  BF  is  given  in  species. 
r  :  'Through  the  point  A  draw  AG  parallel  to  BC,  and 
through  the  point  C  draw  CG  parallel  to  AB,  and  pro- 
'itaffct  GA,  CB,  to  the  points  H,  K ;  because  the  angle 
ABC  is  given  *,  and  the  ratio  of  AB  to  BC  is  given,  *  $  Oef. 
the  figure  ABCD  being  given  in  species,  therefore  the 
j3arallelogram  BG  is  given*  in  species.    And  because  •3Def. 
"Upon  the  same  straight  line  AB  the  two  rectilineal  fi- 
gures BD,  BG,  given  in  species,  are  described,  the  ra- 
tio of  BD  to  BG  is  given  #;  and,  by  hypothesis,  the  ra-  •  53  Dat. 
rtio  o£  BD  to  the  parallelogram  BF  is  given;  where- 
fore* the  ratio  of  BF,  that  is*,  of  the  parallelogram  #9Dat. 
BH*  to  BG,  is  given,  and  therefore*  th*  ratio  w  the  •  f'g1* 
•straight  line  KB  to  BC  is  given ;  and  the  ratio  of  BC      '  ", 
to  BA  is  given,  wherefore  the  ratio  of  KB  to*  BA  is 
gvveta*  i  and  because  the  angle  ABC  is  given,  the  ad-  *  9  Dat. 
Jkcent angle  ABK  is  given;   and  the  angle  ABE  is  . 
-ken,  therefore  the  remaining  angle  -  KBE  is  given. 
Jhm.  angle  EKB  it  also  given,  because  H  is  equal  to  the 
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*  9  Dat 


*  3  Def. 


*  85. 1. 
*1.6. 


angle  ABK;  therefore  the  triangle  BK£  is  given  in 
spepks,  and  consequently  the  ratio  of  EB  to  BK  is 
given;  and  the  ra- 
tio of  KB  to  B  A  is 
given,  wherefore* 
the  ratio  of  EB  to 
BA  is  given;  and 
the  angle  ABE 
is  given,  therefore 
the  parallelogram 
BF  is  given*  in 
species. 

A  parallelogram 
similar  to  BF  may  be  found  thus:  take  a  straight  line 
LM  given  in  position  and  magnitude;  and  because  the 
angles  ABK,  ABE,  are  given,  make  the  angle  NLM 
equal  to  ABK,  and  the  angle  NLO  equal  to  ABE. 
And  because  the  ratio  of  BF  to  BD  is  given,  make  the 
ratio  of  LM  to  P  the  same  with  it ;  and  because  the 
ratio  of  the  figure  BD  to  BG  is  given,  find  this  ratio 
by  the  53d  Dat.  and  make  the  ratio  of  P  to.  Q  the  same. 
Also,  because  the  ratio  of  CB  to  B A  is  given,  make  the 
ratio  of  Q  to  R  the  same ;  and  take  LN  equal  to  R ; 
through  the  point  M  draw  OM  parallel  to  LN,  and  com* 
plete  the  parallelogram  NLOS;  then  this  is  similar  to 
'  the  parallelogram  BF. 

Because  the  angle  ABK  is  equal  to  NLM,  and  the 
angle  ABE  to  NLO,  the  angle  KBE  is  equal  to  MLO; 
and  the  angles  BKE,  LMO,  are  equal,  because  the  an- 

fie  ABK  is  equal  to.  NLM ;  therefore  the  triangles 
IKE,  LMO,  are  equiangular  to  one.  another ;  where- 
fore, as  BE  to  BK,  so  is  LO  to  LM ;  and  because  as 
the  figure  BF.tp  BD>  so  is  the.  straight  line  LM  to  P; 
and  as  BD  to  BG,  so  is  P  to  Q;  exaequali,  as  BF, 
that  is*,  BH„to  BjG>  so  is  LM  to  Q:  but.  BH  is  to* 
BG,  as  KB  to  BC;  as  therefore  KB  to  BC,  so  is  LM 
to  Q;  and  because  BE  is  to  BK,  as  LO  to  LM;  apd 
as  BK  to  BC,  so  is  LM  to  Q;  and  as  BC  to  BA,  so 
Q  was  made  to  R;  therefore,  ex  eequali, as  BE  to  BA, 
so  is  LO  to  R,  that  is,  to  LN;  and  the  angles  ABE, 
NLQ,  are  equal;  therefore,  the  paraUelogravt  BF  is  si- 
milar to  LS.  

•6*.  78.  PROP.  LXX. 

See  N.        If  two  straight  line*  fame  a  given,  ratio  to.  one  another. 
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and  upon  one  of  them  be  descried  a  rectilineal jfgwe given 
in  species,  and  upon  the  other  a  parallelogram  having 
a  given  angle;  if  the  Jigwre  have  a  given  ratio  to  the 
parallelogram^  the  parallelogram  is  given  in  species. 

Let  the  two  straight  lines  AB,  CD,  have  a  given  ra- 
tio to  one  another,  and  upon  AB  let  the  figure  AEB 
given  in  species  be  described,  and  upon  CD  the  paral- 
lelogram DF  having  the  given  angle  FCD ;  if  the  ra- 
tio of  AEB  to  DF  be  given,  the  parallelogram  DF  is 
given  in  species. 

Upon  the  straight  line  AB,  conceive  the  parallel- 
ogram AG  to  be  described*  similar  and  similarly  placed 
to  FD ;  and  because  the  ratio  of  AB  to  CD  is  given, 
and  upon  them  are  de- 
scribed the  similar  rectili- 
neal figures  AG,  FD;  the 

ratio  of  AG  to  FD  is  given*;     ^f^ \B    \«       \     *  54  Dat 

and   the   ratio  of    FD    to 

AEB  is  given;  therefore*  \ Kr    V     ,  li   *9DaL 

the  ratio  6f  AEB  tp  AG 
is    given;    and  the  angle 
ABG  is  given,  because  it  is 
equal  tp  the  angle  FCD; 
because  therefore  the  paral- 
lelogram AG,  which  has  a  given  angle  ABG*  is  ap- 
plied to  a  side  AB  of  the  figure  AEB  given  in  species, 
and  the  ratio  of  AEB  to  AG  is  given,  the  parallelo- 
gram AG  is  given  *  in  species :   but  FD  is  similar  to  *  69  Dat. 
AG;  therefore  FD  is  given  in  species. 

A  parallelogram  similar  to  FD  may  be  found  thus : 
take  a  straight  line  H  given  in  magnitude ;  aud  because 
the  ratio  of  the  figure  AEB  to  FD  is  given,  make  the 
ratio  of  H  to  K  the  same  with  it:  also,  because  the  rar 
tio  of  the  straight  line  CD  to  AB  is  given,  find  by  the 
54th  Dat.  the  ratio  which  the  figure  FD  described  uppp 
CD  has  to  the  figure  AG  described  upon  AB  similar  to 
FD;  and  make  the  ratio  of  K  to  L  the  same  with  that 
ratio :  and  because  the  ratios  of  H  to  K,  and  of  K  tp  L, 
are  given,  the  ratio  of  H  to  L  is  given*;  because  there-  •  9  Bat. 
fore,  as  AEB  to  FD,  so  is  H  to  K ;  and  a*  FD  to  AG, 
so  is  K  to  L :  ex  aequali,  as  AEB  to  AG,  so  is  H  to  L; 
therefore  the  ratio  of  AEB  to  AG  is  given ;  and  the 
figure  AEB  is  given  in  species,  and  to  its  side  AB  the 
parallelogram  AG  is  applied  in  the  given  angle  ABG ; 
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»         *  *  * 

therefore  by  the  69th  Dat.  a  parallelogram  may  be  found 
similar  to  AG:  let  this  be  the  parallelogram  MN;  MN 
also  is  similar  to  Ft);  for,  by  the  construction,  B#N  is 
similar  to  AG,  and  AG  is  similar  to  FD;  therefo*e^ti$ 
parallelogram  FD  is  similar  to  MN. 


8i.  PROP.  LXXL 


.„% 


^f  this  extremes  of  three  proportional  straight  lite*  have 
given  ratios  to  the  extremes  of  other  three  proportional 
straight  lines ;  the  means  shall  aim  have  a  given  ratio 
to  one  another.  And  if  one  extreme  have  a  given  ratio 
to  one  extreme,  and  the  mean  to  the  mean ;  likewise 
the  other  extreme  shall  have  to  the  other  a  given  rat&K 

Let  A,  B,  C,  be  three  proportional  straight  lines,  aacR 
D,#  E,  F,  three  other;  and  let  the  ratios  of  A. to  D, and? 
of  C  to  F,  be  given;  then  the  ratio  of  B  to  E  isalsa 
given.  -  o* 

Because  die  ratio  of  A  to  D,  as  also  of  C  to  F, >«: 

iiven,  the  ratio  of  the  rectangle  A,  C,  to  the  rectangle* 
>,  F,  is  given  * ;  but  the  square  of  B  is  equal  *  to  tntr 

•  u  6*       rectangle  A,  C ;  and  the  square  of  £  to  -the  rectangle^ 

D,  F;  therefore  the  ratio  of  the  square  of  B  to  the 

•  58  Dat.    square  of  £  is  given ;  wherefore  *  also  the  ratio  of  the 

•  67  Dat.     straight  line  B  to  £  is  given  *. 

Next,  let  the  ratio  of  A  to  D,  and  of  B  to 
E>  be  given;  then  the  ratio  of  C  to  F  is  also 
given. 

Because  the  ratio  of  B  to  £  is  given,  the 
ratio  of  the  square  of  B  to  the  square  of  £  is 

•  54  Dat.     given  *  5  therefore  #  the  ratio  of  the  rectangle 
* 17' 6'       A,  C,  to  the  rectangle  D,  Ff  is  given ;  and 

the  ratio  of  the  side  A  to  the  side  I>  is 
given ;  therefore  the  ratio  of  the  other  side  C 
•65l)at.     to  the  other  F  is  given  '*.  .  •    •  ..<>* 

Cob.  And  if  the  extremes  of  four  proportionate  hafce* 
to  the  extremes  of  four  other  proportionals  given  ratios,1" 
and  one  of  the  means  a  given  ratio  to  one  of  the  mean*$ 
the  cfcher  mean  shall  have  a  given  ratio  t6  the  %>&ef v 
mean,  as  may  b£  shewn  in  the  same  manner  as  in  th^' 
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PROP.  LXXIL 


If  four  straight  lines  be  proportionals ;  as  the  Jtfit  is  to 
the  straight  line  to  which  the  second  has  a  given  ratio, 
so  is  the  third  to  a  straight  line  to  which  the  fourth  has 
a  given  ratio. 

« 

.   Let  A,  B,  C,  D,  be  four  proportional  straight  line*, 
?iz*  as  A  to  B,  so  C  to  D ;  as  A  is  to  the  straight  line  to 
which  B  has  a  given  ratio,  so  is  C  to  a  straight  line  to 
which  D  has  a  given  ratio. 
■  Let  £  be  the  straight  line  to  which  B  has 
driven  ratio,  and  as  B  to  E,  so  make  D  to 
F:  The  ratio  of  B  to  E  is  given  *,  and  there- 
fore the  ratio  of  D  to  F ;  and  because  as  A 
tfr  B,  so  is  C  to  D ;  and  as  B  to  E  so  D  to 
Fj  therefore,  ex  aequali,  as  A  to  E,  so  is  C 
to  F;  and  E  is  the  straight  line  to  which  B 
has  4  given  ratio,  and  F  that  to  which  D 
has  a  given  ratio;  therefore, as  A  is  to  the 
straight  line  to  which  B  has  a  given  ratio, 
so  h  C  to  a  line  to  which  D  has  a  given  ratio. 


-*■? 
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PROP.  LXXIII. 


M. 


Hyp. 


»    •  •- 


If  four  straight  lines  be  proportionals  }  as  thejlrst  is  to 
the  straight  line  to  which  the  second  has  a  given 
■.  ratio%  so  is  a  straight  line  to  which  the  third  has  a, 
gitien  ratio  to  the  fourth. 


83.  ,  • 

*         • 

SeeN. 


»■  \ 


]Let  the  straight  line  A  be  to  B,  as  C  to  D ;  as  A  to 

the  straight  line  to  which  B  has  a  given  ratio, 
scj  is  a  straight  line  to  which  C  has  a  given 
ratio,  to  D.  ' 

Let  E  be  the  straight  line  to  which  B  has 
a  given  ratio,  and  as  B  to  E,  so  make  F  to 
Q;  because  the  ratio  of  B  to  E  is  given,  the 
ratio  of  Q[fo  F  is  given :  and  because  A  is 
tQ  3*as  G  to  D;  and  as  B  to  E,  so  F  to  C; 
therefore*  eac  aequali  in  proportion*  pertur- 
bata  #,  A  is  to  E,  as  F  to  D ;  that  is,  A  is 
to  E,  to  which  B  has  a  given  ratio,  as  F,  to 
which  C  has  a  given  ratio,  is  to  D. 


I 
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**  PROP.  LXXIV. 

Jf  a  triangle  have  a  given  obtuse  angle ;   the  excess  of 
the  square  of  the  side  which  subtends  the  dbtase  angle, 
above  the  squares  of  the  sides  which  contain  it,  shall 
have  a  given  ratio  to  the  triangle.  ^ 

Let  the  triangle  ABC  have  a  given  obtuse  angle 
ABC;  and  produce  the  straight  line  CB,  and  from  the 
point  A  draw  AD  perpendicular  to  BC :  the  excess  of 
the  square  of  AC  above  the  squares  of  AB,  BC,  that 

•  u.2.       js  #^  tne  dGUble  of  the  rectangle  contained  by  DB,  BC, 

has  a  given  ratio  to  the  triangle  ABC. 

Because  the  angle  ABC  is  given,  the  angle  ABD  is 

also  given ;  and  the  angle  ADB  is  given ;  wherefore 
* 43 Dat.     the  triangle  ABD  is  given*  in  species;  and  therefore 

the  ratio  of  AD  to  DB  is   given:   and  as  AB  to 
*i.6.         DB,  so  is*  the  rectangle  AD,  BC,  to  the  rectangle 

DB,  BC ;  wherefore  the  ratio  of  the  rectangle  AD, 

BC,  to  the  rectangle   DB,   BC, 

is  given,  as  also  the  ratio  of  twice 

the  rectangle  DB,  BC,  to  the  rect- 
angle AD,  BC :  but  the  ratio  of 

the  rectangle  AD,   BC,    to  the 

triangle  ABC,  is  given,  because 

•  41.  l.  •      it  is  double  *  of  the  triangle;  there- 

fore the  ratio  of  twice  the  rectangle 

•  Dat.       pBj  BC,  to  the  triangle  ABC  is  given  *:  and  twice  the 

•  is.  2.       rectangle  DB,  BC,  is  the  excess  *  of  the  square  of  AC 

abovfe  the  squares  of  AB,  BC;  therefore  this  excess 
has  a  given  ratio  to  the  triangle  ABC. 

And  the  ratio  of  this  excess  to  the  triangle  ABC  naay 
be  found  thus :  take  a  straight  line  EF  given  in  posi- 
tion and  magnitude;  and  because  the  angle  ABC  is. 
given,  at  the  point  F  of  the  straight  line  EF  make  the 
angle  EFG  equal  to  the  angle  ABC;  produce  GF, 
and  draw  EH  perpendicular  to  FG ;  then  the  ratio  of 
the  excess  of  the  square  of  AC  above  the  squares  of 
AB,  BC,  to  the  triangle  ABC,  is  the  same  with  the 
ratio  of  quadruple  the  straight  line  J1F  to  HE. 

Because  the  angle  ABD  is  equal  to  the  angle  EFH 
and  the  angle  ADB  to  EHF,  each  being  a  right  angle; 

•  4. 6.         the  (triangle  ABD  is  equiangular  to  EHF ;  therefore  * 

as  BD  to  DA,  so  FH  to  HE;  and  as  quadruple  of  BD 
•Cor. 4. 5.    to  DA,  so  is  *  quadruple  of  III  to  HE :  but  as  twice 
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BD  is  to  DA,  so  *  is  twice  the  rectangle  DB,  BC,  to  *  9  Dat. 

the  rectangle  AD,  BC ;  and  as  DA  to  the  half  of  it, 

so  is  *  the  rectangle  AD,  BC,  to  its  half  the  triangle  *  C.  5. 

ABC;  therefore,  ex  sequali,  as  twice  BD  is  to  the  half 

of  DA,  that  is,  as  quadruple  of  BD  is  to  DA,  that  is, 

as  quadruple  of  FH  to  HE,  so  is  twice  the  rectangle 

DB,  BC  to  the  triangle  ABC. 

PROP.  LXXV.  65. 

If  a  triangle  have  a  given  acute  angle,  the  space  by  which 
the  square  qf  the  side  subtending  the  acute  angle  is  less 
than  the  squares  of  the  sides  which  contain  it,  shall  have 
a  given  ratio  to  the  triangle. 

Let  the  triangle  ABC  have  a  given   acute  angle 
ABC,  and  draw  AD  perpendicular  to  BC,  the  space 
by  which  the  square  of  AC  is  less  than  the  squares  of 
AB,  BC,  that  is  *  the  double  of  the  rectangle  contained  *  is.  2. 
by  CB,  BD,  has  a  given  ratio  to  the  triangle  ABC. 

Because  the  angles  ABD,  ADB,  are  each  of  them 
given,   the  triangle  ABD  is  given  in  species;  and 
therefore  the  ratio  of  BD  to  DA  is 
given :   and  as  BD  to  DA,  so  is  the  A 

rectangle  CB,  BD  to  the  rectangle 
CB,  AD :  therefore  the  ratio  of  these 
rectangles  is  given,  as  also  the  ratio  of 
twice  the  rectangle  CB»  BD  to  the 
rectangle  CB,  AD:  but  the  rectangle 
CB,  AD,  has  a  given  ratia  to  its  half 
the  triangle  ABC:  therefore*  the  ratio  of  twice  the'  *9Dat. 
rectangle  CB,  BD,  to  the  triangle  ABC  is  given;  and 
twice  the  rectangle  CB,  BD,  is  *  the  space  by  which  * 
the  square  of  AC  is  less  than  the  squares  of  AB,  BC; 
therefore  the  ratio  of  this  space  to  the  triangle  ABC  is 
given  :  and  the  ratio  may  be  found  as  in  the  preceding 
proposition. 

LEMMA. 

If  from  the  vertex  A  of  an  isosceles  triangle  ABC,  any 
straight  line  AD  be  drawn  to  the  base  BC,  the  square 
of  the  side  AB  is  equal  to  the  rectangle  BD,  DC,  of  the 
segments  of  the  base  together  with  the  square  of  AD; 
but  if  AD  be  drawn  to  tire  base  produced,  the  square 
of  AD  is  equal  to  the  rectangle  BD,  DC,  together  with 
the  square  of  AB. 
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3S.  1. 

•4SlHt 


Cjub  1.  Bisecttht  J*se'BC  »E> 
and  join  AE,  which  wHl  be  per- 
pendicular* to  BC;  wherefore  the 
square  of  AB  is  eqaal  *    to  the, 

3 bares  of  AE,  EB ;  but  the  square. 
EB  is  equal*  to  the  rectangle 
'BD,  DC,  together  with  the  square 
ofDE;  therefore  the  square  of  AB   " 
is  equal  to  the  squares  of  AE,  ED,  thai  is*  t»  *  the 
square  of  AD,  together  with  the  rectangle  BD,  DC. 
The  other  case  is  shewn  in  the  same  way  by  &  8»  Elem.  - 


D  BD£      C 


PROP.  LXXVI. 


> •< 


If  a  triangle  have  a  given  angle,  the  txms  iff  the  square 
of  the  straight  line  which  is  equal  to  the  two  sides  that 
contain  the  given  angle,  above  the  square  qf  the  tkitfl* 
side,  shall  have  a  given  ratio  to  the  triangle;  <    <m 

Let  the  triangle  ABC  have  the  given  angle  BACy' 
the  excess  of  the  square  of  the  straight  line  wtocfc  lsr: 
equal  to  BA,  AC,  together  above  the  square  of  BC,) : 
shall  have  a  given  ratio  to  the  triangle  ABC,  -•>'> »•• 

Produce  BA,  and  take  AD  equal  to  AC,  join  DC,  - 
and  produce  it  to  E>  and  through  the  point  B  dm*A 
BE  parallel  to  AC :  join  AE,  and  draw  AF  perptbdi-' 
cular  to  DC;  and  because  AD  is  eqtial  to  AC,  BD  is1 
equal  to  BE;  and  BC  is  drawn  .from  the  vertex  Bef 
the  isosceles  triangle  DBE :  therefore  by  the  Lemma* •'* 
the  square  of  BD,  that  is,  of  BA  and  AC  together,  is f) 

3ual  to  the  rectangle  DC,  CE,  together  with  the  squat*' 
BC :  and  therefore  the  square  of  BA,  AC,  together 
that  is,  ofBD,  is  greater  than  \'"V» 

the  square  of  BC  by  the  rect- 
angle DC,  CE ;  and  this  rect- 
angle has  a  given  ratio  to 
the  triangle  ABC :  because 
the  angle  BAC  is  given,  the 
adjacent  ancle  CAD  is  given; 
and  each  of  the  angles  ADC, 
DCA  is  given,  for  each  of 
them  is  the  half*  of  the  given 
angle  BAC;  therefore  the  tri-  .<■  ■    -    >    - 

angle  ADC  is  given  in  species*}  and  AP  H  draw  from 
its  vertex  to  the  base  in  a  given  angle ;  whert»re  1&e 
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ratio  of  AF  to  the  .Hue  C^  t*  ^vfen  *  5  Snd  *s*CD  *5oDat 
to  AF,**  is*  the  *ectt*gfe  DC,  CE,  40  the  rtttangk  *  1. 6. 
AF,  Cjtft  and  the  ratio  of  the  ctctangfe  AF,  CE»  to  it* 

half  */the  triangle  AGE,  it  give* ;  therefore  the  ratio  *  *i.  1. '   * 
of  th*  rectangle  DC,  CE,  to  thetriangle  ACE, that  is*,  *£r.  1. 
to^tte.  triaDgfe  ABC  is  given  # ;  and  the  rectangle  DC,  *  9  D«t    * 
CB,  is  the  excess  of  the  square  of  B  A,  AC,  together, 
above  the  square  of  BC  t  therefore  the  ratio  of  this 
escess*t&tb*  fimtigla  ABC  is  given*        .  ;  • 

Toe  ratio  which  the  Rectangle  DC,  CE,  hat  to  the 
truftgle  ABC  fe  found  tht& :  take  the  straight  line 
GH  given  in  position  and  magnitude,  and  at  the  point 
G  in  GH  make  the  fuvde  HG&,  equftl  to  the  given  an- 
gle CAD,  and  take  Gk  equal  to  GH,  join  KH,  and 
dyro  &h  perptotbeufar  to  it :  then- the  mtio  of.  HK 
ta^e  half  of  GL  is  theaeme  with  the  ratio  of  theretf- 
aigle^DC,  CE,  to  the  triangle  ABC;  because  tf*e 
angles  HGK*  DAC,  «t  the  yerticeft  of  the  isosce}e.a  tri- 
angles GHK,  ADC,  are  equal  to  one  another,  these 
tri^rigJes^ft  siiftiJ^r ;  and  because  GL,  AF  are  per- 
ptfidtariar  to  the  bases  HK,  DC,  as  HK  to  GL,  $0  is*  m  i  4. 6. 
(Jf&l  tte«  AF,  and  sp  is)  the  rectangle  DC,  CE,  to. the  ,  ***•  * 
rectangle  AF,  CE;  but  as  GE  to  its  half,  so  is  the 
re^CHpgle  AF>  CE,  to  its  half,  which  is  the  triangle 
ACE^ar  the>tri*ugle  ABC;  therefore,  ex  s?qu*li,  H^C 
lMbi  tbet  ha  If  of  the  straight  line  GL,  as  the  jectatigb 
ttCi  CE,  Mo  the.  triangle  ABC. 

~x£an*  And  if  a  triangle  have  a  given  angle,  the  space 
byuirMoU  the  square  of  the  straight  line,  which  is  the  . 
different©,  of  the  frides  which  contain  the.  given  angle,  . 
is^iasif  than  ithe  square  of  the  third  side,  shall  have  a 
gVWdi  i^tio  to  the  triangle.  This  is  demonstrated  the 
same  way  as  in  the  preceding  proposition,  by  help  of 
the  ^econd  case  of  the  Lemma.  , 

«.U-.  '}/        PROP.  LXXVIfc  .     •  , 

Iffye  .perpendicular  dranw  fv&*  t*  given?  angle  of  p  fieeN. 
tijqkgle  U^  the  opposite jude^   or* base*  have  a  given 
rktipfo  thi  base,  the  triangle  is  give*  m^speeies*  .  .    , 

Let  the  triangle  ABC  have  the  given  angle.  B AC,., 
and  let  the  perpendicular  AD.  drawn  to  the  hfts*  BC,  v 
h»*irV«VF  *&*  <ff  .^, the  triangk  ABA. is  given*      . ^ ", ^ 
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•fc{*M.i>       If  ABC  be  an  isosceles  triangle,  it  is  evident*,  tk»t 
if  any  one  of  its  angles  be    given,  the  rest  art  also 


given ;  and  therefore  the  triangle  is  given  in  species 
without  the  consideration  of  the  ratio  of  the  perpendi- 
cular to  the  base  which  in  this  case  is  given  by  Prop;  I/O. 
But  when  ABC  is  not  an  isosceles  triangle,  take  any 
straight  line  EF  given  in  position  and  magnitude* 
and  upon  it-describe  the  segment  of  a  circle  EGF, 
containing  an  angle  equal  to  the  given  angle  BAC, 
draw  GH  bisecting  EF  at  right  angles,  and  join  EG, 
GF :  then,  since  the  angle  EGF  is  equal  to  the  angle 
BAC,  and  that  EGF  is  an  isosceles  triangle,  and  ABC 
is  not,  the  angle  FEG  is  not  equal  to  the  angle  CBA : 
draw  EL,  making  the  angle  FEL,  equal  to  the  angle 
CBA  ;  join  FL,  and  draw  LM  perpendicular  to  EF; 
then  because  the  triangles  ELF,  BAC,  are  equiangular, 
as  also  are  the  triangles  MLE,  DAB,  as  ML  to  LE, 
so  is  DA  to  AB:  and  as  LE  to  EF,  so  is  AB  to  BC; 
wherefore,  ex  ssquali,  as  LM  to  EF,  so  is  AD  to  BC; 
and  because  the  ratio  of  AD  to  BC  is  given,  there- 
fore the  ratio  of   LM  to  EF  is   given ;  and    EF  U 

•  «  Dat.      given,  wherefore  *  LM  also  is  given.     Complete  the 

parallelogram    LMFK;    and   because  LM  is   given, 
FK  is  given  in  magnitude ;  it  is  also  given  in  position ; 

•  30  Dat.     and  the  point  F  is  given,  and  consequently  *  the  point 

K ;   and  because  through  K  the  straight  line  K.L  is 
drawn   parallel   to   EF,  which  is  given  in    position, 

•  si  Dat.     therefore  *  KL  is  given  in  position :  and  the  circum- 

ference ELF  is  given  in  position  ;  therefore  the  point 

•  18  Dat.     L  is  given  * :  and  because  the  points  L,  E,  F,  are  given, 

•  (9  D»i.    the  straight  lines  LE,  EF,  FL,  are  given  *  hi  magni- 
"  4i  D»t     tade ;  therefore  the  triangle  LEF  is  given  in  species  " ; 

and  the  triangle  ABC  is  similar  to  LEF,  wherefore 
also  ABC  is  given  in  species. 

Because  LM  is  less  than  GH,  the  ratio  of  LM  to 
EF,  that  is,  the  given  ratio  of  AD  to  BC,  must  be  less 
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than  the  ratio  of  GH  to  EF,  which  the  straight  line  in 
a  segment  of  a  circle  containing  an  angle  equal  to  the 
given  angle,  that  bisects  the  base  of  the  segment  at 
right  angles,  has  unto  the  base. 

Cpju  I.  If  two  triangles,  ABC,  LEF,  have  one 
angle  B  AC  equal  to  one  angle  ELF,  and  if  the  per* 
pellicular  AD  be  to  the  base  BC,  as  the  perpendicular 
LM  to  the  base  EF,  the  triangles  ABC,  LEF,  are 
similar. 

Describe  the  circle  E6F  about  the  triangle  ELF, 
and  draw  LN  parallel  to  EF,  join  EN,  NF,  and  draw 
NO  perpendicular  to  EF ;  because  the  angles  ENF, 
ELF,  are  equal,  and  that  the  angle  EFN  is  equal  to  the 
alternate  angle  FNL,  that  k,  to  the  angle  FEL,  in  the 
name  segment ;  therefore  the  triartgle  NEF  ia  similar 
to  LEF ;  and  in  the  segment  EGF  there  can  be  no 
other  triangle  «pon  the  base  EF,  which  has  the  ratio  tif 
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its  perpendicular  to  that  base  the  same  with  the  ratio 
of  LM  or  NO  to  EF,  because  the  perpendicular  must 

.be  greater  or  less  than  LM  or  NO ;  but,  as  has  been 
shewn  in  the  preceding  demonstration,  a  triangle 
similar  to  ABC,  can  be  described  in  the  segment  EGF, 
upon  the  base  EF,  and  the  ratio  of  its  perpendicular  to 
the  base  is  the  same,  as  was  there  shewn,  with  the  ratio 
of  AD  to  BC,  that  is,  of  LM  to  EF ;  therefore  that 
triangle  must  be  either  LEF,  or  NEF,  which  therefore 
are  similar  to  the  triangle  ABC 
,  Con.  2,  If  j8l  triangle  ABC  Iw&ea  given  #ngje  BAG, 
and  if  the  straight  line  AR  drawn  from  the  given  engle 
t?  (he  opposite  side  BC,  in  a  given  angle  A&Cj  bare  a 
,gken  Mtxo  to  BC,  the  triangle  ABC  is  given  in  *peci*$. 
Draw  AD  penpeodicul^r  to  BC ;  therefore  the  tti- 

■  angle  ABD  is  given  in  species;  wherefore  thp  ratio 
of .  AJ>  to  JAR  is  given :  and  the  wttio  of  AR  te  BC  is 
g^'vpn*  an4  consequently  #  the  ratio  of  AJ)  to  B(3  is 
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given;   ami  the  triangle  ABC  is  therefore  given  in 
•  77Dat.    species*;  '*•* 

Cor.  S.  If  two  triangles  ABC,  LEF,  have  otal 
angle  BAC  equal  to  one  angle  ELF, —  and  If 
straight  lines  drawn  from  these  angles  to  the  bases, 
making  with  them  given  and  equal  angles,  have  the 
same  ratio  to  the  bases,  each  to  each )  then  the  tii* 
angles  are  similar:  for  having  drawn  perpendicular* 
to  the  bases  from  the  equal  angles,  as  one  perpendicular 
is  to  its  base,  so  is  the  other  to  its  base* ;  wherefore,  by 
Cor.  1.  the  triangles  are  similar* 

A  triangle  similar  to  ABC  may  be  found  thus  t 
having  described  the  segment  EGF,  and  drawn  the 
straight  line  6H  as  was  directed  in  the  proposition* 
find  FK,  which  has  to  EF  the  given  ratio  of  AD  to 
BC;  and  place  FK  at  right  angles  to  EF  from  tb* 
point  F ;  then  because,  as  has  been  shewn,  the  ratio  of 
AD  to  BC,  that  is,  of  FK  to  EF,  mast  be  less  than  die 
ratio  of  OH  to  EF,  therefore  FK  is  less  than  OH ;  add 
consequently  the  parallel  to  EF  drawn  through 
the  point  K,  must  meet  the  circumference  of  the  ses^ 
ment  in  two  points:  let  L  be  either  of  them,  and 
join  EL,  LF,  and  draw  LM  perpendicular  to  EF : 
then,  because  the  angle  BAC  is  equal  to  the  angle 
ELF,  and  that  AD  is  to  BC,  as  KF,  that  is,  LM* 
to  EF,  the  triangle  ABC  is  similar  to  the  triangle 
LEF,  by  Cor.  1. 


so.  PROP.  LXXVIII. 


1< 


If  a  triangle  have  one  angle  given,  and  if  the  ratio 
of  the  rectangle  of  the  sides  which  contain  the  gftieti 
angle  to  the  square  of  the  third  side  be  giveny 
the  triangle  is  given  in  species.  " 

Let  the  triangle  ABC  have  the  given  angle  BAC, 
and- let  the  ratio  of  the  rectangle  BA,  AC,  to  the 
square  of  BC  be  given ;  the  triangle  ABC  is  gtata  itt 
species. 

From  the  point  A,  draw  AD  perpendicular  to  BC, 

f  41.  i.       the  rectangle  AD9  BC,  has  a  given  ratio,  to  its  half* 

the  triangle  ABG ;    and   because  the  angle  BAC  is 

Sven,  the  ratio  of  the  triangle  ABC  to  the  rectangte 
A,  AC  js  given  *;  and  by  the  hypothesis,  the  *atio 
*"     •       of  the  rectangle  BA,  AC,  to  tkfe  square  of  BC  it  givfen ; 
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therefore  *  the  ratio  of  the  rectangle  AD,  BC,  to  the  •  *  Dat 
square  of  BC,  that  is  *,  the  ratio  of  the  straight  line  *i,  6. 
ADtoBCj  is  given;  wherefore  the  triangle  ABC  is. 
given  in  species  *. 

A  triangle  similar  to  ABC  may  be  found  thus :  take 
a  straight  line  EF  given  in  position  and  magnitude,  and 
-make  the  angle  FEG  equal  to  the  given  angle  BAC, 
and  draw  FH  perpendicular  to  EG,  and  BK 
perpendicular  to 
jfkC;  therefore  the  a  M  0 
triangles      ABK,  - 

EFH,  are  similar, 
and  the  rectangle 
£D9  BC,  or  the 
rectangle  BK,  AC 
which    is      equal 

to  it,  k  to  the  rectangle  BA,  AC,  as  the  straight  line 
BK  to  BA,  that  is,  as  FH  to  FE.  Let  the  given  ratio 
of  the  rectangle  BA,  AC,  to  the  square  of  BC,  be  the 
same/  with  the  ratio  of  the  straight  line  EF  to  FL; 
therefore,  ex  sequali,  the  ratio  of  the  rectangle  AD, 
BC,  to  the  square  of  BC,  that  is,  the  ratio  of  the  straight 
line  AD  to  BC,  is  the  same  with  the  ratio  of  HF  to 
3PL ;  and  because  AD  is  not  greater  than  the  straight 
line  MN  in  the  segment  of  the  circle  described  about 
the  triangle  ABC,  which  bisects  BC  at  right  angles; 
the  ratio  of  AD  to  BC,  that  is,  of  HF  to  FL,  must  not 
be  greater  than  the  ratio  of  MN  to  BC :  let  it  be  so ; 
and  by  the  77th  Dat.  find  a  triangle  OPQ  which  has 
one  of  its  angles  POQ  equal  to  the  given  angle  BAC, 
and  the  ratio  of  the  perpendicular  OH,  drawn  from 
that  angle  to  the  base  PQ,  the  same  with  the  ratio  of 
HF  to  FL ;  then  the  triangle  ABC  is  similar  to  OPQ : 
because,  as  has  been  shewn,  the  ratio  of  AD  to  BC  is 
the  same  with  the  ratio  of  (HF  to  FL,  that  is,  by  the 
coristrnction,  with  the  ratio  of)  OR  to  PQ;  and  the 
§r)gle  BAC  is  equal  to  the  angle  POQ.  Therefore 
|h^U i^ngle  ABC  is  similar  *  to  the  triangle  POQ. 


•  1  Cor. 
77  Dat. 


>*; 


1  i. 


Otherwise. 


»i  Let  the  triangle  ABC  have  the  given  angle  BAC, 
jtfo4  let  the  ratio  of  the  rectangle  B  A,  AC,  to  the  square 
of  BC,  be  given ;  the  triangle  ABC  is  given  in  species, 
because  the  angle  PAC  is  gi>vei)|  the  excess  of  the 
square  of  both  the  sides  BA,  AC,  together,  above  the 
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•  76  ©lit.     square  of  the  third  side  BC  has  a  given  *  ratio  to  the 

triangle  ABC.  Let  the  figure  D  be  eqoal  to  this  ex- 
cess; therefore  the  ratio  of  D  to  the  triangle  ABC  is 
given :  and  the  ratio  of  the  triangle  ABC  to  the  rect- 

•  Cor.  62     angle  B A,  AC,  is  given  *,  because  BAC  is  a  given  ah- 
Dat-  gle,  and  the  rectangle  BA, 

AC,  has  a  given  ratio  to  the 

•  10  Dat.     square  of  BC;  wherefore  *  the 

ratio  of  D  to  the  square  of  BC 
•7  Dat.  is  given;  and  by  composition  * 
the  ratio  of  the  space  D,  toge- 
ther with  the  square  of  BC,  to 
the  square  of  BC  is  given;  but  D,  together  with  the 
square  of  BC,  is  equal  to  the  square  of  both  BA  and 
AC  together ;  therefore  the  ratio  of  the  square  of  B A, 
AC,  together,  to  the  square  of  BC,  is  given ;  and  the 

•  59  Dat.    ratio  of  BA,  AC,  together,  to  BC  is  therefore  given  *; 

•  48  Dat.     and  the  angle  BAC  is  given,  wherefore  #  the  triangle 

ABC  is  given  in  species. 

The  composition  of  this,  which  depends  upon  those 
of  the  76th  arid  48th  Propositions,  is  more  complex 
than  the  preceding  composition,  which  depends  upon 
that  of  Prop.  77.  which  is  easy. 

K.  PROP.  LXXIX. 

See  N.  y  a  triangle  have  a  given  angle,  and  if  the  straight  line 
drawn  from  that  angle  to  the  base,  making  a  given  an- 
gle with  it9  divide  the  base  into  segments  which  have  a 
given  ratio  to  one  another ,  the  triangle  is  given  in 
species. 

Let  the  triangle  ABC  have  the  given  angle  BAC, 
and  let  the  straight  line  AD,  drawn  to  the  base  BC, 
making  the  given  angle  ADB,  divide  BC  into  the  seg- 
ments BD,  L)C,  which  have  a  given  ratio  to  one  an- 
other;  the  triangle  ABC  is  given  in  species. 

•  5.  4.  Describe  *  the  circle  BAC  about  the  triangle,  and 

from  its  centre  E,  draw  EA,  EB,  EC,  ED;  because 
the  angle  BAC  is  given,  the  angle  BEC  at  the  centre, 

•  20.3.        which  is  the  double  *  of  it,  is  given.     And  the  ratio  of 

BE  to  EC  is  given,  because  they  are  equal  to  one  an- 

•  44  Dat.    other;  therefore*  the  triangle  BEC  is  given  in  species, 

and  the  ratio  of  EB  to  BC  is  given ;  also  the  ratio  of  CB 

*  7  Dat.      to  BD  is  given  *\  because  the  ratio  of  BD  to  DC  is  given, 

*  9  Dat.     therefore  the  ratio  of  EB  t&  BD  is  given  *  and  the  angle 

*  44  Dat.     EBC  is  given,  whdrefere  the  triangle  EBD  is  giVen  *  in 
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species,  and  the  ratio  of  EB,  that  is,  of  EA,  to  ED,  U  there- 
fore given ;  and  the  angle  EDA  is  given,  because  each 
of  the  angles  BDE,  BDA,  is  given ;  therefore  the  tri- 
angle AED  is  given  *  in  species, 
and  the  angle  AED  given:  also 
the  angle  DEC  is  given,  because 
each  of  the  angles  BED,  BEC,  is 
given ;  therefore  the  angle  AEC  is 
given,  and  the  ratio  of  EA  to  EC, 
which  are  equal,  is  given ;  and  the 
triangle  AEC  is  therefore  given  * 
in  species,  and  the  angle  ECA  is 
given;  and  the  angle  ECB  is  given,  wherefore  the  an- 
gle ACB  is  given  ;  and  the  angle  BAC  is  also  given; 
therefor**  *  the  triangle  ABC  is  given  in  species. 

A  triangle  similar  to  ABC  may  be  found,  by  taking 
a  straight  line  given  in  position  and  magnitude,  and  di- 
viding it  in  the  given  ratio  which  the  segments  BD, 
DC,  are  required  to  have  to  one  another;  then,  if  upon 
that  straight  line  a  segment  of  a  circle  be  described 
containing  an  angle  equal  to  the  given  angle  BAC,  and 
a  straight  line  be  drawn  from  the  point  of  division  iu  *n 
angle  equal  to  the  given  angle  ADB,  and  from  the  point 
where  it  meets  the  circumference,  straight  lines  be  drawn 
to  the  extremity  of  the  first  line,  these,  together  with  the 
first  line,  shall  contain  a  triangle  similar  to  ABC,  as 
may  easily  be  shewn. 

The  demonstration  may  be  also  made  in  the  manner 
of  that  of  the  77th  Prop.,  and  that  of  the  77th  may  be 
made  in  the  manner  of  this. 

PROP.  LXXX. 

Jtf  the  sides  about  an  angle  of  a  triangle  have  a  given  ra- 
tio to  one  another^    and  if  the  perpendicular  drawn 
from  that  angle  to  the  base  have  a  given  ratio  to  the 

base,  the  triangle  is  given  in  species. 

.  .  < 

Let  the  sides  BA,  AC,  about  the  angle  BAC  of  the 
•triangle  ABC  have  a  given  ratio  to  one  another,  and  let 
the  perpendicular  AD  have  a  given  ratio  to  the  base 
BC :  the  triangle  ABC  is  given  in  species. 

First,  let  the  sides  AB,  AC*  be  equal  to 
owe  another,  therefore  the  perpendicular 
AD  bisects  *  the  base  BC;  and  the  ratio 
of  AD  to  BC,  and  therefore  to  its  half 
DB    is  given.;   and  the  angle  ADB  is 


•  47  Dat. 


*44  0«t. 


•  43  Dat* 
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•  43  Dat.     gtveit ;  wherefore  thfe  triangle  *  ABD*  Sfltf  WH)&eq|i^jr 

•  44  Dat.    $be  triangle  ABC,  is  given  *  in  species*   ;       ;     i  i  K.-:t? 

Bat  let  the  sides  be  unequal*  and  BA  be  greaterv^htei 
AC;  and  make  the  angle  CAE  eqft&lto  the  *8gie 
ABC;  because  the  angle  AEB  is  common  Jiotbe  tri- 
angles AEB,  CEA,  they  are  similar ;  therefore  m  A3 
to  BE,  so  h  CA  to  AE,  and,  by  permutation*  m :  3A 
to  AC,  so  is  BE  to  EA,  and  so  is  EA  to.EC*  anfkllie 
ratio  of  BA  to  AC  is  given,  therefore  the  mlmitf 
BE  to  EA,  and  the  ratio  of  EA  to  EC;  *r  also  %k&  m- 

•  9  Dat.      tio  of  BE  to  EC,  is  given  * ;   wherefore  the  raiio  of  frB 

•  6  Dat.      to  BC  is  given  * ;   and  the  ratio  of 

AD  to  BC  is  given  by  the  hypo-, 

•  9  Dat.      thesis,  therefore  *  the  ratio  of  AD 

to  BE  is  given;  and  the  ratio  of 
BE  to  EA  was  shewn  to  be  given ; 
wherefore  the  ratio  of  AD  to  EA 
is,  given ;  fcnd  ADE  is  a  right  an-  ^      m  -ji* 

•4^5  Dat.      gle,  therefore  the  triangle  ADE  is  given  *  mspqeite, 
and  the  angle  AEB  given;   the  ratio  of,  BE  *o  EA4s 

•  44  Dat,     likewise  given,  therefore  *  the  triangle  ABE  jsgiMefi4n 

species,  and  consequently  the  angle  EAB,  as  algc*,tt|e 
angle  ABE,  that  is,  the  angle  CAE,  is  given:  thers&fe 
the  angle  BAC  is  given,  and  the  angle  ABCsbeittga*l|o 

•  43  bat.     given,  the  triangle  ABC  is  given  *  in  species*    .  ;  ■  J  H 

...  How  to  find  a  triangle  which  shall  have  &t  ihiflgs 
which  are  mentioned  to  be  given  in  the  prpp^UwMs 
>evident  in  the  first  case;  and  to  find  it  the  m$rt  &&'iy 
in  the  other  case,,  it  is  to  be  obseryed^thak  ifvtbe 
straight  line  EF  equal  to  EA  be  placed  in  EB.^Wfds 
B,  the  point  F  divides  the  base  BC  into  the?  segtfieaJs 
BF»  FC,  which  have  to  one  another  the  rfiti#,p£s  tjje 
sides  BA,  CA,  because  BE,  EA,  or  EF,  anil  EGaWe 

•  t9. 5.       shewn  to  be  proportionals,  therefore  *   BF  is,to^Cii#s 

BE  to  EF  or  EA,  that  is,  as  BA  to  AC ;  and  4JE/can- 
not  be  less  than  the  altitude  of  the  triangle:  ABC> ?efe$t 
it  may  be  equal  to  it,  which  if  it  be,,  the  tfi&ng^$j  in  ,f^js 
-case,  as  also  the  ratio  of  the  sides,  mt\y  hetWlS  fofcud : 
having  given  the,  *« tip  of  th^  p^rpeiiiycufetr^tl^J^^it, 
take $e 'itripgbl  Uup  GH*  given  in  l^sit^i^gdifefg- 
nitMde,  foi:  .the,  l)^se,iof4he  Jrian^rto.te  f<m>d>l\*mi 
let  the,  g\v>en  xati<?  of  the;peirp.e«4ipjitor  t<Bhftt>{tfgnbe 
thatof  the  straight  JineIC  toiGfliatb^iiiioJrtb^i^e 
equal  to  the.  ,perpepdiqvtor ;  <ai»4  ^u^po^^ ,  (StiH^^he 
the  triangle  which  is  to  be,foupd,  t>iere|<pir^  hfiviog 
made  the  angle  HLM  equal  tp  LGH,  it  is  required 
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thfcfrLM  fee  perpendicular  to  GM,  and  equal  to  K; 

and  because  GM,  ML,  MH,  are  proportionals,  as  was 
whewn  of  BE,  EA,  EC,  the  rectangle  GMH  is  equal  to 
the  square  of  ML.  Add  the  common  square  of  NH 
{baring  bisected  GH  in  N),  and  the  square  of  NM  is 
equal  *  to  the  squares  of  the  given  straight  lines  NH  *  6*  *• 
and  ML9  or  K :  therefore  the  square  of  NM,  and  its  side 
NM,  is  given,  as  also  the  point  M,  viz.  by  taking  the 
straight  line  NM,  the  square  of  which  is  equal  to  the 
squares  of  NH,  ML.  Draw  ML  equal  to  K,  at  right 
angles  to  GM;  and  because  ML  is  given  in  position 
and  magnitude,  therefore  the  point  L  is  given:  join  LG, 
jLH ;  then  the  triangle  LGH  is  that  which  was  to  be 
found ;  for  the  square  of  NM  is  equal  to  the  squares  of 
NH  and  ML,  and  taking  away  the  common  square  of 
NH*  the   rectangle 

GMH  is  equal  *  to  ^ ^  •  6.  t. 

the  square  of  ML; 
thereto  re  as  GM  to 
ML,  so  is  ML  to 
MH;  and  the  trian- 
gle? LGM  is  *  there*  /£>^  / ^  I  \  •  &  6. 
tore  equiangular  to 
JHLM,and  the  angle 
HLM  equal  to  the 

angle  LGM,  and  the  straight  line  LM,  drawn  from  the 
vertex  of  the  triangle,  making  the  angle  HLM  equal  to 
'LGH,  is  perpendicular  to  the  base,  and  equal  to  the 
given  straight  line  K,  as  was  required;  and  the  ratio 
of  the  sides  GL,  LH,  is  the  same  with  the  ratio  of  GM 
to  ML,  that  is,  with  the  ratio  of  the  straight  line  which 
'is  made  up  of  GN,  the  half  of  the  given  base,  and  of 
*NM*  the  square  of  which  is  equal  to  the  squares  of  GN 
-and  K,  to  the  straight  line  K. 

" '  And  whether  this  ratio  of  GM  to  ML  be  greater  or 

k&s  than  the  ratio  of  the  sides  of  any  other  triangle 

-  upon  the  base  GH,  and  of  which  the  altitude  is  equal 

to' the  straight  line  K,  that  is,  the  vertex  of  which  is 

i3&'4he' parallel  to  GH  drawn  through  the  point  I,, 

9$aiy  be  thus  found*    Let  OGH  be  any  such  triangle, 

'fetid  draw  OP,  making  the  angle  HOP  equal  to  the 

^iangte  OGH;  therefore,  as  before,  GP,  PO,  PH,  are 

proportionals*  tod  PO  cannot  be  equal  to  LM,  be* 

^trtetta.TectimgW  GPH  wonld  be  equal  to  the  rept- 

.*ngte  GMH,  whiclv  rs  impossible;  for  the  point  P 
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cannot  fell  upon  M,  because  O  would  then  fall  on-L* 
nor  can  PO  be  less  than  LM,  therefore  it  is  greater; 
and  consequently  the  rectangle  GPH  is  greater  than  the 
rectangle  GMH,  and  the  straight  line  GP  greater  than 
GM:  therefore  the  ratio  of  GM  to  MH  is  greater 
than  the  ratio  of  GP  to  PH,  and  the  ratio  of  the 
•f  Cor.  square  of  GM  to  the  square  of  ML  is  therefore  * 
greater  than  the  ratio  of  the  square  of  GP  to  the  square 
of  PO,  and  the  ratio  of  the  straight  line  GM  to  ML 
greater  than  the  ratio  of  GP  to  PO.  But  as  GM  to 
ML,  so  is  GL  to  LH;  and  as  GP  to  PO,  so  is  GO  to 
OH;  therefore  the  ratio  of  GL  to  LH  is  greater  than 
the  ratio  of  GO  to  OH;  wherefore  the  ratio  of  GL  to 
LH  is  the  greatest  of  all  others ;  and  consequently 
the  given  ratio  of  the  greater  side  to  the  less  must  not 
be  greater  than  this  ratio. 

But  if  the  ratio  of  the  sides  be  not  the  same  with  this 
greatest  ratio  of  GM  to  ML,  it  must  necessarily  be 
less  than  it :  let  any  less  ratio  be  given,  and  the  same 
things  being  supposed,  viz.  that  GH  is  the  base,  and  R 
equal  to  the  altitude  of  the  triangle,  it  may  be  found  as 
follows :  divide  GH  in  the  point  Q,  so  that  the  ratio  of 
GQ  to  QH  may  be  the  same  with  the  given  ratio  of 
the  sides ;  and  as  GQ  to  QH,  so  make  GP  to  PQ,  and 

•  19. 5.       so  will  *  PQ  be  to  PH;  wherefore  the  square  of  GP 

•  2  Cor.       is  to  the  square  of  PQ,  as*  the  straight  line  GP  to  PH: 
*>•  6.         and  because  GM,  ML,  MH,  are  proportionals,  the 

•  s  Cor.      square  of  GM  is  to  the  square  of  ML,  a6*  the  straight 
**6.  line  GM  to  MH:   but   the  ratio  of  GQ   to   QH, 

that  is,  the  ratio  of  GP  to  PQ,  is  less  than  the  ratio 
of  GM  to  ML ;  and  therefore  the  ratio  of  the  square 
of  GP  to  the  square  of  PQ  is  less  than  the  ratio  *f 
the  square  of  GM  to  that  of  ML ;  and  conaequendy 
the  ratio  of  the  straight  line  GP  to  PH  is  less  than  the 
ratio  of  GM  to  MH;  and,  by  division,  the  ratio  of 
GH  to  HP  is  less  than  that  of  GH  to  HM ;  whert- 
•10.5.  fore*  the  straight  line  HP  is  greater  than  HM,  aod 
the  rectangle  GPH,  that  is,  the  square  of  PQ,  greater 
than  the  rectangle  GMH,  that  is,  than  the  square  of 
ML,  and  the  straight  line  PQ  is  therefore  greater 
than  ML.  Draw  LR  parallel  to  GP,  and  from  P 
draw  PR  at  right  angles  to  GP.  Because' PQ  is 
greater  than  ML,  or  PR,  the  circle  described  from 
the  centre  P,  at  the  distance  PQ,  must  necessarily 
cut  LR  in  two  points^  let  these  be  O*  S,  and  join  jQG, 
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OH;  SO,  SH:  each  bt  the  triangles  OGH,  SGH, 
have  the  things  mentioned  to  be  given  in  Ae  proposi- 
tion :  join  Or,  SP;  and  because  as  GPto  PQ,  or  PO, 
so  is  PO  to  PH,  the  triangle  OGP  is  equiangular  to 
HOP  {  as  therefore  OG  to  GP,  so  is  HO  to  OP ; 
and,  by  permutation,  as  GO  to  OH,  so  is  GP  to  PO, 
or  PQ ;  and  so  is  GQ  to  QH :  therefore  the  triangle 
OGH  has  the  ratio  of  its  sides,  GO,  OH,  the  same  with 
the  given  ratio  of  GQ  to  QH ;  and  the  perpendicular 
has  to  the  base  the  given  ratio  of  K  to  GH,  because 
the  perpendicular  is  equal  to  LM,  or  K  :  the  like  may 
be  shewn  in  the  same  way  of  the  triangle  SGH. 

This  construction,  by  which  the  triangle  OGH  is 
found,  is  shorter  than  that  which  would  be  deduced 
from  the  demonstration  of  the  datum,  by  reason  that 
the  base  GH  is  given  in  position  and  magnitude,  which 
was  not  supposed  in  the  demonstration :  the  same  thing 
is  to  be  observed  in  the  next  proposition. 

PROP.  LXXXI.  M. 

ff  the  sides  about  an  angle  of  a  triangle  be  unequal,  and 
have  a  given  ratio  to  one  another,  and  if  the  perpendi- 
cularfrom  that  angle  to  the  base  divide  it  into  seg- 
ments that  have  a  given  ratio  to  one  another,  the  tri- 
angle is  given  in  species. 

Let  ABC  be  a  triangle,  the  sides  of  which  about  the 
angle  BAC  arc  unequal,  and  have  a  given  ratio  to  one 
another,  and  let  the  perpendicular  AD  to  the  base  BC 
divide  it  into  the  segments  BD,  DC,  which  have  a 
given  ratio  to  one  another,  the  triangle  ABC  is  given 
in  species. 

L*t  AB  be  greater  than  AC,  and  make  the  angle 
CAE  equal  to  the  angle  ABC;  and  because  the  angle 
AEB,  is  common  to  the  triangles  ABE,  CAE,  they  are*  *  4. 6. 
equiangular  to  one  another:  therefore  as  AB  to  BE, 
so  is  CA  to  AE,  and,  by  pertmi- 
tsxkftt,  as  AB  to  AC,  so  is  BE  to 
EA,  and  so  is  EA  to  EC :  but  the 
ratio  of  B A  to  AC  is  given,  there- 
fore the  ratio  of  BE  to  EA,  as  also 
the  ratio  of  EA  to  EC,  is  given ; 
wherefore  *  the  ratio  of  BE  to 
EC*  at  also  #  the  ratio  of  EC  to 
CB,  is  given:   and  the  ratio  of 
BC  to  CD  is  given  *  because  the     Vx       JL  JL«  H    H   •  f  Dat. 
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♦  9  Dat      ratio  of  BD  to  DC  is  given ;  therefore*  the  ratio  of  ISC 

•  r  Dat.      to  CD  is  given,  and  consequently  #  the  ratio  of  DE  to» 

EC:  and  the  ratio  of  EC  to  EA  was  shewn  to  b$ 

*  9  Dat.      given,  therefore  *  the  ratio  of  DE  to  E A  is  given :  and 

*  46  Dat.     ADE  is  a  right  angle,  wherefore  *  the,  triangle  ADfi  fs 

given  in  species,  and  the  angle  AED  given ;  and  the 

•  44  Dat.     ratio  of  CE  to  EA  is  given,  therefore  #  the  triangle 

AEC  is  given  in  species,  and  consequently  the  angle 
ACE  is  given,  as  also  the  adjacent  angle  ACB.  In 
the  same  manner,  because  the  ratio  of  BE  to  EA  is 
given,  the  triangle  BEA  is  given  in  species,  and  the  an- 
gle ABE  is  therefore  given  :  and  the  angle  ACB  is 

*  43  Dat.     given;  wherefore  the  triangle  ABC  is  given*  in  species. 

But  the  ratio  of  the  greater  side  BA  to  the  other  AC 
must  be  less  than  the  ratio  of  the  greater  segment  BD 
to  DC  :  because  the  square  of  BA  is  to  the  square  of 

,  AC,  as  the  squares  of  BD,  DA,  to  the  squares  of  DC, 
DA ;  and  the  squares  of  BD,  DA,  have  to  the  squares 
of  DC,  DA,  a  less  ratio  than  the  square  of  BD  has  to 
the  square  of  DCf,  because  the  square  of  BD  is  greater 
than  the  square  of  DC,  therefore  the  square  of  BA  has 
to  th<£  square  of  AC  a  less  ratio  than  the  square  of  BD 
has  to  tnat  of  DC:  and  consequently  the  ratio  of  BA; 

*  to  AC  is  less  than  the  ratio  of  BD  to  DC. 

This  being  premised,  a  triangle  which  shall  haVetfce 

,  -    ;    things  mentioned  to  be  given  in  the  proposition,  and  to 

which  the  triangle  ABC  is  similar,  may  be  found  thus '^ 

*         take  a  straight  fine  GH  given  in  position  and  niagni~' 

tu4e,  and  divide  it  in  K,  so  that  the  ratio  of  OK  to  KH 

may  be  the  same  with  the  given  ratio  of  BA  to  AC: 

divide  also  GH  in  L,  so  that  the  ratio  of  GL'fty  LH 

mav  be  the  same  with  the  given  ratio  of  BD  to  DC, 

anil  draw  LM  at  right  angles  to  GH :  and  because  the 

ratio  of  the  sides  of  a  triangle  is  less  than  the  ratto  of 

the  segments  of  the  base,  as  has  been  shewn,  the  ratio 

of  GK  to  KH,  U  less  than  the  ratio  of  GL  to -EH* 

wherefore  the  point  L  must  fall  betwixt  K  and  H:  also 

•19-5.        make  as  GK  to  KH,  so  GN  to  NK,  and  so  shaH* 

.  :  NK  be  to  NH.    And  from  the  centre  N,  at  the  dist* 
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.  t  If  A  be  greater  than  B,  and  C  any  third  magnitude ;  then  A  fti*4 
C  together  have  to  B  and  C  together  a  less  ratio  than  A  has  to  ft. 
Let  A  be  to  ft  as  C  to  D,  and  because  A  is  greater  than  B,  C  Is 

r titer  than  D :  but  as  A  is  to  B,  so  A  and  C  to  B  and  D,  and  A  and 
have  to  B  and  G  a  less  ratio  than  A  and  C  have  to  B.  and  D,  be-, 
cause  C  is  greater  than  D,  therefore  A  and  C  have  to  B  and  C  a  less 
ratio  than  A  to  B. 
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taofc**  NK,  describe  a  circle,  and  let  its  circumference 
meet  LM  in  09  and  join  OG,  OH;  then  OGH  is  the 
triangle  which  was  to  be  described :  because  GN  is  to 
SfK,  or  NO,  as  NO  to  NH,  the  triangle  OGN,  is  equi- 
angular to  HON;  therefore  as  OG  to  GN,  so  is  HO 
to  ON,  and,  by  permutation,  aa  GO  to  OH,  so  is  GN 
to  NO,  or  NK,  that  is,  as  GK  to  KH>  that  is,  in  the 

fiven  ratio  of  the  sides,  and  by  the  construction,  GL* 
*H,  have  to  one  another  the  given  ratio  of  the  seg- 
ments of  the  base. 
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PROP.  LXXXIL 

If  a  parallelogram  given  in  species  and  magnitude  be  in- 
■  creased  or  diminished  by  a  gnomon  given  in  ttiagttitude, 
the  sides  qftke  gnomon  are  given  in  magnitude. 

First,  let  the  parallelogram  AB  given  in  fcpecies  and 
magnitude  be  increased  by  the  given  gnomon  ECBDFG, 
each  of  the  straight  lines  CE,  DF,  is  given. 

Jpecause  AB  is  given  in  species  and  magnitude,  and 
that  the  gnomon  ECBDFG  is  given,  therefore  the  whole 
space  AG  is  given  in  magnitude :  but  AG  is  also  given 
in  species,  because  it  is  similar  #  to  AB;  therefore  the 
sides  of  AG  are  given  * :  each  of  the 
straight  lines  AE,  AF,  is  therefore 
given ;  and  each  of  the  straight  lines 
CA,  AD,  is  given  *,  therefore  each  of 
the  remainders  EC,  DF,  is  given  *• 

jNext,  let  the  parallelogram  AG  given 
in.  species  and  magnitude,  be  diminish- 
ed by  the  given  gnomon  ECBDFG, 
each  of  the  straight  lines  CE,  DF,  is 
given* 

,  Because  the  parallelogram  AG  is  given,  as  also  its 
gnomon  ECBDFG,  the  remaining  space  AB  is  given 
in,  magnitude :  but  it  is  also  given  in  species ;  because 
it  is,  similar*  to  AG;  therefore*  its  sides  CA,  AD, 
are  given,  and  each  of  the  straight  lines  EA,<  AF,  is 
given ;  therefore  EC,  DF  are  each  of  them  given. 

The  gnomon  and  its  sides  CE,  DF,  may  be  found 
thus  In  the  first  case.  Let  H  be  the  given  space  to 
whiph^the gnomon  must  be  made  equal,  and  find*  a 
parallelogram  similar  to  AB  land  equal  to  the  figures 
AEj  a^nd  H  together,  and  place  its  sides  AE,  AF,  from 
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the  point  A,,  upon  the  straight  lines  AC,  AD,  and 
complete  the  parallelogram  AG  which  is  about  the 
•26.6.  same  diameter*  with  AB;  because  therefore  AG  is 
equal  to  both  AB  and  H,  take  away  the  common 
part  AB,  the  remaining  gnomon  ECBfiFG  is  equal  to 
the  remaining  figure  H ;  therefore  a  gnomon  equal  to 
H,  and  its  sides  CE,  DF,  are  found;  and  in  like 
manner  they  may  be  found  in  the  other  case,  in  which 
the  given  figure  H  must  be  less  than  the  figure  FE 
from  which  it  is  to  be  taken. 

58.  PROP.  LXXXIII. 

ffa  parallelogram  equal  to  a  given  space  be  applied  to  a 
given  straight  line%  deficient  by  a  parallelogram  given 
in  species ;  the  sides  vfthe  defect  are  given* 

Let  the  parallelogram  AC  equal  to  ft  given  space  be 
applied  to  tbe  given  straight  line  AB,  deficient  by  the 
parallelogram  BDCL  given  an  specie*,  each  of  tb« 
straight  lines  CD,  DB  b  given. 

Bisect  AB  in  E;  therefore  EB  is  given  in  magni- 

•  is.  6.       iucje;  upon  EB  describe*  the  parallelogram  EF  sufliisr 

to  DL  and  similarly  placed;  there- 
fore EF  is  given  in  species,  and  is 
**6.6.  about  the  same  diameter*  with 
DL;  let  BCG  be  the* diameter, 
and  construct  the  figure;  therefore 
because  the  figure  EF  given  in 
species  is  described  upon  the  given 

•  56  Dat.     straight  line  EB,  EF  is  given  *  in 

•  36.  and     magnitude,  and  tbe  gnomon  ELH  is  equal  *  to  the  give* 
43.  i.  figure  AC ;  therefore  *  sinee  EF  is  diminished  by  tbe 

•  8*  Dat.     gfyen  gllomon  elh,  the  sides  EK,  FH,  of  tbe  gf»- 

roon  are  given ;  but  EK  is  equal  to  DC,  and  FH  to 
BD ;  wherefore  CD,  DB  are  each  of  them  given. 

This  demonstration  is  the  analysis  in  the  problem  in 
the  28th  Prop,  of  Book  6.  the  construction  and  demon- 
stration of  which  proposition  is  the  composition  of  the 
analysis;  and  because  the  gi*en  space  AC,  or  its  equal 
the  gnomon  ELH,  is  to  be  taken  from  the  figure  £F, 
described  upon  the  half  of  AB  similar  to  BC»  therefore 
AC  must  not  be  greater  than  EF,  as.  is  shewn  in  the 
£?tb  Prop.  Book  6. 
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PROP.  LXXXIV. 

If  a  parallelogram  equal  to  a  given  space  be  applied  to  a 
given  straight  line  exceeding  by  a  parallelogram  given 
in  species ;  the  sides  of  the  excess  are  given. 

Let  the  parallelogram  AC  equal  to  a  given  space  be 
applied  to  the  given  straight  line  AB,  exceeding  by  the 
parallelogram  BDCL  given  in  species;  each  of  the 
straight  lines  CD,  DB  is  given. 

Bisect  AB  in  E ;  therefore  EB  is  given  in  magni- 
tude: upon  BE  describe*  the  parallelogram  EF  simi-  *18. 6. 
lar  to  LD,  and  similarly  placed ;  therefore  EF  is  given 
in  speries,  and  is  about  the  same 

diameter*  with  LD.     Let  CBG  ^     ^    Tr     *26.6. 

be  the  diameter,  and  construct 
the    figure :     therefore,   because 
the  figure  EF  given  in  species  is 
described  upon  the  given  straight 
line  EB,  EF  is  given  in  magni- 
tude*,, and  the  gnomon  ELH  is  *  56  Dak 
equal  to  the  given  figure  *  AC ;  wherefore,  since  EF  is  *  36  and 
increased  by  the  given  gnomon  ELH,  its  sides  EK,  FH,  43m  u 
are  given  * ;  but  EK  is  equal  to  CD,  and  FH  to  BD,  •  8*  Dat 
therefore  CD,  DB,  are  each  of  them  given. 

This  demonstration  is  the  analysis  of  the  problem  ill 
the  29th  Prop.  Book  6.,  the  construction  and  demon- 
stration of  which  is  the  composition  of  the  analysis. 

Cor.  If  a  parallelogram  given  in  species  be  applied 
to  a  given  straight  line,  exceeding  by  a  parallelogram 
equal  to  a  given  space;  the  sides  of  the  parallelogram 
are  given. 

Let  the  parallelogram  ADCE  given  in  species  be 
applied  to  the  given  straight  line  AB,  exceeding  by 
the  parallelogram  BDCG  equal  to  a  given  space ;'  th* 
sides  AD,  DC,  of  the  parallelogram  are  given. 

Draw  the  diameter  DE  of  the  parallelogram  AC,  and 
construct  the  figure.  Because  the  parallelogram  AX 
is  equal  *  to  BC  which  is  given, 
therefore  AK  is  given ;  and  BK 
is  similar*  to,  AC,  therefore  BK 
is  given  in  species.  And  since 
the  parallelogram  AK  given  in 
magnitude  is  applied  to  the  given 
straight  line  AB,  exceecHag  by 
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the  parallelogram  BK  given  in  species,  therefore,  by 
this  proposition,  BD,  DK,  the  sides  of  the  excess,  are 
given,  and  the  straight  line  AB  is  given ;  therefore  the 
whole  AD,  as  also  DC,  to  which  it  has  a  given  Tatio, 
is  given. 

PROBLEM. 

To  apply  a  parallelogram  similar  to  a  given  one*  to 
a  given  straight  line  AB,  exceeding  by  a  parallelogram 
equal  to  a  given  space. 
+  39.6.  To  the  given  straight  line  AB  apply*  the  parallel- 

ogram AK  equal  to  the  given  space,  exceeding  by  the 
parallelogram  BK  similar  to  the  one  given.  Draw  DF 
the  diameter  of  BK,  and  through  the  point  A  draw 
AE  parallel  to  BF,  meeting  DF  produced  in  E,  and 
complete  the  parallelogram  AC. 
+  4S.  1.  The  parallelogram  BC  is  equal*  to  AK,  that  is,  to 

******  the  given  space;  and  the  parallelogram  AC  is  similar • 
to  BK  ;  therefore  the  parallelogram  AC  is  applied  to 
the  straight  line  AB  similar  to  the  one  given,  and  ex- 
ceeding by  the  parallelogram  BC  which  is  equal  to  the 
given  space. 

84.  PROP.  LXXXV. 

If  two  straight  lines  contain  a  parallelogram  given  in 
magnitude  in  a  given  angle ;  if  the  difference  of  the 
straight  lines  be  given,  they  shall  each  of  them  be  given* 

Let  AB,  BC,  contain  the  parallelogram  AC  given 
in  magnitude,  in  the  given  angle  ABC,  and  let  the 
excess  of  BC  above  AB  be  given ;  each  of  the  straight 
lines  AB,  BC  is  given. 

Let  DC  be  the  given  excess  of  BC  above  BA,  there- 
fore the  remainder  BD  is  equal  to 
BA»  Complete  the  parallelogram 
AD;  and  because  AB  is  equal  to 
BD,  the  ratio  of  AB  to  BD  is  given; 
and  the  angle  ABD  is  given, 
therefore  the  parallelogram  AD  is 
given  in  species;  and  because  the 
given  parallelogram  AC  is  applied  to  the  given  straight 
line  DC,  exceeding  by  the  parallelogram  AD  given  in 
*  84  Dat.  species,  the  sides  of  the  excess  are  given  * :  therefore 
BD  is  given ;  and  DC  is  given,  wherefore  the  whole 
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BbttAivrti':  wd'Apis gfvdl,  therefore. AB,  BC, ate 
<Siich  drtfiem  given.  ' 

1   i*     i  <-.■    •    '  ■  •  •    •• 

^    >    <«    prop,  lxxxvl  85, 

If  two  straight  lines  contain  a  parallelogram  given  iii 
magnitude,  in  a  given  angle  j  if  both  of  them  together 
%,be  given,  they  shall  each  of  them  be  given. 

Let  the  two  straight  lines  AB*  BC,  doritam  the  pa* 
rallelogram  AC  given  in  magnitude,  in  the  given  angle 
ABC,;  and  let  AB,  BC,  together  be  given  ;  each  of  the 
straight  lines  AB,  BC,  i*  given* 
':  Produce  GB,  and  make  DB  equal  to  BA,  ami  ccmb? 
pietei  tbe  parallelogram  ABDE,  -  Because  DB  i*  eqaal 
ttei^BAt  akd*  the  angle  ABD  given, 
because  the  adjacent  angle  ABC  is 
gfretytbe  paralMogram  AD  is  given 
ih  isfieeies;:  and  because  AB,  BC, 
iM^kher  *re  gives,  and  AB  is  equal 
tocBl>|  therefore  DC  is  given :  afld 
bdfcauftdidti&  given  parallelogram  AC 
is  applied  to  the  given  straight  line  DC,  deiciefit  by 
the  parallelogram  AD, given  in  species,  the  sides  AB, 
BD,  of  the  defect  are  given  * ;  and  DC  is  given,  where-  •  as  Dat, 
fjppe*  tbe  remainder  BC  is  given ;  and  each  of  the 
straight  lipes  AB,  BC,  is  therefore  given* 

ir?:  PROP.  LXXXVlI.  sr. 

Ifiinco  -straight  lines  contain  a  parallelogram  given?  in 
r»  bbaigjlitude,  in  a  given  angle;  jfthe  excess  of  the  square 
$Aqfi.tfhe  greater  above  the  square  of  the  lesser  be  given* 
each  of  the  straight  lines  shall  be  given* 

"Let  the  two  straight  lines  AB,  BC,  contain  the  given' 
parallelogram  AC  in  the  given  angle  ABC;  if  the  ex- 
cess #f  the  Square  of  BC  above  the  square  of  BA  be 
given*  AB  aqd  BC  are  each  of  them  given! 

\Let\the  given  excess  ttf  the*  square  of  BC  above  the 
sqiWebtBAbe  the  rectangle  CB,  BD ;  take  this  ffoifl 
the^qiSare  of  BC,  the  remainder,  which  is  *  the  rect-  *2.  *. 
fngle  BC,  CD,  is  equal  to  the  square  of  AB :  and  btf* 
fcatise  the  angle  ABC  of  the  parallelogram  AC  is  giyetij' 
ilfe:ratio  of  the  rectangle  of  the  sides  AB;  BC,  toffife 
parallelogram  AC  is  given  * ;  and  AC  is  given,  there-  *  **  *>**• 


•1.6. 
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fore  the  rectangle  AB,  BC,  is  given ;  and  the  rectan- 
gle CB,  BD,  is  given ;  therefore  the  ratio  of  the  rect- 
angle CB,  BD,  to  the  rectangle  AB,  BC,  that  is  *,  the 
fratio  of  the  straight  line  DB  to  BA  is  given ;  therefore  * 
the  ratio  of  the  .square  of  DB  to  the  square  of  BA  is 
given  :  and  the  square  of  BA  is 
equal  to  the  rectangle  BC,  CD : 
wherefore  the  ratio  of  the  rectan- 
gle BC,  CD,  to  the  square  of  BD 
is  given,  as  also  the  ratio  of  four 
times  the  rectangle  BC,  CD,  to 
the  square  of  BD ;  and,  by  com- 

*  7  Dat.      position  *,  the  ratio  of  four  times  the  rectangle  BC,  CD, 

together  with  the  square  of  CD  to  the  square  of  BD  is 
given:  but  four  times  the  rectangle  BC,  CD,  together 

*  8. *.         with  the  square  of  BD,  is  equal  *  to  the  square  of  the 

straight  lines  BC,  CD,  taken  together :  therefore  the 
ratio  of  the  square  of  BC,  CD,  together  to  the  square 

*  58  Dat.     of  BD  is  given ;  wherefore  *  the  ratio  of  the  straight 

line  BC,  together  with  CD  to  BD  is  given :  and,  by 
composition,  the  ratio  of  BC  together  with  CD  and  DB, 
that  is,  the  ratio  of  twice  BC  to  BC  is  given :  therefore 

*  l.  6.  the  ratio  of  BC  to  BD  is  given,  as  also  *  the  ratio  of 

the  square  of  BC  to  the  rectangle  CB,  BD :  but  the 
rectangle  CB,  BD,  is  given,  being  the  given  excess  of 
the  squares  of  BC,  BA  ;  therefore  the  square  of  BC, 
and  the  straight  line  BC  is  given :  and  the  ratio  of  BC 
to  BD,  as  also  of  BD  to  BA,  has  been  shewn  to  be 

*  9  Dat.       given :  therefore  *  the  ratio  of  BC  to  BA  is  given  ;  and 

j&C  is  given,  wherefore  BA  is  given. 

The  preceding  demonstration  is  the  analysis  of  this 
problem,  viz. 

A  parallelogram  AC,  which  has  a  given  angle  ABC, 
being  given  in  magnitude,  and  the  excess  of  the  square 
of  BC,  one  of  its  sides  above  the  square  of  the  other 
BA,  being  given  ;  to  find  the  sides :  and  the  composi- 
tion is  as  follows : 

Let  EFG  be  the  given  angle  to  which  the  angle 
ABC  is  required  to  be  equal,  and  from  any  point 
E  in  FE,  draw  EG  perpendicular  to  FG;  let  the 
rectangle  EG,  GH,  be  the  given  space  to  which  the 
parallelogram  AC  is  to  be  made  equal ;  and  the  rect- 
angle HG,  GL,  be  the  given  excess  of  the  squares  of 
BC,  BA. 
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Take,  in  the  straight  line  GE,  GK  equal  to  FE,  and 
make  GM  double  of  GK ;  join  ML,  and  in  GL  pro- 
duced take  LN  equal  to  LM :  bisect  GN  in  O,  and 
between  GH,  GO,  find  a  mean  proportional  BC :  as 
OG  to  GL,  so  make  CB  to  BD  ;  and  make  the  angle 
CBA  equal  to  GFE,  and  as  LG  to  GK,  so  make  DB 
to  BA,  and  complete  the  parallelogram  AC:  AC  is 
equal  to  the  rectangle  EG,  GH,  and  the  excess  of  the 
squares  of  CB,  BA,  is  equal  to  the  rectangle  HG,  GL. 

Because  as  CB  to  BD,  so  is  OG  to  GL,  the  square 
of  CB  is  to  the  rectangle  CB,  BD,  as  #  the  rectangle  *  1. 6* 
HG,  GO,  to  the  rectangle  HG,  GL:  and  the  square 
of  CB  is  equal  to  the  rectangle  HG,  GO,  because  GO, 

BC,  GH,  are  proportionals;   therefore  the  rectangle 

CB,  BD  is  equal  *  to  HG,  GL :  and  because  as  CB  to  •  14. 5. 

BD,  so  is  OG  to  GL;  twice  CB  is  to  BD,  as  twice 
OG,  that  is  GN  to  GL ;  and,  by  division,  as  BC  to- 
gether with  CD  is  to  BD,  so  is  NL,  that  is  LM,  to  LG  : 
therefore  #  the  square  of  BC  together  with  CD  is  to  •  as.  6. 
the  square  of  BD,  as  the  square  of  ML  to  the  square 

of  LG:  but  the  square  of  BC  and  CD  together  is 
equal  #  to  four  times  the  rectangle  BC,  CD,  together  *  8.  ^ 
with  the  square  df  BD  ;  therefore  four  times  the  rect- 
angle BC,  CD,  together  with  the  square  of  BD  is  to 
the  square  of  BD,  as  the  square  of  ML  to  the  square  of 
LG :  and,  by  division,  four  times  the  rectangle  BC, 
CD  is  to  the  square  of  BD,  as  the  square  of  MG  to  the 
square  of  GL ;  wherefore  the  rectangle  BC,  CD,  is  to 
the  square  of  BD,  as  (the  square  of  KX5  the  half  of  MG 
to  the  square  of  GL,  that  is,  as)  the  square  of  AB  to 
the  square  of  BD,  because  as  LG  to  GK,  so  DB  was 
made  to  BA  :  therefore  #  the  rectangle  BC,  CD  is  *  u.  5. 
equal  to  the  square  of  AB.  To  each  of  these  add  the 
rectangle  CB,  BD,  and  the  square  of  BC  becomes  equal 
tp  the  square  of  AB,  together  with  the  rectangle  CB, 
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BD ;  therefore  this  rectangle,  that  is,  the  given  rectan- 
gle HG,  GL,  is  the  excess  of  the  squares  of  BC,  AB. 

e  e  2 
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From  the  point  A  draw  AP  perpendicular  to  BC,  and 
because  the  angle  ABP  is  equal  to  the  angle  EFG,  the 
triangle  ABP  is  equiangular  to  EFG:  and  DB  was 
made  to  BA,  as  LG  to  GK ;  therefore  as  the  rectangle 
CB,  BD,  to  CB,  BA,  so  is  the  rectangle  HG,  GL,  to 
HG,  GK ;  and  as  the  rectangle  CB,  BA,  to  AP,  BC, 
so  is  (the  straight  line  BA  to  AP,  and  so  is  FE  or  GK 
to  EG,  and  so  is)  the  rectangle  HG,  GK  to  HG, 
GE ;  therefore,  ex  aequali,  as  the  rectangle  CB,  BD,  to 
AP,  BC  so  is  the  rectangle  HG,  GL,  to  EG,  GH: 
and  the  rectangle  CB,  BD,  is  equal  to  HG,  GL;, 
therefore  the  rectangle  AP,  BC,  that  is,  the  parallel- 
ogram AC,  is  /equal  to  the  given  rectangle  EG,  GH. 

N.  PROP.  LXXXVIII. 

If  two  straight  lines  contain  a  parallelogram  given  in 
magnitude  in  a  given  angle ;  if  the  sum  of  the  squares 
of  its  sides  be  given,  the  sides  shall  each  of  them  be 
given* 

Let  the  two  straight  lines  AB,  BC,  contain  the  pa- 
rallelogram ABCD  given  in  magnitude  in  the  given 
angle  ABC,  and  let  trie  sum  of  the  squares  of  AB,  BC 
be  given ;  AB,  BC  are  each  of  them  given. 

First  let  ABC  be  a  right  angle :  and  because  twice 
the  rectangle  contained  by  two  equal  straight  lines  is 
equal  to  both  their  squares;    but  if  two 

straight  lines  are  unequal,  twice  the  rect-      »  tx 

angle  contained  by  them  is  less  than  the  '  ' 
sum  of  these  squares,  as  is  evident  from 
the  7th  Prop.  B.  2  Elem.;  therefore  twice  ™ 
the  given  space,  to  which  space  the  rect- 
angle of  which  the  sides  are  to  be  found  is  equal,  must 
not  be  greater  than  the  given  sum  of  the  squares  of  the 
sides:  and  if  twice  that  space  be  equal  to  the  given  sum 
of  the  squares,  the  sides  of  the  rectangle  must  neces- 
sarily be  equal  to  one  another :  therefore  in  this  case 
describe  a  square  ABCD  equal  to  the  given  rectangle, 
and  its  sides  AB,  BC,  are  those  which  were  to  be 
found:  for  the  rectangle  AC  is  equal  to  the  given 
space,  and  the  sum  of  the  squares  of  its  sides  AB,  BC, 
is  equal  to  twice  the  rectangle  AC,  that  is,  by  the  hy- 
pothesis, to  the  given  space  to  which  the  sum  of  the 
squares  was  required  to  be  equal. 
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But  if  twice  the  given  rectangle  be  not  equal  to  the 
given  sum  of  the  squares  of  the  sides,  it  must  be  fess 
than  it,  as  has  been  shewn.  Let  ABCD  be  the  rect- 
angle, join  AC,  and  draw  BE  perpendicular  to  it,  and 
complete  the  rectangle  AEBF,  and  describe  the  fcircle 
ABC  about  the  triangle  ABC ;  AC  is  its  diameter  * : 
and  because  the  triangle  ABC  is  similar  *  to  AEB,  as 
AC  to  CB,  so  is  AB  to  BE;  therefore  the  rectangle 
AC,  BE,  is  equal  to  AB,  BC;  and  the  rectangle  AB, 
BC,  is  given,  wherefore  AC,  BE,  is  given :  and  because 
the  sum  of  the  squares  of  AB,  BC  is  given,  the  square 
of  AC  which  is  equal  *  to  that  sum  is  given ;  and  AC 
itself  is  therefore  given  in 
magnitude ;  let  AC  be  likewise 
given  in  position,  and  the 
point  A;  therefore  A  F  is  given* 
in  position  :  and  the  rectangle 
AC,  BE  is  given,  as  has  been 
shewn,  and  AC  is  given,  where- 
fore *  BE  is  given  in  magni- 
tude, as  also  AF,  which  is 
equal  to  it;    and   AF  is  also 

given  in  position,  and  the  point  A  is  given j  wherefore* 
the  point  F  is  given,  and  the  straight  line  FB  in  posi- 
tion * :  and  the  circumference  ABC  is  given  in  posi- 
tion, wherefore*  the  point  B  is  given.  And  the  points 
A,  C,  are  given ;  therefore  the  straight  lines  AB,  BC, 
are  given  *  in  position  and  magnitude. 

The  sides  AB,  BC  of  the  rectangle  may  be  found 
thus :  let  the  rectangle  GH,  GK  be  the  given  space  to 
which  the  rectangle  AB,  BC  is  equal;  and  let  GH, 
GL,  be  the  given  rectangle  to  which  the  sum  of  the 
squares  of  AB,  BC,  is  equal :  find  *  a  square  equal  to 
the  rectangle  GH,  GL:  and  let  its  side  AC  be  given  in 
position ;  upon  AC  as  a  diameter,  describe  the  semi- 
circle ABC,  and  as  AC  to  GH,  so  make  GK  to  AF, 
and  .from  the  point  A  place  AF  at  right  angles  to  AC: 
therefore  the  rectangle  CA,  AF,  is  equal*  to  GH,  GK; 
and,  by  the  hypothesis,  twice  the  rectangle  GH,  GK, 
is  less  than  GH,  GL,  that  is,  than  the  square  of  AC; 
wherefore  twice  the  rectangle  CA,  AF,  is  less  than  thfe 
square  of  AC,  and  the  rectangle  CA,  AF,  itself  less 
than  half  the  square  of  AC,  that  is,  than  the  rectangle 
contained  by  the  diameter  AC  and  its  half;  wherefore 
'AF  is  less  than  the  semidiameter  of  the  circle,  and 
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consequently  the  straight  line  drawn  through  the  point 
F  parallel  to  AC  must  meet  the  circumference  in  two 
points :  let  B  be  either  of  them,  and  join  AB,  BC,  and 
complete  the  rectangle  ABCD ;  ABCD  is  the  rectan- 
gle which  was  to  be  found:  draw  BE  perpendicular  to 
AC ;  therefore  BE  is  equal  *  to  AF,  and  because  the 
angle  ABC  in  a  semicircle  is  a  right  angle,  the  rectan- 
gle AB,  BC  is  equal  *  to  AC,  BE,  that  is,,  to  the  rect- 
angle CA,  AF,  which  is  equal  to  the  given  rectangle 
GH,  GK :  and  the  squares  of  AB,  BC,  are  together 
equal  *  to  the  square  of  AC,  that  is,  to  the  given  rect- 
angle GH,  GL. 

But  if  the  given  angle  ABC  of  the  parallelogram 
AC  be  not  a  right  angle ;  in  this  case,  because  ABC  is 
a  given  angle,  the  ratio  of  the  rectangle  contained  by 
the  sides  AB,  BC,  to  the  parallelogram  AC  is  given*; 
and  AC  is  given,  therefore  the  rectangle  AB,  BC,  is 
given :  and  the  sum  of  the  squares  of  AB,  BC,  is 
given:  therefore  the  sides  AB,  BC,  are  given  by  the 
preceding  case. 

The  sides  AB,  BC,  and  the  parallelogram  AC,  may 
be  found  thus :  let  EFG  be  the  given  angle  of  the  pa- 
rallelogram, and  from  any  point  E  in  FE  draw  EG 
perpendicular  to  FG ;  and  let  the  rectangle  EG,  FH, 
be  the  given  space  to  which  the  parallelogram  is  to  be 
made  equal,  and  let  EF,  FK,  be  the 

S'ven  rectangle  to  which  the  sum  of 
e  squares  of  the  sides  is  to  be  equal. 
And,  by  the  preceding  case,  find  the 
sides  of  a  rectangle  which  is  equal  to 
the  given  rectangle  EF,  FH,  and 
the  squares  of  the  sides  of  which  are 
together  equal  to  the  given  rectan- 
gle EF,  FK;  therefore,  as  was  shewn 
in  that  case,  twice  the  rectangle  EF, 
FH  must  Hot  be  greater  than  the 
rectangle  EF,  FK:  let  it  be  so, 
and  let  AB,  BC,  be  the  sides  of  the 
rectangle  joined  in  the  angle  ABC 
equal  to  the  given  angle  EFG,  and  complete  the  pa- 
rallelogram ABCD,  which  will  be  that  which  was  to 
be  found  :  draw  AL  perpendicular  to  BC,  and  because 
the  angle  ABL  is  equal  to  EFG,  the  triangle  ABL  is 
equiangular  to  EFG ;  and  the  parallelogram  AC,  that 
13,  the  rectangle  AL,  BC,  is  to  the  rectangle  AB,  BC, 
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as  (the  straight  line  AL  to  AB,  that  is,  as  EG  to  EF, 
that  is,  as)  the  rectangle  EG,  FH,  to  EF,  FH;  and, 
by  the  construction,  the  rectangle  AB,  BC,  is  equal  to 

EF,  FH,  therefore  the  rectangle  AL,  BC,  or  its  equal, 
the  parallelogram  AC,  is  equal  to  the  given  rectangle 

EG,  FH :  and  the  squares  of  AB,  BC,  are  together 
equal,  by  construction,  to  the  given  rectangle  EF,  FK. 


PROP.  LXXXIX.  86. 

If  two  straight  lines  contain  a  given  parallelogram  in  a 
given  angle9  and  if  the  excess  of  the  square  of  one  of 
them  above  a  given  space  have  a  given  ratio  to  the  square 
of  the  other  ;  each  of  the  straight  lines  shall  be  given* 


Let  the  two  straight  lines  AB,  BC,  contain  the  given 
parallelogram  AC  in  the  given  angle  ABC,  and  let  the 
excess  or  the  square  of  BC  above  a  given  space  have  a 
given  ratio  to  the  square  of  AB :  each  of  the  straight 
lines  AB,  BC  is  given. 

Because  the  excess  of  the  square  of  BC  above  a  given 
space  has  a  given  ratio  to  the  square  of  BA,  let  the 
rectangle  CB,  BD,  be  the  given  space ;  take  this  from 
the  square  of  BC,  the  remainder,  to  wit,  the  rectangle  *  •  «.  t . 
BC,  CD,  has  a  given  ratio  to  the  square  of  BA :  draw 
AE  perpendicular  to  BC,  and  let  the  square  of  BF  be 
equal  to  the  rectangle  BC,  CD ;  then  because  the  an- 
gle ABC,  as  also  BEA,  is  given,  the  triangle  ABE  is 
given  *  in  species,  and  the  ratio  of  •  43  Dat. 

AE  to  AB  is  given :  and  because 
the  ratio  of  the  rectangle  BC,  CD, 
that  is,  of  the  square  of  BF  to  the 

square  of  BA,  is  given,  the  ratio  of        

the   straight   line   BF   to    BA    is      BED 

given*;  and  the  ratio  of  AE  to  AB  *  58  Dat. 

is  given,  wherefore  *  the  ratio  of  AE  to  BF  is  given;  * 9 Dat. 

as  also  the  ratio  of  the  rectangle  AE,  BC,  that  is  *,  of  *  35. 1. 

the  parallelogram  AC  to  the  rectangle  FB,  BC;  and 

AC  is  given,  wherefore  the  rectangle  FB,  BC,  is  given. 

The  excess  of  the  square  of  BC  above  the  square  of  BF, 

that  is,  above  the  rectangle  BC,  CD,  is  also  given,  for  it 

is  equal  *  to  the  given  rectangle  CB,  BD :  therefore,  *  2. 2. 

because  the  rectangle  contained  by  the  straight  lines  FB, 
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* 

BC>  is  given,  and  also  the  excess  of  the  square  of  BC 
above  the  square  of  BF ;  FB,  BC,  are  each  of  them 
•87  Dat.     given* :  and  the  ratio  of  FB  to  BA  is  given ;  therefore 
AB,  BC,  are  given. 


The  Composition  is  as  follows : 

Let  GHK  be  the  given  angle  to  which  the  angle  of 
the  parallelogram  is  to  be  made  equal,  and  from  any 
point  G  in  HG,  draw  GK  perpendicular  to  HK ;  let 
GK,  HL,  be  the  rectangle  to  which 
the  parallelogram  is  to  be  made 
equal,  and  let  LH,  HM,  be  the 
rectangle  equal  to  the  given  space 
which  is  to  be  taken  from  the  square 
of  one  of  the  sides;  and  let  the 
ratio  of  the  remainder  to  the  square 
of  the  other  side  be  the  same  with  the  ratio  of  the 
square  of  the  given  straight  line  NH  to  the  square  of 
the  given  straight  line  HG. 

By  help  of  the  87th  dat.  find  two  straight  lines  BC, 
BF,  which  contain  a  rectangle  equal  to  the  given  rect- 
angle NH,  HL,  and  such  that  the 
excess  of  the  square  of  BC  above 
the  square  of  BF  be  equal  to  the 
given  rectangle  LH,  HM ;  and 
join  CB,  BF  in  the  angle  FBC 
equal  to  the  given  angle  GHK : 
and  as  NH  to  HG,  so  make  FB  to 
BA,  and  complete  the  parallelogram  AC,  and  draw 
AE  perpendicular  to  BC ;  then  AC  is  equal  to  the 
rectangle  GK,  HL:  and  if  from  the  square  of  BC,  the 
given  rectangle  LH,  HM,  be  taken,  the  remainder 
shall  have  to  the  square  of  BA  the  same  ratio  which 
the  square  of  NH  has  to  the  square  of  HG. 

Because,  by  the  construction,  the  square  of  BC  is 
equal  to  the  square  of  BF  together  with  the  rectangle 
LH,  HM ;  if  from  the  square  of  BC  there  be  taken  the 
rectangle  LH,  HM,  there  remains  the  square  of  BF, 
2«.  6.  which  has  *  to  the  square  of  BA  the  same  ratio  which 
the  square  of  NH  has  to  the  square  of  HG,  because,  as 
NH  to  HG,  so  FB  was  made  to  BA ;  but  as  HG  to 
GK»  so  is  BA  to  AE,  because  the  triangle  GHK  is 
equiangular  to  ABE :  therefore,  ex  aequali,  as  NH  to 
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GK,  so  is  PB  to  AE;  wherefore  *  the  rectangle  NH,  *  i.  «• 
HL,  is  to  the  rectangle  GK,  HL,  as  the  rectangle  PB,     * 
BC,  to  AE,  BC ;  but,  by  the  construction,  the  rect- 
angle NH,  HL,  is  equal  to  FB,  BC ;  therefore  *  the  *  14« 5- 
rectangle  GK,  HL,  is  equal  to  the  rectangle  AE,  BC, 
lhat  is,  to  the  parallelogram  AC. 

The  analysis  of  this  problem  might  have  been  made 
as  in  the  86th  Prop,  in  the  Greek,  and  the  composi- 
tion of  it  may  be  made  as  that  which  is  in  Prop.  87th 
of  this  edition. 


PROP.  XC.  o. 

If  two  straight  lines  contain  a  given  parallelogram  in  a 
given  angle,  and  if  the  square  of  one  of  them,  together 
with  the  space  which  has  a  given  ratio  to  the  square  of 
the  other,  be  given,  each  of  the  straight  lines  shall  be 

given. 

Let  the  two  straight  lines  AB,  BC  contain  the  given 
parallelogram  AC  in  the  given  angle  ABC,  and  let  the 
square  of  BC  together  with  the  space  which  has  a  given 
ratio  to  the  square  of  AB  be  given,  AB,  BC,  are  each 
of  them  given. 

Let  the  square  of  BD  be  the  space  which  has  the 
given  ratio  to  the  square  of  AB :  therefore,  by  the  hy~ 
pothesis,  the  square  of  BC  together  with  the  square  of 
BD  is  given.     From  the  point  A,  draw  AE  perpendi- 
cular to  BC;  and  because  the  angles  ABE,  BEA,  are 
given,  the  triangle  ABE  is  given*  in  species:  there-  *43Dat. 
tore  the.  ratio  of  BA  to  AE  is  given  :   and  because  the 
ratio  of  the  square  of  BD  to  the  square  of  BA  is  given, 
the  ratio  of  the  straight  line  BD  to  BA  is  given  *  ;  and  *  58  Dat- 
the  ratio  of  BA  to  AE  is  given ;  therefore  #  the  ratio  *  9  Dat. 
of  AE  to  BD  is  given,  as  also  the  ratio  of  the  rectan- 
gle AE,  BC,  that  is,  of  the  parallelogram  AC,  to  the 
rectangle  DB,  BC;  and  AC  is  given,  therefore   the 
rectangle  DB,  BC  is  given ;  and 
the  square  of  BC  together  with 
the  square  of  BD  is  given :  there- 
fore *  because  the  rectangle  con-         ^V*      ■    ■  '     /       *  88  Dat. 
tained  by  the  two  straight  lines 
DB,  BC  is  given,  and  the  sum  of     t£~4t 
their  squares  is  given  j  the  straight      ■**   * 
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lines  DB,  BC  are  each  of  them  given ;  and  the  ratio 
of  DB  to  BA  is  given ;  therefore  AB,  BC  are  given. 

The  Composition  is  as  follows  : 

Let  FGH  be  the  given  angle  to  which  the  angle  of 
the  parallelogram  is  to  be  made  equal,  and  from  any 
point  F  in  GF  draw  FH  perpendicular  to  GH ;  and 
let  the  rectangle  FH,  GK  be  that  to  which  the  paral- 
lelogram is  to  be  made  equal ;  and  let  the  rectangle 
KG,  GL  be  the  space  to  which  the  square  of  one  of  the 
sides  of  the  parallelogram,  together  with  the  space 
which  has  a  given  ratio  to  the  square  of  the  other  side 
is  to  be  made  equal ;  and  let  this  given  ratio  be  the 
same  which  the  square  of  the  given  straight  line  MG 
has  to  the  square  of  GF. 

By  the  88th  dat.  find  two  straight  lines  DB,  BC, 
which  contain  a  rectangle  equal  to  the  given  rectangle 
MG,  GK,  and  such  that  the  sum  of  their  squares  is 
equal  to  the  given  rectangle  KG,  GL  ;•  therefore,  by 
the  determination  of  the  problem  in  that  proposition, 
twice  the  rectangle  MG,  GK  must  not  be  greater  than 
the  rectangle  EaJ,  GL.  Let  it  be  so,  and  join  the 
straight  lines  DB,  BC,  in  the  angle  DBC  equal  to 
the  given  angle  FGH ;  and,  as  M&  to  GF,  so  make 
DB  to  BA,  and  complete  the  parallelogram  AC; 
AC  is  equal  to  the  rectangle  FH,  GK :  and  the  square 


7 


T~~L 


of  BC  together  with  the  square  of  BD,  which,  by  the 
construction,  has  to  the  square  of  BA  the  given  ratio 
which  the  square  of  MG  has  to  the  square  of  GF,  is 
equal,  by  the  construction,  to  the  given  rectangle  KG, 
GL.     Draw  AE  perpendicular  to  BC. 

Because,  as  DB  to  BA,  so  is  MG  to  GF  ;  and  as 
BA  to  AE,  so  GF  to  FH ;  ex  aquali,  as  DB  to 
AE,  so  is  MG  to  FH;  therefore  as  the  rectangle 
DB,  BC,  to  AE,  BC,  so  is  the  rectangle  MG,  GK,  to 
FH,  GK ;  and  the  rectangle  DB,  BC,  is  equal  to  the 
rectangle  MG,  GK ;  therefore  the  rectangle  AE,  BC, 
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that  is,  tbe  parallelogram  AC,  is  equal  to  the  rectan- 
gle FH,  GK. 

PROP.  XCL 

If  a  straight  line  drawn  within  a  circle  given  in  magni- 
tude cut  off  a  segment  which  contains  a  given  angle, 
the  straight  line  is  given  in  magnitude. 

In  (he  circle  ABC  given  in  magnitude  let  the  straight 
line  AC  be  drawn,  cutting  off  the  segment  AEC  which 
contains  the  given  angle  AEC ;  the  straight  line  AC  is 
given  in  magnitude. 

Take  D  the  centre  of  the  circle*,  join  AD,  and  pro- 
duce it  to  E,  and  join  EC  :  the 
angle  ACE  being  a  right*  angle,  is 
given  ;  and  the  angle  AEC  is  given  ; 
therefore #  the  triangle  ACE  is 
given  in  species,  and  the  ratio  of  EA 
to  AC  is  therefore  given,  and  EA 
is  given  in  magnitude,  because  the 
•  circle  is  given  #  in  magnitude :  AC 
is  therefore  given  *  in  magnitude. 

.  PROP.  XCII. 

If  a  straight  line  given  in  magnitude  be  drawn  within  a 
circle  given  in  magnitude,  it  shall  cut  off  a  segment 
containing  a  given  angle. 

Let  the  straight  line  AC  given  in  magnitude  be  drawn 
within  the  circle  ABC  given  in  magnitude;  it  shall  cut  off 
a  segment  containing  a  given  angle. 

Take  D  the  centre  of  the  circle, 
join  AD  and  produce  it  to  E,  and 
join  EC :  and  because  each  of  tbe 
straight  lines  EA  and  AC  is  given, 
their  ratio  is  given  *  :  and  the  angle 
ACE  is  a  right  angle,  therefore  the 
triangle  ACE  is  given  *  in  species, 
and  consequently  the  angle  AEC  is  given. 
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*1.  3. 


•  31.  3. 


•43  Dat. 


•  3  Def. 

*  *  Dat. 

89. 


*  1  Dat. 


*  46  Pat. 
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PROP.  XCIII. 

If  from  any  point  in  the  circumference  of  a  circle  given  in 
position  two  straight  lines  be  drawn,  meeting  the  circum- 
ference and  containing  a  given  angle  ,•  if  the  point  in 
which  one  of  them  meets  the  circumference  again  be 
given9  the  point  in  which  the  other  meets  it  is  also 
given. 

From  any  point  A  in  the  circumference  of  a  circle 
ABC  given  in  position,  let  AB, 
AC*  be  drawn  to  the  circumfer- 
ence making  the  given  angle BAC: 
if  the  point  B  be  given,  the  point 
C  is  also  given. 

Take  D  the  centre  of  the  circle, 
and  join  BD,  DC,  and  because 
each  of  the  points  B,  D,  is  given, 
BD  is  given*  in  position ;  and  be- 
cause the  angle  BAC  is  given,  the  angle  BDC  is  given  *, 
therefore  because  the  straight  line  DC  is  drawn  to  the 
given  point  D,  in  the  straight  line  BD  given  in  position, 
in  the  given  angle  BDC,  DC  is  given  *  in  position. 
And  the  circumference  ABC  is  given  in  position,  there- 
*  28  Dat.    fore  *  the  point  C  is  given.    . 


•  29  Dat. 
•20.3. 

•  32  Dat. 


9i.  PROP.  XCIV. 

If  from  a  given  point  a  straight  line  be  drawn  touching  a 
circle  given  in  position ;  the  straight  line  is  given  in 
position  and  magnitude. 

Let  the  straight  line  AB  be  drawn  from  the  given 
point  A,  touching  the  circle  BC  given  in  position ;  AB 
is  given  in  position  and  magnitude. 

Take  D  the  centre  of  the  circle,  and  join  DA,  DB : 
Because  each  of  the  points  D,  A  is  given,  the  straight 
line  AD  is  given  *  in  position 
and  magnitude:  and  BDA  is 
a  right*  angle,  wherefore  DA  is 
Cor.  5. 4.  a  diameter  *  of  the  circle  DBA 
described  about  the  triangle 
DBA  ;  and  that  circle  is  there- 
fore given  in  position  :  and  the 
circle  BC  is  given*  in  position, 
therefore  the  point  B  is  given*. 


•  29  Bat. 


• 


18.3. 


» 
* 


6Def. 
28  Dat. 
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The  point  A  is  also  given  :  therefore  the  straight  line 

AB  is  given  #  in  position  and  magnitude.  •  29  Dat. 

PROP.  XCV.  <*. 

If  a  straight  line  be  drawn  from  a  given  point  without 
a  circle  given  in  position  f  the  rectangle  contained  by 
the  segments  betwixt  the  point  and  the  circumference  of 
the  circle  is  given. 

Let  the  straight  line  ABC  be  drawn  from  the  given 
point  A  without  the  circle  BCD1  given  in  position, 
cutting  it  in  B,  C;  the  rectangle 
BA,  AC,  is  given.  ^ — . 

From  the  point  A  draw  *  AD  /  >^  *  17. 3. 

touching  the  circle;  wherefore 

AD  is  given*  in  position  and  ^    c^ jr*^   * 94 Dat. 

magnitude  :  and    because  AD  * 

is  given,  the  square  of  AD  is 

given*,  which  is  equal*  to  the  •  56  Dat. 

rectangle  BA,  AC :    therefore  the  rectangle  BA,  AC,  *  *• 3- 

is  given. 

PROP.  XCVI.  93. 

If  a  straight  line  be  drawn  through  a  given  point  within 
a  circle  given  in  position,  the  rectangle  contained  by 
the  segments  betwixt  the  point  and  the  circuniference  of 
the  circle  is  given. 

Let  the  straight  line  BAC  be  drawn  through  the 
given  point  A,  within  the  circle  BCE  given  in  position; 
the  rectangle  BA,  AC  is  given. 

Take  D,  the  centre  of  the  circle, 
join  AD,  and  produce  it  to  the 
points  E,  F:  because  the  points 
A,  D  are  given,  the  straight   line 

AD   is  given  *    in   position ;    and     g\  /£         Jq   •  29  Dat. 
the  circle  BEC  is  given  in  position ; 
therefore    the    points    E,    F,    are 

given  * ;  and  the  point  A  is  given,  therefore  EA,  AF,  *  28  Dat. 
are  each-  of  them  given*,  and  the  rectangle  EA,  AF,  * 29 Dat. 
is  therefore  given;  and  it  is  equal*  to  the  rectangle  *35*3- 
BA,  AC ;  which  consequently  is  given. 
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w#  PROP.  XCVII. 

If  a  straight  line  he  drawn  within  a  circle  given  in  mag* 
nitude,  cutting  off' a  segment  containing  a  given  angle; 
if  the  angle  in  the  segment  be  bisected  by  a  straight  line 
produced  till  it  meets  the  circumference,  the  straight 
lines  which  contain  the  given  angle  shall  both  of  them 
together  have  a  given  ratio  to  the  straight  line  which 
bisects  the  angle.  And  the  rectangle  contained  by  both 
these  lines  together  which  contain  the  given  angle,  and 
the  part  of  the  bisecting  line  cut  off  below  the  base  of 
the  segment^  shall  be  given. 

Let  the  straight  line  BC  be  drawn  within  the  circle 
ABC,  given  in  magnitude,  cutting  off  a  segment  con- 
taining the  given  angle  BAC,  and  let  the  angle  BAC 
be  bisected  by  the  straight  line  AD;  BA  together  with 
AC  has  a  given  ratio  to  AD ;  and  the  rectangle  con* 
tained  by  BA  and  AC  together,  and  the  straight  line 
ED  cut  off  from  AB  below  BC  the  base  of  the  seg- 
ment, is  given. 

Join  BD ;  and  because  BC  is  drawn  within  the  cir- 
cle ABC  given  in  magnitude  cutting  off  the  segment 
BAC,  containing  the  given  angle  BAC;  BC  is  given  * 
in  magnitude:  by  the  same  reason  BD  is  given;  there- 

*  1  Dat.      fore*  the  ratio  of  BC  to  BD  is  given:  and  because  the 
•8.6.         angle  BAC  is  bisected  by  AD,  as  BA  to  AC,  so  is  * 

BE  to  EC ;  and,  by  permutation,  as  AB  to  BE,  so  is 

*  i*.  5.        AC  to  CE ;  wherefore  #,  as  BA  and  AC  together  to 

BC,  so  is  AC  to  CE;  and  because  the  angle  BAE  is 
equal  to  EAC,  and  the  angle 

*  *t.  3.       ACE  to  ADB  *,  the  triangle 

ACE  is  equiangular  to  the  tri- 
angle ADB ;  therefore  as  AC 
to  CE,  so  is  AD  to  DB :  but 
as  AC  to  CE,  so  is  BA  toge- 
ther with  AC  to  BC;  as  there- 
fore BA  and  AC  to  BC,  so  is 
AD  to  DB ;  and,  by  permuta- 
tion, as  BA  and  AC  to  AD,  so  is  BC  to  BD :  and  the 
ratio  of  BC  to  BD  is  given,  therefore  the  ratio  of  BA 
together  with  AC  to  AD  is  given. 

Also  the  rectangle  contained  by  BA  and  AC  toge- 
ther, and  DE,  is  given. 

Because  the  triangle  BDE  is  equiangular  to  the  tri- 
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angle  ACE,  as  BD  to  DE,  so  is  AC  to  CE;  and  as 
AC  to  CE,  so  is  BA  and  AC  to  BC ;  therefore  as  BA 
and  AC  to  BC,  so  is  BD  to  DE ;  wherefore  the  rect- 
angle contained  by  BA  and  AC  together,  and  DE,  is 
equal  to  the  rectangle  CB,  BD:  but  CB,  BD,  is  given ; 
therefore  the  rectangle  contained  by  BA  and  AC  toge- 
ther, and  DE,  is  given. 

Otherwise, 

Produce  CA,  and  make  AF  equal  to  AB,  and  join 
BF ;  and  because  the  angle  BAC  is  double*  of  each  of  *&*as.i. 
the  angles  BFA,  BAD ;  the  angle  BFA  is  equal  to 
BAD ;  and  the  angle  BCA  is  equal  to  BDA,  therefore 
the  triangle  FCB  is  equiangular  to  ABD :  as  therefore 
FC  to  CB,  so  is  AD  to  DB ;  and,  by  permutation,  as 
FC,  that  is,  BA  and  AC  together,  to  AD,  so  is  CB  to 
BD :  and  the  ratio  of  CB  to  BD  is  given,  therefore  the 
ratio  of  BA  and  AC  to  AD  is  given. 

And  because  the  angle  BFC  is  equal  to  the  angle 
DAC,  that  is,  to  the  angle  DBC,  and  the  angle  ACB 
equal  to  the  angle  ADB ;  the  triangle  FCB  is  equian- 
gular to  BDE :  as  therefore  FC  to  CB,  so  is  BD  to 
DE ;  therefore  the  rectangle  contained  by  FC,  that  is, 
B  A  and  AC  together,  and  DE,  is  equal  to  the  rectangle 
CB,  BD,  which  is  given,  and  therefore  the  rectangle 
contained  by  BA,  AC  together,  and  DE,  is  given* 

PROP.  XCVIII.  P. 

If  a  straight  line  be  drawn  within  a  circle  given  in  mag- 
nitude, cutting. off  a  segment  containing  a  given  angle: 
if  the  angle  adjacent  to  the  angle  in  the  segment  be  bi- 
sected by  a  straight  line  produced  till  it  meet  the  cir- 
cumference again,  and  the  base  of  the  segment ;  the  ex- 
cess of  the  straight  lines  which  contain  the  given  angle 
shall  have  a  given  ratio  to  the  segment  of  the  bisecting 
line  which  is  within  the  circle;  and  the  rectangle  con- 
tained by  the  same  excess,  and  the  segment  of  the  bisect- 
ing line  betwixt  the  base  produced  and  the  point  where 
it  again  meets  the  circumference,  shall  be  given. 

Let  the  straight  line  BC  be  drawn  wittiin  the  circle 
ABC  given  in  magnitude,  cutting  off*  a  segment  con- 
taining the  given  angle  BAC,  and  let  the  angle  CAF 
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adjacent  to  B AC  be  bisected  by  the  straight  line  DAE, 
meeting  the  circumference  again  in  D,  and  BC  the 
base  of  the  segment  produced  in  E ;  the  excess  of  BA, 
AC,  has  a  given  ratio  to  AD ;  and  the  rectangle  which 
is  contained  by  the  same  excess  and  the  straight  line 
ED  is  given. 

Join  BD,  and  through  B,  draw  BG  parallel  to  DE 
meeting  AC  produced  in  G:  and  because  BC  cuts  off 
from  the  circle  ABC  given 
in  ^magnitude,  the  segment 
BAC  containing  a  given  an-. 
*9tDat.  gle,  BC  ia  therefore  given* 
in  magnitude:  by  the  same 
reason  BD  is  given,  because 
the  angle  BAD  is  equal  to 
the  given  angle  EAF ;  there- 
fore the  ratio  of  BC  to  BD 
is  given:  and  because  the  an- 
gle CAE  is  equal   to  EAF, 

of  which  CAE  is  equal  to  the  alternate  angle  AGB,  and 
EAF  to  the  interior  and  opposite  angle  ABG*  there- 
fore the  angle  AGB  is  equal  to  ABG,  and  the  straight 
line  AB  equal  to  AG ;  so  that  GC  is  the  excess  of  B  A, 
AC :  and  because  the  angle  BGC  is  equal  to  GAE, 
that  is,  to  EAF,  or  the  angle  BAD ;  and  that  the  an- 
gle BCG  is  equal  to  the  opposite  interior  angle  BDA 
of  the  quadrilateral  BCAD  in  the  circle;  therefore  the 
triangle  BGC  is  equiangular  to  BDA.  Therefore  as 
GC  to  CB,  so  is  AD  to  DB ;  and,  by  permutation,  as 
GC  which  is  the  excess  of  BA,  AC,  to  AD,  so  is  BC 
to  BD :  and  the  ratio  of  CB  to  BD  is  given.;  therefore 
the  ratio  of  the  excess  of  BA,  AC,  to  AD  is  given. 

And  because  the  angle  GBC  is  equal  to  the  alternate 
angle  DEB,  and  the  angle  BCG  equal  to  BDE ;  the 
triangle  BCG  is  equiangular  to  BDE :  therefore  as 
GC  to  CB,  so  is  BD  to  DE ;  and  consequently  the 
rectangle  GC,  DE  is  equal  to  the  rectangle  CB,  BD 
which  is  given,  because  its  sides  CB,  BD  are  given : 
therefore  the  rectangle  contained  by  the  excess  of  BA, 
AC,  and  the  straight  line  DE  is  given. 
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PROP.  XCIX.  95. 

If  from  a  given  point  in  the  diameter  of  a  circle  given  in 
position^  or  in  the  diameter  produced^  a  straight  line 
be  drawn  to  any  point  in  the  circumference \  and  from 
that  point  a  straight  line  be  drawn  at  right  angles  to 
the  firsts  and  from  the  point  in  which  this  meets  the  cir- 
cumference again9  a  straight  line  be  drawn  parallel 
to  the  first  ;  the  point  in  which  this  parallel  meets  the 
diameter  is  given ;  and  the  rectangle  contained  by  the 
two  parallels  is  given. 

In  BC  the  diameter  of  the  circle  ABC  given  in  po- 
sition, or  in  BC  produced,  let  the  given  point  D  be 
taken,  and  from  D  let  a  straight  line  DA  be  drawn  to 
any  point  A  in  the  circumference,  and  let  AE  be  drawn 
at  right  angles  to  DA,  and  from  the  point  £  where  it 
meets  the  circumference  again  let  EF  be  drawn  paral- 
lel to  DA  meeting  BC  in'F;  the  point  F  is  given,  as 
also  the  rectangle  AD,  EF. 

Produce  EF  to  the  circumference  in  O,  and  join 
AG :  because  GE A  is  a  right  angle,  the  straight  line 
AG  is  *  the  diameter  of  the  circle  ABC ;  ana  BC  is  *  Cor. 5. 4. 
also  a  diameter  of  it ;  therefore  the  point  H,  where 
they  meet,  is  the  centre  of  the  circle,  and  consequently 
H  is  given  :<  and  the  point  D  is  given,  wherefore  DH 
is  given  in  magnitude.  And  because  AD  is  parallel  to 
FG,  and  GH  equal  to  HA;  DH  is  equal*  to  HF,  **6. 
and  AD  equal  to  GF:  and  DH  is  given,  therefore 
HF  is  given  in  magnitude;  and  it  is  also  given  in  po- 


sition, and  the  point  H  is  given,  therefore  *  the  point  *  so  Dat. 
F  is  given. 

And  because  the  straight  line  EFG  is  drawn  from  a 
given  point  F  without  or  within  the  circle  ABC  given 
in  position,  therefore  *  the  rectangle  EF,  FG  is  given:  *  95  or  96 
and  GF  is  equal  to  AD,  wherefore  the  rectangle  AD,      Dat# 
EF  is  given. 

F   F 
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PROP-  C. 

If  from  a  given  point  in  a  straight  line  given  in  posi- 
tion, a  straight  line  be  drawn  to  any  point  in  the  cir- 
cumference of  a  circle  given  in  position ;  and  from  this 
point  a  straight  line  be  drawn,  making  with  the  first 
an  angle  equal  to  the  difference  of  a  right  angle,  and 
the  angle  contained  by  the  straight  line  given  in  posi- 
tion, and  the  straight  line  which  joins  the  given  point 
and  the  centre  of  the  circle ;  and  from  the  point  in 
which  the  second  line  meets  the  circumference  again,  a 
third  straight  line  be  drawn,  making  with  the  second 
an  angle  equal  to  that  which  the  first  makes  with  the 
second :   the  point  in  which  this  third  line  meets  the 
straight  line  given  in  position  is  given  ,•   as  also  the 
rectangle  contained  by  the  first  straight  line,  and  the 
segment  of  the  third  betwixt  the  circumference  and  the 
straight  line  given  in  position,  is  given. 


Let  the  straight  line  CD 
be  drawn  from  the  given 
point  C,  in  the  straight  line 
AB  given  in  position,  to  the 
circumference  of  the  circle 
DEF  given  in  position,  of 
which  G  is  the  centre ;  join 
CG  and  from  the  point  D 
let  DF  be  drawn  making  the 
angle  CDF  equal  to  the  dif- 
ference of  a  right  angle,  and 
the  angle  BCG,  and  from 
the  point  F  let  FE  be  drawn, 
making  the  angle  DFE,  equal 
to  CDF,  meeting  AB  in  H : 
The  point  H  is  given;  as 
also  the  rectangle  CD,  FH. 

Let  CD,  FH,  meet  one 
another  in  the  point  K,  from 
which  draw  KL  perpendicu- 
lar to  DF ;  and  let  DC  meet 
the  circumference  again  in 
M,  and  let  FH  meet  the 
same  in  Ij,  and  join  MG, 
GF,  GH. 


A    C 
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Because  the  angles  MDF,  DFE,  are  equal  to  one 
another,  the  circumferences  MF,  DE,  are  equal*;  and  *26. 3. 
adding  or  taking  away  the  common  part  ME,  the  cir- 
cumference DM  is  equal  to  EF;  therefore  the  straight 
line  DM  is  equal  to  the  straight  line  EF,  and  the  angle 
GMD  to  the  angle  *  GFE ;    and  the  angles  GMC,  * 8-  *• 
GFH  are   equal   to   one   another,    because   they  are 
either  the  same  with  the  angles  GMD,  GFE,  or  ad- 
jacent to  them :  and  because  the  angles  KDL,  LKD, 
are  together  equal  *  to  a  right  angle,  that  is,  by  the  *  $2.  *• 
hypothesis,    to   the    angles   KDL,  GCB ;    the   angle 
GCB  or  GCH  is  equal  to  the  angle  (LKD,  that  is,  to 
the  angle)  LKF  or  GHK :  therefore  the  points  C,  K, 
H,  G,  are  in  the  circumference  of  a  circle :  and  the 
angle  GCK  is  therefore  equal  to  the  angle  GHF :  and 
the  angle  GMC  is  equal  to  GFH,  and  the  straight  line 
GM  to  GF ;  therefore  *  CG  is  equal  to  GH,  and  CM  *  J6.  i. 
to  HF :  and  because  CG  is  equal  to  GH,  the  angle 
GCH  is  equal  to  GHC ;  but  the  angle  GCH  is  given  : 
therefore  GHC  is  given,  and  consequently  the  angle 
CGH  is  given ;  and  CG  is  given  in  position,  and  the 
point  G ;    therefore  *    GH  is  given  in  position ;  and  *  32  Dat. 
CB  is  also  given  in  position,  wherefore  the  point  H  is 
given. 

And  because  HF  is   equal   to   CM,  the  rectangle 
DC,  FH,  is  qqual  to  DC,   CM :    but  DC,  CM  is 
given  *,  because  the  point  C  is  given,  therefore  the  *  95  or  96 
rectangle  DC,  FH  is  given.  Dat 
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DEFINITION  II. 

This  is  made  more  explicit  than  in  the  Greek  text,  to 
prevent  a  mistake  which  the  author  of  the  second 
demonstration  of  the  34th  proposition  in  the  Greek 
edition  has  fallen  into,  of  thinking  that  a  rati*  is  given 
to  which  another  ratio  is  shewn  to  be  equal,  though 
this  other  be  not  exhibited  in  given  magnitudes.  See 
the  Notes  on  the  Proposition,  which  is  the  19th  in  this 
edition.  Besides,  by  this  definition,  as  it  is  now  given, 
some  prepositions  are  demonstrated,  which  in,  die  Greek 
are  not  so  well  done  by  help  of  Prop.  2. 

DEF.  IV. 

In  the  Greek  text,  Def.  4.  is  thus :  "  Points,  lines, 
"  spaces,  and  angles,  are  said  to  be  given  in  position 
**  which  have  always  the  same  situation  ;n  bnt  this 
is  imperfect  and  useless,  because  there  are  imnume- 
rable  cases  in  which  things  may  be  given  according 
to  this  definition,  and  yet  their  position  cannot  be 
found :  for  instance,  let  the  triangle  ABC  be  given  in 

E)sition,  and  let  it  be  proposed  to  draw  a  straight  line 
D  from  the  angler  at  B  to  the 
opposite  side  AG,  which  shall  cut 
off  the  angle  DBC,  which  shall 
be  the  seventh  part  of  the  angle 
ABC;  suppose  this  is  done,  there* 
fore  the  straight  line  BD  is  inva- 
riable in  its  position,  that  is,  haft  always  the  same 
situation ;  for  any  other  straight  line  drawn  from  the 
point  B  mi  either  side  of  BD  cuts  off  an  angle  greater 
or  less  than  the  seventh  part  of  the  apgle  ABC ;  there- 
fore, according  to  this  definition*  the  straight  line  BIX  *  «8  Dat, 
is  given  in  position,  as  also  *  the  point  D  in  which  it 
meets  the  straight  line  AC,  which  is  given  in  position. 
But  from  the  things  here  given,  neither  the  straight  line 
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BD,  nor  the  point  D,  can  be  found  by  the  help  of 
Euclid's  Elements  only,  by  which  every  thing  in  his 
data  is  supposed  may  be  found.  This  definition  is 
therefore  of  no  use.  We  have  amended  it  by  adding, 
"  and  which  are  either  actually  exhibited,  or  can  be 
"  found,"  for  nothing  is  to  be  reckoned  given,  which 
cannot  be  found,  or  is  not  actually  exhibited. 

The  definition  of  an  angle  given  by  position  is  taken 
out  of  the  4th,  and  given  more  distinctly  by  itself  in 
the  definition  marked  A. 

DEF.  XL  XII.  XIIL  XIV.  XV. 

•        «  - 

The  11th  and  12th  are  omitted,  because  they  can- 
not be  given  in  English,  r  so  as  to  have  any  tolerable 
sense:  and  therefore,  wherever  the  terms. defined  oc- 
cur, the  words  which  express  their  meaning  are  made 
use  of  .in  their  place.  ... 
.    The  IStb,  14th,  15th,  are  omitted,  as  being  of  no  use.' 

It  is  to  be  observed  in  general  of  the  data  in  this 
book  that  they  are  to  be  understood  to  be  given  geo- 
metrically, not  always  arithmetically,  that  is,  they  can- 
not always  be  exhibited  in  numbers ;  for  instance,  if 
the  side  of  a  square  be  given,  the  ratio  of  it  to  its  dia- 
meter is  given  geometrically*,  but  not  in  numbers; 
and  the  diameter  is  given  * ;  but  though  the  number  of 
any  equal  parts  in  the  side  be  given,  for  example  10, 
the  number  of  them  in  the  diameter  cannot  be  given : 
and  the  like  holds  in  many  other  cases. 

PROPOSITION  I. 

In  this  it  is  shown  that  A  is  to  B  as  C  to  D,  from 
this,  that  A  is  to  C  as  B  to  D,  and  then  by  permuta- 
tion ;  but  it  follows  directly  without  these  two  steps, 
from  7*  5. 

PROP.  II. 

» 

The  limitation  added  to  the  end  of  this  proposition 
between  the  inverted  commas,  is  quite  necessary,  be- 
cause without  it  the  proposition  cannot  always  be  de- 
•  l  Def.  monstrated  :  For  the  author  having  saidf,  "  because  A 
"is  given,  a  magnitude  equal  to  it  can  be  found*; 
"  let  this  be  C ;  and  because  the  ratio  of  A  to  B  is 

.  t  See  Dr.  Gregory's  editidQ  of  the  Data. 
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u  given,  a  ratio  which  is  the  same  to  it  can  be  found  *,"  *  *  De* 
adds,  "  let  it  be  found,  and  let  it  be  the  ratio  of  C  to 
"  A."  Now,  from  the  second  definition,  nothing  more 
follows  than  that  some  ratio,  suppose  the  ratio  of  E  to 
Z,  can  be  found,  which  is  the  same  with  the  ratio  of  A 
to  B,  and  when  the  author  supposes  that  the  ratio  of 
C  to  A,  which  is  also  the  same  with  the  ratio  of  A  to 
B,  can  be  found,  he  necessarily  supposes  that  to  the 
three  magnitudes  E,  Z,  C,  a  fourth  proportional  A  may 
be  found ;  but  this  cannot  always  be  done  by  the  Ele- 
ments of  Euclid ;  from  which  it  is  plain  Euclid  must 
have  understood  the  proposition  under  the  limitation 
which  is  now  added  to  his  text.  An  example  will 
make  this  clear:  Let  A  be  a 
given  angle,  and  B  another 
angle  to  which  A  has  a  given 
ratio ;  for  instance,  the  ratio 
of  the  given  straight  line  E  to 
the  given  one  Z ;  then,  hav- 
ing found  an  tingle  C  equal  to 
A,  how  can  the  angle  A  be 
found  to  which  C  has  the 
same  ratio  that  E  has  to  Z? 
Certainly  no  way,  until  it  be 
shewn  how  to  find  an  angle 

to  which  a  given  angle  has  a  given  ratio,  which  can- 
not be  done  by  Euclid's  Elements,  nor  probably  by  any 
Geometry  known  in  his  time.  Therefore  in  all  the 
propositions  of  this  book  which  depend  upon  this  se- 
cond, the  above-mentioned  limitation  must  be  under- 
stood, though  it  be  not  explicitly  mentioned. 

PROP.  V. 

The  order  of  the  Propositions  in  the  Greek  text  be- 
tween Prop.  4.  and  Prop.  25,  is  now  changed  into  an-  , 
other  which  is  more  natural,  by  placing  those  which  are 
more  simple  before  those  which  are  more  complex ; 
and  by  placing  together  those  which  are  of  the  same 
kind,  some  of  which  were  mixed  among  others  of  a 
different  kibd.  Thus,  Prop.  12.  in  the  Greek  is  now 
made  the  5th,  and  those  which  were  the  22d  and  2Sd 
are  made  the  11th  and  12th,  as  they  are  more  simple 
than  the  propositions  concerning  magnitudes,  the  .ex- 
cess of  one  of  which  above  a  given  magnitude  has  a 
given  ratio  to  the  other,  after  which  these  two  were 
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placed ;  and  the  24th  in  the  Qreek  text  is,  for  the  same 
reason,  made  the  1 3th. 

PROP.  VI.  VII. 

These  are  universally  true,  though,  in  the  Greek 
text,  they  are  demonstrated  by  Prop.  2.  which  has  a 
limitation ;  they  are  therefore  now  shewn  without  it. 

PROP.  XII. 

In  the  23d  Prop,  in  the  Greek  text,  which  here  is 
the  12th,  the  words  "  pn  roig  avrovs  3e"  are  wrong 
translated  by  Claud.  Hardy,  in  his  edition  of  Euclid's 
Data,  printed  at  Paris  anno  1625,  which  was  the  first 
edition  of  the  Greek  text ;  and  Dr.  Gregory  follows  him 
in  translating  them  by  the  words,  "  etsi  non  easdem", 
as  if  the  Greek  had  been  u  xcu  tm  rov$  ai/roug,  as  in  Prop. 
9.  of  the  Greek  text.  Euclid's  meaning  is,  that  the 
ratios  mentioned  in  the  proposition  must  not  be  the 
same :  for,  if  they  were,  the  proposition  would  not  be 
true.  Whatever  ratio  the  whole  has  to  the  wholes  if 
the  ratios  of  the  parts  of  the  first  to  the  parts  of  the 
other  be  the  same  with  this  ratio,  one  part  of  the  first 
may  be  double,  triple,  &c.  of  the  other  part  of  it,  or 
#  have  any  other  ratio  to  it,  and  consequently  cannot 

have  a  given  ratio  to  it ;  wherefore,  these  words  must 
be  rendered  by  "non  autem,  easdem",  but  not  the  same 
ratios,  as  Zambertus  has  translated  them  in  his  edition. 

PROP.  XIII. 

*  * 

Some  very  ignorant  editor  has  given  a  second  de- 
monstration of  this  proposition  in  the  Greek  text,  whicfj 
has  been  as  ignorantly  kept  in  by  Claud,  Harjdy  and 
Dr.  Gregory,  and  has  been  retained  in  the  translations 
of  Zambertus  and  others.  Carolus  Renaldinus  gives  it 
only.  The  author  of  it  has  thought  ti^at  a  ratio  was 
given,  if  another  ratio  could  be  shewn  to  be  the  same 
to  it,  though  this  last  ratio  be  not  fpund.  But  this  is 
altogether  absurd,  because  from  it  would  be  deduced 
that  the  ratio  of  the  sides  of  any  twq  squares  is  given, 
an^d  the  ratio  of  the  diameters  of  any  twq  circles,  &c. 
And  it  is  to  be  observed  that  the  moderns  frequently 
take  given  ratios,  and  ratios  that  arte  always  the  same, 
for  one  and  the  same  thing;  and  Sir  Isaac  Newton  has 
fallen  into  this  mistake  in  the  17th  Lemma  of  his  Prinr 
cipia,  edit.  1713,  and  in  other  places;  but  this  should 
be  carefully  avoided,  as  it  may  lead  into  other  errors. 
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PROP.  XIV.  XV. 

Euclid  in  this  book  has  fevera}  proposition*  con- 
cerning magnitudes,  the  excess  of  one  of  which  above 
a  given  magnitude  has  a  given  ratio  to  the  other ;  bqt 
he  has  given  none  concerning  magnitudes  whereof  one 
together  with  a  given  magnitude  has  a  given  ratio  to 
the  other :  though  these  last  occur  as  frequently  in  the 
solution  of  problem?  *s  the  first ;  the  reason  of  which 
is,  that  the  last  may  be  all  demonstrated  by  help  of 
the  first;  for  if  a  magnitude,  together  with  a  given 
magnitude,  has  a  given  ratjo  tp  another  magnitude,  the 
excess  of  this  other  above  a  given  magnitude  shall  h?ve 
a  given  ratio  to  the  first*  and  on  the  contrary ;  as  we 
have  demonstrated  in  Prop.  14.  And  for  alike  rea- 
son, Prop.  15.  has  been  added  to  the  Data.  One  ex- 
ample will  make  the  thing  clear :  Suppose  it  were  to 
be  demonstrated,  that  if  a  magnitude  A  together  with 
a  given  magnitude  has  a  given  ratio  to  another  magni- 
tude B,  that  the  two  ipagnitudes  A  and  B,  together 
with  a  given  magnitude,  have  a  given  ratio  to  that 
other  magnitude  B;  which  is  tbf  same  proposition 
with  respect  to  the  la§t  kind  of  magnitudes  above  n)$u- 
tiope<j,  that  the  first;  part  of  Prop.  16:  in  tfrip  edition, 
is  in  respect  of  the  first  kind :  this  is  shewn  thus,  from 
the  hypothesis,  and  by  the  first  part  of  Prop.  14.  the 
excess  of  B  above  a  given  magnitude  has  unto  A  a 
given  ratio ;  and,  therefpre,  by  the  first  part  of  Prop. 
17.  the  excess  of  B  above  a  given  magnitude  has  unto 
B  and  A  together  a  given  ratio ;  and  by  the  $econ4 
part  of  Prop.  14.  A  and  B  together  with  a  given  mag- 
nitude have  unto  B  a  given  ratio;  which  is  the  thing 
that  was  to  be  demonstrated.  In  like  manner,  the 
other  propos^tipps  concerning  the  l^st  kipd  of  magni- 
tudes may  be  shewn. 

PftOP.  xvj.  xvu. 

In  the  third  part  of  Prop.  10.  in  the  Greek  tfixtj 
which  is  the  ljBth  ir*  this  edition,  after  the  rptio  pf  EC, 
to  CB  has  been  shewn  to  be  given :  from  this,  by  in- 
vention apfl  conversion,  tbe  rario  of  JJC  tp  BE  ip  de- 
monstrated tu  be  given;  but,  without  these  twfcstepfe 
the  conclusion  shpuld  1)ave  been  made  onjy  by .jctfiipg 
the  6th  Proposition.  And  in  like  manner,  in  the  fijtf 
part  of  Prop.  11.  in  the  Greek,  wMet)  in  this  edition  i* 
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the  1 7th  from  the  ratio  of  DB  to  DC  being  given,  the 
ratio  of  DC  to  DB  is  shewn  to  be  given,  by  inversion 
and  composition,  instead  of  citing  Prop.  7.  and  the 
same  fault  occurs  in  the  second  part  of  the  same 
Prop.  11. 

PROP.  XXL  XXII. 

These  nbw  are  added,  as  being  wanting  to  complete 
the  subject  treated  of  in  the  four  preceding  propo- 
sitions. 

PROP.  XXIII. 

This,  which  is  Prop.  20.  in  the  Greek  text,  was  se- 
parated from  Prop.  14,  15,  16.  in  that  text,  after  which 
it  should  have  been  immediately  placed,  as  being  of  the 
same  kind;  it  is  now  put  into  its  proper  place;  but  Prop. 
21.  in  the  Greek  is  left  out,  as  being  the  same  with 
Prop.  14.  in  that  text,  which  is  here  Prop.  18. 

PROP.  XXIV. 

This,  which  is  Prop.  13.  in  the  Greek,  is  now  put 
into  its  proper  place,  having  been  disjoined  from  the 
three  following  it  in  this  edition,  which  are  of  the 
same  kind. 

PROP.  XXVIII. 

This,  which  in  the  Greek  text  is  Prop.  25.  and  se- 
veral of  the  following  Propositions,  are  there  deduced 
from  Def.  4.  which  is  not  sufficient,  as  has  been  men- 
tioned in  the  note  on  that  definition.  They  are  there- 
fore now  shewn  more  explicitly. 

PROP.  XXXIV.  XXXVI. 

Each  of  these  has  a  determination  which  is  now 
added,  which  occasions  a  change  in  their  demonstra- 
tions. 

PROP.  XXXVII.  XXXIX.  XL.  XLI. 

The  35th  and  3Gth  Propositions  in  the  Greek  text 
are  joined  into  one,  which  makes  the  69th  in  this  edi- 
tion, because  the  same  enunciation  and  demonstration 
serves  both ;  and  for  the  same  reason  Prop.  37,  38. 
in  the  Greek  are  joined  into  one,  which  is  here  the  40th. 
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Prop.  37*  is  added  to  th$  Data,  as  it  frequently  oc- 
curs in  the  solution  of  problems;  and  Prop.  41.  is  add- 
ed, to  complete  the  rest. 

PROP.  XLIL 

This  is  Prop.  S9.  in  the  Greek  text,  where  the  whole 
construction  of  Prop.  22.  of  Book  I.  of  the  Elements  is 
put,  without  need,  into  the  demonstration,  but  is  now 
only  cited. 

PROP.  XLV. 

This  is  Prop.  42.  in  the  Greek,  where  the  three 
straight  lines  made  use  of  in  the  construction  are  said, 
but  not  shewn,  to  be  such  that  any  two  of  them  is 
greater  than  the  third,  which  is  now  done. 

PROP.  XLVIL 

This  is  Prop.  44.  in  the  Greek  text ;  but  the  de- 
monstration of  it  is  changed  into  another,  wherein  the 
several  cases  of  it  are  shewn,  which,  though  necessary, 
is  not  done  in  the  Greek. 

PROP.  XLVIII. 

There  are  two  cases  in  this  proposition,  arising 
from  the  two  cases  of  the  third  part  of  Prop.  47.  on 
which  the  48th  depends :  and  in  the  composition  thesg 
two  cases  are  explicitly  given. 

PROP.  LIL 

The  construction  and  demonstration  of  this,  which 
is  Prop.  48.  in  the  Greek,  are  made  something  shorter 
than  in  that  text. 

PROP.  LIIL 

Prop.  63*  in  the  Greek  text  is  omitted,  being  only 
a  case  of  Prop.  49*  in  that  text,  which  is  Prop.  53.  in 
this  edition. 

PROP.  LVIII. 

This  is  not  in  the  Greek  text,  but  its  demonstration  is 
contained  in  that  of  the  first  part  of  Prop.  54.  in  that 
text ;  which  proposition  is  concerning  figures  that  are 
given  in  species ;  this  58th  is  true  of  similar  figures, 
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though  they  be  not  given  in  species,  and  as  it  frequent- 
ly oceurs,  it  was  necessary  to  add  it. 

PROP.  LIX.  LXI. 

This  is  the  54th  in  the  Greek ;  and  the  77th  in  the 
Grak,  beipg  the  very  same  with  it,  is  left  out,  and  a 
shorter  clem  castration  is  given  of  Prop*  61. 

PROP.  LXIL 

This,  which  is  most  frequently  useful,  is  not  in  the 
Greek,  and  is  necessary  to  Prop.  87*  88.  in  this  edi- 
tion, as  also,  though  not  mentioned,  to  Prop.  86.  87. 
in  the  former  editions.  Prop.  6&  iu  the  Greek  text  h 
jmade  a  corollary  to  it 

PROP.  LXIV. 

This  contains  both  Prop.  74.  and  73.  in  the  Greek 
te^t ;  the.  first  case  of  the  74th  is  a  repetition  of  Prop. 
56.  firoii)  which  it  is  separated  in  that  text  by  many 
propositions;  and  as.  there  is  no  order  in  these  pro- 
positions, as  they  stand  in  the  Greek,  they  are  now  put 
into  the  order  which  seemed  most  convenient  and 
natural. 

The  demonstration  of  the  first  part  of  Prop.  73.  in 
the  Greek  is  grossly  vitiated.  Dr.  Gregory  says>  that 
the  sentences  he  has  inclosed  betwixt  two  stars  are 
superfluous,  and  ought  to  be  cancelled*  but  he  has  not 
observed  that  what  follows  themis  absurd,  being  to 
prove  that  the  ratio  [see  his  figure]  of  Ar  to  TK  is 
given,  which,  by  the  hypothesis  at  the  beginning  of  the 
proposition*  ia  expressly  given ;  so  that  the  whole  of 
this  part  was  to  be  aitered*  which  is  d«*ue  ln  this 
Prop.  64. 

PROP,  t£VU,  ItXVHI. 

Prop.  70*  in  the  Gr^eJk  text*  i|  divided,  into  these 
two,  for  the*  sake  of  distinctness ;  ai\d  the  demonstra- 
tion of  the  67th  is  rendered  shorter  than  that  of  thfi 
first  part  of  Prop.  70.  in  the  Greek,  by  means  of  Prop. 
23.  of  Book  6.  of  the  Elements, 

PROP;  LXX. 

This  is  Prop.  Q&  m  the  Greek  text;  Prop,  78.  in 
tha£  text  is  only  a,  particular  Qa*e  of  it,  a#d.  i&  therefore 
omitted. 
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Dr.  Gregory*  in  the  demonstration  of  Prtp*  fl&  cites 
the  49th  Prop.  Dat.  to  prove  that. the  ratio  of  the  figure 
AEB  to  the  parallelogram  AH  is  given  ;  whereas  this 
was  shewn  a  few  lines  before  :^  and  besides,  the  40th 
Prop,  is  not  applicable  to  these  two  figures;  because 
AH  is  not  given  ift  species,  but  is,  by  the  step  for 
which  the  citation  is  brought,  proved  to  be  given  ki 
species. 

PROP.  LXXIII. 

Prop.  83.  in  the  Greek  text,  is  neither  well  enunciated 
nor  demonstrated.  The  73d,  which  in  this  edition  is 
put  in  place  of  it,  is  really  the  same,  as  will  appear  by 
considering  [see  Dr.  Gregory's  edition],  that  A,  B*  T,  E, 
in  the  Greek  text,  are  four  proportionals,  and  that  the 
proposition  is  to  shew  that  A,  which  has  a  given  ratio 
to  E,  is  to  T,  as  B  is  to  a  straight  Hne  to  which  A  has 
a  given  ratio ;  or,  by  inversion,  that  r  is  to  A,  as  a 
straight  line  to  which  A  has  a  given  ratio  is  to  B;  that 
id,  if  the  proportionals  be  placed  in  this  order,  viz. 
T,  E,  A,  B,  that  the  first  f  is  to  A,  to  which  the  second 
E  has  a  given  ratio,  as  a  straight  line  to  which  the  third 
A  has  a  given  ratio  is  to  the  fourth  B ;  which  is  the 
enunciation  of  this  73d,  and  was  thus  changed  that  it 
might  be  made  like  to  that  of  Prop.  72.  in  this  edition, 
which  is  the  8$d  in  the  Greek  text :  and  the  demon- 
stration of  Prop.  73.  is  the  iatoe  with  that  of  Prop.  72. 
billy  making  use  of  Prop.  23.  instead  of  Prop.  22.  of 
Book  5.  of  the  Elements. 

PROP.  LXXVII. 

This  is  put  in  place  of  Prop.  79,  in  the  Greek  text, 
which  is  not  a  datum*  but  a  theorem  premised  as  * 
lemma  to  Prop.  60.  in  that  text :  and  Prop*  79*  is  rtacta 
Con  1*  to  Prop.  77.  in  this  edition.  CL  Hardy,  in  hfe 
edition  of  the  Data*  takes  notice,  that  in  Prop.  80.  of 
the  Greek  text,  the  parallel  KL  in  the  figure  of  Propt 
77*  in  this  edition,  must  meet  the  circumference,  bat 
dpes  not  demonstrate  it,  which  is  done  here  at  the  4nd 
of  Cor.  3.  Prop.  77.  in  the  construction  for  findibg  a 
triangle  similar  to  ABC. 

PROP.  LXXVIII. 
The  demonstration  of  this,  which  is  Prop.  80.  in 
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the  Greek,  is  rendered  a  good  deal  shorter  by  help  of 
Prop.  77. 

PROP.  LXXIX.  LXXX.  LXXXL 

These  are  added  to  Euclid's  Data,  as  propositions 
which  are  often  useful  in  the  solution  of  Problems. 

PROP.  LXXXII. 

This,  which  is  Prop.  60  in  the  Greek  text,  is  placed 
before  the  83d  and  84th,  which  in  the  Greek  are  the 
58th  and  59th,  because  the  demonstrations  of  these  two 
in  this  edition  are  deduced  from  that  of  Prop.  82. 
from  which  they  naturally  follow. 

PROP.  LXXXVIII.  XC. 

Dr.  Gregory,  in  his  preface  to  Euclid's  works, 
which  he  published  at  Oxford  in  1703,  after  having 
told  that  he  had  supplied  the  defects  of  the  Greek  text 
of  the  Data  in  innumerable  places  from  several  manu- 
scripts, and  corrected  CI.  Hardy's  translation  by  Mr. 
Bernard's,  adds,  that  the  86th  theorem,  "  or  proposi- 
"  tion",  seemed  to  be  remarkably  vitiated,  but  which 
could  not  be  restored  by  help  of  the  manuscripts;  then 
he  gives  three  different  translations  of  it  in  Latin,  ac- 
cording to  which  he  thinks  it  may  .be  read ;  the  two 
first  have  no  distinct  meaning,  and  the  third,  which  he 
says  is  the  best,  though  it  contains  a  true  proposition, 
which  is  the  90th  in  this  edition,  has  no  connexion 
in  the  least  with  the  Greek  text.  And  it  is  strange 
that  Dr.  Gregory  did  not  observe,  that,  if  Prop.  86. 
were  changed  into  this,  the  demonstration  of  the  86th 
must  be  cancelled,  and  another  put  into  its  place :  but 
the  truth  is,  both  the  enunciation  and  the  demon- 
stration of  Prop.  86.  are  quite  entire  and  right,  only 
Prop.  87.  which  is  more  simple,  ought  to  have  been 
placed  before  it ;  and  the  deficiency  which  the  Doctor 
justly  observes  to  be  in  this  part  of  Euclid's  Data,  and 
which,  no  doubt,  is  owing  to  the  carelessness  and  ig- 
norance of  the  Greek  editors,  should  have  been  sup- 
plied, not  by  changing  Prop.  86.  which  is  both  entire 
and  necessary,  but  by  adding  the  two  propositions, 
which  are  the  88th  and  90th  in  this  edition. 
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PROP.  XCVIIL  C. 


These  were  communicated  to  me  by  two  excellent 
geometers,  the  first  of  them  by  the  Right  Honourable 
the  Earl  Stanhope,  and  the  other  by  Dr.  Matthew 
Stewart;  to  which  I  have  added  the  demonstrations. 

Though  the  order  of  the  propositions  has  been  in 
many  places  changed  from  that  in  former  editions, 
yet  this  will  be  of  little  disadvantage,  as  the  ancient 
geometers  never  cite  the  Data,  and  the  moderns,  very 
rarely. 


As  that  part  of  the  composition  of  a  problem  which 
is  its  construction  may  not  be  so  readily  deduced  from 
the  analysis  by  beginners,  for  their  sake  the  following 
example  is  given  :  in  which  the  derivation  of  the  seve- 
ral parts  of  the  construction  from  the  analysis  is  parti- 
cularly shewn,  that  they  may  be  assisted  to  do  the  like 
in  other  problems. 

PROBLEM. 

Having  given  the  magnitude  of  a  parallelogram,  the 
angle  of  which  ABC  is  given,  and  also  the  excess  of  the 
square  of  its  side  BC  above  the  square  of  the  side  AB; 
to  find  its  sides  and  describe  it. 

The  analysis  of  this  is  the  same  with  the  demonstra- 
tion of  the  87th  Prop,  of  the  Data,  and  the  construc- 
tion '  that  is  given  of  the  problem  at  the  end  of  that 
proposition  is  thus  derived  from  the  analysis; 

Let  EFG  be  equal  to  the  given  angle  ABC,  and  be- 
cause in  the  analysis  it  is  said  that  the  ratio  of  the 
rectangle  AB,  BC,  to  the  parallelogram  AC,  is  given 


A 


t  Pb  C  F  Gr    L  O      UN 


by  the  62d  prop.  Dat.  therefore,  from  a  point  in  FE, 
tire  perpendicular  EG  is  drawn  to  FG,  as  the  ratio  of 
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FE  to  EG  is  the  ratio  of  the  rectangle  AB,  BC,  to  the 
parallelogram  AC,  by  what  is  shewn  at  the  end  of  Prop. 
62.  Next  the  magnitude  of  AC  is  exhibited  by  making 
the  rectangle  EG,  GH  equal  to  it ;  and  th6  given  ex- 
cess of  the  Square  of  BC  above  the  square  of  BA,  to 
whfeh  excess  the  rectangle  CB,  BD  is  equal,  is  exhi- 
bited by  thfe  rectangle  HG,  GL :  then,  in  the  analysis, 
thg  rectangle  AB*  BC,  is  said  to  be  given,  and  this  is 
equal  to  the  rectangle  FE,  GH,  because  the  rectangle 
AB,  BC  is  tfc  the  parallelogram  AC,  as  (FE  to  EG,  that 
is,  a*)  the  rectangle  FE,  GH  to  EG,  GH ;  and  the  pa- 
rallelogram AC  is  equal  to  the  rectangle  EG,  GH; 
therefore  the  rectangle  AB,  BC,  is  equal  to  FE,  GH; 
and  consequently  the  ratio  of  the  rectangle  CB,  BD, 
that  is,  of  the  rectangle  HG,  GL,  to  AB,  BC,  that  is, 
of  the  straight  line  DB  to  BA,  i6  the  same  with  the  ra- 
tio (of  the  refctangle  GL,  GH,  to  FE,  GH,  that  is)  of 
the  straight  line  GL  to  FE,  which  ratio  of  DB  to  B  A, 
is  die  next  thing  saM  to  be  given  in  the  analysis :  from 
this  it  is  plain  that  the  square  of  FE  is  to  the  square  of 
GL,  as  the  square  of  BA,  which  is  equal  to  the*  rect- 
angle BC,  CD,  is  to  the  square  of  BD:  the  ratio  of  which 
spaces  is  the  next  thhig  said  to  be  given :  and  from 
this  it  follows,  that  four  times  the  square  of  FE  is  to 
the  square  of  GL,  as  four  times  the  rectangle  BC,  CD 
is  to  the  square  of  BD ;  and,  by  composition,  four  times 
tbd  square  of  FE,  together  with  the  square  of  GL,  is 
to  the  square  of  GL,  as  four  times  the  rectangle  BC, 
CD,  together  with  the  square  of  BD,  is  to  the  square 
of  BD,  that  is  (8.  2.)  as  the  square  of  the  straight 
lines  BC,  CD,  taken  together  is  to  the  square  of  BD, 
1  which  ratio  is  the  neit  thing  said  to  be  given  in  the 

analysis:  and  because  four  tirtfes  tfce  square  of  FE  and 
die  square  of  GL  are  to  be  added  together ;  therefore, 
in  the  perpendicular  EG,  there  is  taken  KG  equal  to 
FE,  and  MG  equal  to  the  double  of  it,  because  thereby 
the  squares  of  MG,  GL,  that  is  joining  ML,  the  square 
of  ML  is  equal  to  four  times  the  square  of  FE,  and  to 
the  square  of  GL :  and  because  the  square  of  ML  is  to 
the  square  of  GL,  as  the  square  of  the  straight  line 
made  up  of  BC  and  CD  is  to  the  square  of  BD,  there- 
fore (22.  6.)  ML  is  to  LG,  as  BC  together  with  CD 
is  to  BD ;  and,  by  composition,  ML  and  LG  together, 
that  is,  producing  GL  to  N,  io  that  ML  be  equal  to 
LN,  the  straight  line  NG,  is  to  GL,  as  twice  BC  is  to 
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BD;  and  by  taking  GO  equal  to  the  half  of  NGr  GO 
is  to  GL,  as  BC  to  BD,  the  ratio  of  which  is  said  to  be 
given  in  the  analysis:  and  from  this  it  follows,  that  the 
rectangle  HG,  GO,  is  to  HG,  GL,  as  the  square  of 
BC  is  to  the  rectangle  CB,  BD,  which  is  equal  to  the 
rectangle  HG,  GL;  and  therefore  the  square  of  BC  is 
equal  to  the  rectangle  HG,  GO;  and  BC  is  conse- 
quently found  by  taking  a  mean  proportional  betwixt 
HG  and  GO,  as  is  said  in  the  construction :  and  be- 
cause it  was  shewn  that  GO  is  to  GL,  as  BC  to  BD, 
and  that  now  the  three  first  are  found,  the  fourth  BD 
is  found  by  12.  6.  It  was  likewise  shewn  that  LG  is 
to  FE,  or  GK,  as  DB  to  BA9  and  the  three  first  are 
now  found,  and  thereby  the  fourth  BA.  Make  the 
angle  ABC  equal  to  EFG,  and  complete  the  paral- 
lelogram of  which  the  sides  are  AB,  BC,  and  the  con- 
struction is  finished  ;  the  rest  of  the  composition  con- 
tains the  demonstration. 


As  the  propositions  from  the  13th  to  the  28th  may  be 
thought  by  beginners  to  be  less  useful  than  the  rest, 
because  they  cannot  so  readily  see  how  they  are  to 
be  made  use  of  in  the  solution  of  problems;  on 'this 
account  the  two  following  problems  are  added,  to  shew 
that  they  are  equally  useful  with  the  other  proposi- 
tioqs,  and  from  which  it  may  be  easily  judged  that  many 
other  problems  depend  upon  these  propositions.  , 

PROBLEM  I. 

Tojind  three  straight  lines  such,  that  the  ratio  of  the 
Jirtf  to  the  second  is  given ;  and  if  a  given  straight 
line  be  taken  from,  the  second,  the  ratio  of  the  remain- 
der to  the  third  is  given ;  also  the  rectangle  contained 
by  thejirst  and  third  is  given. 

Let  AB  be  the  first  straight  line,  CD  the  second, 
and  EF  the  third  :  and  because  the  ratio  of  AB  to 
CD  is  given,  and  that  if  a  given  straight  line  be  taken 
from  CD,  the  ratio  of  the  remainder  to  EF  is  given ; 
therefore  *  the  excess  of  the  first  AB  above  a  given  *  u  Dat. 
straight  line  has  a  given  ratio  to  the  third  EF: 
let  BH  be  that  given  straight  line;   therefore  AH 

6    G 


450  NOTES  ON 

the  excess  of  AB  above  it,  has  a      A  H      B 

given  ratio  to  EF ;  and  consequent- 

*  1. 6.         ly  *  the  rectangle  B A,  AH,  has  a      q       Gr    D 

fiven  ratio  to  the  rectangle  AB,      ~  ■ 

IF,  which  last  rectangle  is  given      £      p 

*  2  Dat.      by  the  hypothesis :  therefore  *  the 

rectangle  BA,  AH  is  given,  and  BH      fi  fJML    O 
the  excess   of  its   sides  is   given : 
wherefore  the  sides  AB,  AH  are 

*  85  Dat.     given  * :  and  because  the  ratios  of  AB  to  CD,  and  of 

*  «  Dat      AH  to  EF,  are  given,  CD  and  EF  are  *  given- 

The  Composition. 

Let  the  given  ratfo  of  KL  to  KM  be  that  which 
AB  is  required  to  have  to  CD :  and  let  DG  be  the 

f riven  straight  line  which  is  to  be  taken  from  CD,  and 
et  the  given  ratio  of  KM  to  KN  be  that  which  the 
remainder  must  have  to  EF;  also  let  the  given  rect- 
angle NK,  KO,  be  that  to  which  the  rectangle  AB, 
EF  is  required  to  be  equal :  find  the  given  straight 
line  BH  which  is  to  be  taken  from  AB,  which  is  done, 
as  plainly  appears  from  Prop.  24.  Dat.  by  making  as 
KM  to  KL,  so  GD  to  HB,     To  the  given  straight 

*  29. 6.        line  'BH  apply  *  a  rectangle  equal  to  LK,-  KQ*  ex- 

ceeding by  a  square,  and  let  BA,  AH  be  its  sides: 
then  is  AB  the  first  of  the  straight  lines  required  to 
be  found,  and  by  making  as  LK  to  KM,  so  AB  to 
DC,  DO  will  be  the  second :  and  lastly,  make  as  KM 
to  KN,  so  CG  to  EF,  and  EF  is  the  third. 

For  as  A  B  to  CD,  so  is  HB  to  GD,  each  of  these 
ratios  being  the  same  with  the  ratio  of  LK  to  KM ; 

*  19. 5.       therefore  *  AH  is  to  CG,  as  (AB  to  CD,  that  is,  as) 

LK  to  KM;  and  as  CG  to  EF,  so  is  KM  to  KN; 
wherefore,  ex  aequali,  as  AH  to  EF,  so  is  LK  to  KN: 
and  as  the  rectangle  BA,  AH  to  the  rectangle  BA, 

*  l.  6.         EF,  so  is  *  the  rectangle  LK,  KO,  to  the  "rectangle 

KN,  KO :  and,  by, the  construction,  the  rectangle  BA, 
* 14-  5.  £H  i8  equal  to  jjg^  j£Q .  therefore  *  the  rectangle 
AB,  EF  is  equal  to  the  given  rectangle  NK,  KO :  and 
ABhasto  CD  the  given  ratio  of  KL  to  KM;  and. 
from  CD  the  given  straight  line  GD  being  taken,  the 
remainder  CG  has  to  EF  the  given  ratio  of  KM  to 

KN.     Q.  JS.  2). 
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*  » 

To  Jtod  thrte  straight  tine*  such  that  the  rati*  6f  tht 

\first  tb  the  second  is  given ;  and  if  a  given  straight  line 

be  taken  from  the  second,  the  ratio  of  the  remainder  to 

the  third  ik  given;  also  the  sum  of  the  square*  of  the 

Jirst  and  third  is  given. 

Let  AB  be  the  first  ^straight  line,  BC.  tbe  second* 
and  BD  the  third;  and  because  the  ratio  of  AB  to 
6C  is  given,  and  that  if  a  given  straight  line  be  take* 
from  BC,  the  ratio  of  the  remainder  to  BD  is  given; 
therefore*  the  excess  of  the  first  AB  above  a  give*  *«4Datf. 
straight  line,  has  a  given  ratio  to  the  third  BI) :  let 
AE  be  that  given  straight  line,  therefore  the.  remainder 
EB  has  a  given  ratio  to  BD:  let  BD  be  placed  at 
riffht  angles  to  EB,  and  join  DE ;  then  the  triangle 
l&Bi)  is  *  given  in  species ;  wherefore  the  angle  BED 
is  given :  let  AE,  which  is  given  in  magnitude,  be 
given  also  in  position,  as  also  the  paint  E,  and  the 
straight  line  ED  will  be  given  #  in  position  ^  join  AD,  •  3%  D»t 
and  because  the  sum  of  the  squares  of  AB,  BD,  that 
is  *,  (he  square  of  AD  is  given,  therefore  the  straight  *  47*  *• 
Hue  AD  is  gfvee  in  magnitude;  and  it  is  also  given*  *S4Dat.- 
m  position,  because  from  the  given  point  A  it  is  drawn 
to  the  straight: line  ED  given  in  position:  therefore 
the  point  Dr  in  which  the  two  straight  lines  AD,  ED, 
given  in  position,  cat  one  another,  is  given  * :  and  the 
straight  line  DB,  which,  is  at  right  angles  to  AB,  is 
given  *  in  position,  and  AB  is  given-  in  position,  there- 
fore *  the  point  B  is  given :  and  the  points  A,  D,  are 
given,  wherefore  *  the  straight  lines  AB,  BD  are  given : 
and  the  ratio  of  AB  to  BC  is  given,  and  therefore  * 
BC  is  given. 

The  Composition* 

Let  the  given  ratio  of  FG  to  GH  be  that  which 
AB  is  required  to  have  to  BC,  And  let  HK  be  the 


•J8j)tt. 

*S3Dafc 
♦f8Dmt. 

*  S9  Dat. 

•  2  Dat 


GO  2 
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{riven  straight  line  which  is  to  be  taken  from  BC,  and 
et  the  ratio  which  the  remainder  is  required  to  have 
to  BD  be  the  given  ratio  of  HG  to  GL,  and  place  GL 
at  right  angles  to  FH,  and  join  LF,  LH :  next,  as 
HG  is  to  GF,  so  make  HK  to  AE ;  produce  AE  to 
N»  so  that  AN  be  the  straight  line  to  the  square. of 
which  the  sum  of  the  squares  of  AB,  BD,  is  required 
to  be  equal ;  and  make  the  angle  NED  equal  to  the 
angle  GFL ;  and  from  the  centre  A,  at  the  distance 
AN,  describe  a  circle,  and  let  its  circumference  meet 
ED  in  D,  and  draw  DB  perpendicular  to  AN  and 
DM  making  the  angle  BDM  equal  to  the  angle  GLH. 
Lastlyj  produce  BM  to  C,  so  that  MC  be  equal  to 
HK ;  then  is'  AB  the  first,  BC  the  second,  and  BD 
the  third  of  the  straight  lines  that  were  to  be  found. 

For  the  triangles  EBD,  FGL,  as  also  DBM,  LGH, 
being  equiangular,  as  EB  to  BD,  so  is  FG  to  GL; 
and  as  DB  to  BM,  so  fs  LG  to  GH;  therefore,  ex 
sequali,  as  EB  to  BM,  so  is  (FG  to  GH,  and  so  is) 
•  i*.  5.  AE  to  HK  or  MC ;  wherefore*,  AB  is  to  BC,  as  AE 
to  HK,  that  is,  as  FG  to  GH,  that  is,  in  the  given 
ratio:  and  from  the  straight  line  BC  taking  MC, 
which  is  equal  to  the  given  straight  line  HK,  the  re- 
mainder BM  has  to  BD  the  given  ratio  of  HG  to 
GL :  and  the  sum  of  the  squares  of  AB,  BD,  is  equal* 
to  the  square  of  AD  or  AN,  which  is  the  given  space. 
■  Q.  12.  D.  ' 

I  believe  it  would  be  in  vain  to  try  to  deduce  the 
preceding  construction  from  an  algebraical  solution  of 
the  problem. 


*  47.  1. 
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PLANE  TRIGONOMETRY. 


LEMMA  I.     Fig.  i. 

Lbt  ABC  be  a  rectilineal  angle :  if  about  the  point  B 
as  a  centre,  and  with  any  distance  BA,  a  circle  be  de- 
scribed, meeting  BA,  BC,  the  straight  lines  including 
the  angle  ABC  in  A,  C;  the  angle  ABC  will  be  to 
four  right  angles,  as  the  arch  AC  to  the  whole  circum- 
ference. 

Produce  AB  till  it  meet  the  circle  again  in  F,  and 
through  B  draw'DE  perpendicular  to  AB,  meeting  the 
circle  in  D,  E. 

By  S3.  6.  Elem.  the  angle  ABC  is  to  a  right  angle 
ABD,  as  the  arch  AC  to  the  arch  AD ;  and  quadru- 
pling the  consequents,  the  angle  ABC  will  be  to  four 
right  angles,  as  the  arch  AC  to  four  times  the  arch 
AD,  or  to  the  whole  circumference. 

LEMMA  II.    Fig.  2. 

Let  ABC  be  a  plane  rectilineal  angle  as  before: 
about  B  as  a  centre  with  any  two  distances  BD,  BA, 
let  two  circles  be  described  meeting  BA,  BC,  in  D, 
E,  A,  C ;  the  arch  AC  will  be  to  the  whole  circum- 
ference of  which  it  is  an  arch,  as  the  arch  DE  is  to  the 
whole  circumference  of  which  it  is  an  arch. 

By  Lemma  1.  the  arch  AC  is  to  the  whole  circum- 
ference of  which  it  is  an  arch,  as  the  angle  ABC  is  to 
four  right  angles;  and  by  the  same  Lemma  I.  the  arch 
DE  is  to  the  whole  circumference  of  which  it  is  an 
arch,  as  the  angle  ABC  is  to  four  right  angles ;  there- 
fore the  arch  AC  is  to  the  whole  circumference  of 
which  it  is  an  arch,  as  the  arch  DE  to  the  whole  cir- 
cumference of  which  it  is  an  arch. 

DEFINITIONS.    Fig.  3. 

L 

Let  ABC  be  a  plane  rectilineal  angle;  if  about  B  as  a 
centre,  with  BA  any  distance,  a  circle  ACF  be  de- 
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scribed,  meeting  BA,  BC,  in  A,  C ;  the  arch  AC  is 
called  the  measure  of  the  angle  ABC- 

II. 

The  circumference  of  a  circle  is  supposed  to  be  divided 
into  360  equal  parts  called  degrees,  and  each  degree 
into  60  equal  parts  called  minutes,  and  each  minute 
into  60  equal  parts  called  seconds,  &c.  And  as 
many  degrees,  minutes,  seconds,  &c.  as  are  contain- 
ed in  any  areh,  of  so  many  degrees,  minutes,  se- 
conds, &c.  is  the  angle,  of  which  that  arch  is  the 
measure,  said  to  be. 

Cor.  Whatever  be  the  radius  of  the  circle  of  which  the 
measure  of  a  given  angle  is  an  arch,  that  arch  will 
contain  the  same  number  of  degrees,  minutes,  se- 
conds, &c.  as  is  manifest  from  Lemma  2. 

III. 

Let  AB  be  produced  till  it  meet  the  circle  again  in  F; 
the  angle  CBF,  which  together  with  ABC  is  equal 
to  two  right  angles,  is  called  the  Supplement  of  the 
angle  ABC. 

IV. 

A  straight  lin6  CD  drawn  through  C,  one  of  the  ex- 
tremities of  the  arch  AC,  perpendicular  upon  the 
diameter  passing  through  the  other  extremity  A,  is 
called  the  Sine  of  the  arch  AC,  or  of  the  angle  ABC, 
of  which  it  is  the  measure. 

Cor.  The  Sine  of  a  quadrant,  or  of  a  right  angle,  is 
equal  to  the  radius. 

V. 

The  segment  DA  of  the  diameter  passing  through  A, 
•  one  extremity  of  the  arch  AC,  between  the  sine  CD, 
and  that  extremity,  is  called  the  Versed  Sine  of  the 
arch  AC,  or  angle  ABC. 

VI. 

A  straight  line  AE  touching  the  circle  at  A,  one  ex- 
tremity of  the  arch  AC,  and  meeting  the  diameter 
BC  passing  through  the  other  extremity  C  in  E, 
is  called  the  Tangent  of  the  arch  AC*  or  of  the 
angle  ABC. 
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The  straight  line  BE  between  the  centre  and  the  ex- 
tremity of  the  tangent  AE,  is  called  the  Secant  of 
the  arch  AC  or  angle  ABC* 

Cor.  to  def.  4.  6.  7.  The  sine,  tangent,  and  secant  of 
any  angle  ABC,  are  likewise  the  sine,  tangent,  and 
secant  of  its  supplement  CBF. 

It  is  manifest  from  def.  4.  that  CD  is  the  sine  of  the 
angle  CBF.  Let  CB  be  produced  till  it  meet  the 
circle  again  in  G ;  and  it  is  manifest  that  AE  is  the 
tangent,  and  BE  the  secant,  of  the  angle  ABO  or 
EBF,  from  def.  6.  7. 

Cor.  to  def.  4.  5.  6.  7-  The  sine,  versed  sine,  tangent,  Fig.  *. 
and  secant,  of  any  arch,  which  is  the  measure  of  any 
given  angle  ABC,  is  to  the  sine,  versed  sine,  tangent, 
and  secant,  of  any  other  arch  which  is  the  measure 
of  the  same  angle,  as  the  radios  of  the  first  is  to  the 
radius  of  the  second. 

Let  AC,  MN  be  measures  of  the  angle  ABC,  accord- 
ing to  def.  1.;  CD  the  sine,  DA  the  versed  sine, 
AE  the  tangent,  and  BE  the  secant,  of  the  arch  AC, 
according  to  def.  4.  5.  6.  7 ;  and  NO  the  sine,  OM 
the  versed  sine,  MP  the  tangent,  and  BP  the  secant 
of  the  arch  MN,  according  to  the  same  definitions. 
Since  CD,  NO,  AE,  MP,  are  parallel,  CD  is  to 
NO  as  the  radius  CB  to  the  radius  NB,  and  AE  to 
MP  as  AB  to  BM,  and  BC  or  BA  to  BD,  as  BN 
or  BM  to  BO ;  and  by  conversion,  DA  to  MO  as 
AB  to  MB.  Hence  the  corollary  is  manifest :  there- 
fore, if  the  radius  be  supposed  to  be  divided  into 
any  given  number  of  equal  parts,  the  sine,  versed 
sine,  tangent,  and  secant  of  any  given  angle  will 
each  contain  a  given  number  of  these  parts ;  and, 
by  trigonometrical  tables,  the  length  of  the  sine, 
versed  sine,  tangent,  and  secant  ot  any  angle  may 
be  found  in  parts  of  which  the  radius  contains  a 
given  number ;  and,  vice  versa,  a  number  express- 
ing the  length  of  the  sine,  versed  sine,  tangent,  and 
secant,  being  given,  the  angle  of  which  it  is  the  sine, 
versed  sine,  tangent,  and  secant,  may  be  found. 

VIII. 

The  difference  of  an  angle  from  a  right  angle,  is  called  Fig.  X 
the  complement  of  that  angle.  Thus,  if  BH  be  drawn 
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perpendicular  to  AB,  the  angle  CBH  will  be  the 
complement  of  the  angle  ABC,  or  of  CBF. 

IX. 

Let  HK  be  the  tangent,  CL  or  DB,  which  is  equal  to 
it,  the  sine,  and  BK  the  secant  of  CBH,  the  comple- 
ment of  ABC,  according  to  def.  4. 6. 7.  HK  is  called 
the  cotangent,  BD  the  cosine,  and  BK  the  cosecant, 
of  the  angle  ABC. 

Cor.  K  The  radius  is  a  mean  proportional  between  the 
tangent  and  cotangent. 

For,  since  HK,  BA,  are  parallel,  the  angles  HKB, 
ABC,  will  be  equal,  and  the  angles  KHB,  BAE, 
are  right ;  therefore  the  triangles  BAE,  KHB,  are 
similar,  and  therefore  AE  is  to  AB,  as  BH  or  BA 
toHK. 

Cor*  2»  The  radius  is  a  mean  proportional  between  the 
cosine  and  secant  of  any  angle  ABC* 

Since  CD,  AE,  are  parallel,  BD  is  to  BC  or  B A  as 
BA  to  BE. 

PROP.  I.     Fig.  5. 

In  a  right  angled  plane  triangle ;  if  the  hypothenuse  be 
made  radius,  the  sides  become  the  sines  of  the  angles 
opposite  to  them:  and  if  either  side  be  made  radius, 
the  remaining  side  is  the  tangent  of  the  angle  opposite 
to  it,  and  the  hypothenuse  the  secant  of  the  same  angle. 

Let  ABC  be  a  right  angled  triangle :  if  the  hypo- 
thenuse BC  be  made  radius,  either  of  the  sides  AC  will 
be  the  sine  of  the  angle  ABC  opposite  to  it;  and  if 
either  side  BA  be  made  radius,  the  other  side  AC  will 
be  the  tangent  of  the  angle  ABC  opposite  to  it,  and 
the  hypothenuse  BC  the  secant  of  the  same  angle. 

About  B,  as  a  centre,  with  BC,  BA  for  distances,  let 
two  circles  CD,  EA  be  described,  meeting  BA,  BC,  in 
D,  E :  since  CAB  is  a  right  angle,  BC  being  radius, 
AC  is  the  sine  of  the  angle  ABC,  by  def.  4.  and  BA 
being  radius,  AC  is  the  tangent,  and  BC  the  secant,  of 
the  angle  ABC,  by  def.  6.  7. 

Cor.  1.  Of  the  hypothenuse,  a  side,  and  an  angle  of 
a  right  angled  triatigle,  any  two  being  given,  the  third 
is  also  given. 

Cor.  2.  Of  the  two  sides  and  an  angle  of  a  right 
angled  triangle,  any  two  being  given,  the  third  is  also 
given. 
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PROP.  II.     Fig.  6.  7. 

The  sides  of  a  plane  triangle  are  to  one  another,  a$  the 
sines  of  the  angles  opposite  to  them. 

In  right  angled  triangles,  this  Prop,  is  manifest  from 
Prop.  1.  for  if  the  hypothenuse  be  made  radius,  the 
sides  are  the  sines  of  the  angles  opposite  to  them,  and 
the  radius  is  the  sine  of  a  right  angle  (cor.  to  def.  4.) 
which  is  opposite  to  the  hypothenuse. 

In  any  oblique  angled  triangle  ABC,  any  two  sides 
A8,  AC,  will  be  to  one  another  as  the  sines  of  the 
angles  ACB,  ABC,  which  are  opposite  to  them. 

From  C,  B,  draw  CE,  BD,  perpendicular  upon  the 
opposite  sides  AB,  AC  produced  if  need  be.  Since 
CEB,  CDB  are  right  angles,  BC  being  radius,  CE  is 
the  sine  of  the  angle  CBA,  and  BD  the  sine  of  the 
angle  ACB ;  but  the  two  triangles  CAE,  DAB  have 
each  a  right  angle  at  D  and  E;  and  likewise  the  com- 
mon angle  CAB;  therefore  they  are  similar,  and  con- 
sequently, C A  is  to  AB,  as  CE  to  DB ;  that  is,  the 
sides  are  as  the  sines  of  the  angles  opposite  to  them. 

Cor.  Hence  of  two  sides,  and  two  angles  opposite 
to  them,  in  a  plane  triangle,  any  three  being  given,  the 
fourth  is  also  given. 

PROP.  III.     Fig.  8. 

In  a  plane  triangle,  the  sum  of  any  two  sides  is  to  their 
difference,  as  the  tangent  of  half  the  sum  of  the  angles 
at  the  base,  to  the  tangent  qf  half  their  difference* 

Let  ABC  be  a  plane  triangle,  the  sum  of  any  two 
sides  AB,  AC  will  be  to  their  difference  as  the  tangent 
of  half  the  sum  of  the  angles  at  the  base  ABC,  ACB, 
to  the  tangent  of  half  their  difference. 

About  A  as  a  centre,  with  AB  the  greater  side  for  a 
distance,  let  a  circle  be  described,  meeting  AC,  pro- 
duced in  E,  F,  and  BC  in  D ;  join  DA,  EB,  FB ;  and 
draw  FG  parallel  to  BC,  meeting  EB  in  G. 

The  angle  EAB  (32.  1.)  is  equal  to  the  sum  of  the 
angles  at  the  base,  and  the  angle  EFB  at  the  circum- 
ference is  equal  to  the  half  of  EAB  at  the  centre 
(120.  3.);  therefore  EFB  is  half  the  sum  of  the  angles 
at  the  base ;  but  the  angle  ACB  (32.  1 .)  is  equal  to  the. 
angles  CAD  and  ADC  or  ABC  together :  therefore 
FAD  U  the  difference  of  the  angles  at  the  base,  and 


* 
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FBD  at  the  circumference,  or  BFG,  on  account  of  the 
parallels  FG,  BD,  is  the  half  of  that  difference :  but 
since  the  angle  EBF  in  a  semicircle  is  a  right  angle, 
(I.  of  this)  FB  being  radius,  BE,  BG,  are  the  tan- 

fents  of  the  angles  EFB,  BFG ;  but  it  is  manifest  that 
<C  is  the  sum  of  the  sides  B A,  AC,  and  CF  their  dif- 
ference ;  and  since  BC,  FG  are  parallel  (2.  6.),  EC  is 
to  CF,  as  EB  to  BG ;  that  is,  the  sum  of  the  sides  is 
to  their  difference,  as  the  tangent  of  half  the  sum  of 
the  angles  at  the  base,  to  the  tangent  of  half  their  dif- 
ference. 


PROP.  IV.     Fig.   18. 

In  any  plane  triangle *  BAC,  whose  two  sides  are  BA,  AC, 
and  base  BC,  the  less  of  the  two  sides,  which  let  be 
BA9  is  to  the  greater  AC,  as  the  radius  is  to  the  tan- 
gent of  an  angle ;  and  the  radius  is  to  the  tangent  of 
the  excess  of  this  angle  above  half  a  right  angle,  as  the 
tangent  of  half  the  sum  of  the  angles  B  and  C  at  the 
base,  is  to  the  tangent  of  half  their  difference. 

. 

At  the  point  A,  draw  the  straight  line  EAD  perpen- 
dicular to  B A ;  make  AE,  AF,  each  equal  to  AB,  and 
AD  to  AC ;  join  BE,  BF,  BD,  and  from  D  draw 
DG  perpendicular  upon  BF.  And  because  BA  is  at 
right  angles  to  EF,  and  EA,  AB,  AF,  are  equal,  each 
of  the  angles  EBA,  ABF  is  half  a  right  angle,  and  the 
whole  EBF  is  a  right  angle ;  also  (4.  1.  EL)  EB  is 
equal  to  BF.  And  since  EBF,  FGD  are  right  angles, 
EB  is  parallel  to  GD,  and  the  triangles  EBF,  FGD 
are  similar ;  therefore  EB  is  to  BF,  as  DG  to  GF,  and 
EB  being  equal  to  BF,  FG  must  be  equal  to  GD. 
And  because  BAD  is  a  right  angle,  BA  the  less  side  is 
to  AD  or  AC  the  greater,  as  the  radius  is  to  the  tan- 
gent of  the  angle  ABD ;  and  because  BGD  is  a  right 
angle,  BG  is  to  GD  or  GF,  as  the  radius  is  to  the  tan- 
gent of  GBD,  which  is  the  excess  of  the  angle  ABD 
above  ABF  half  a  right  angle.  But  because  EB  is  pa- 
rallel to  GD,  BG  is  to  GF,  as  ED  is  to  DF ;  that  is, 
since  ED  is  the  sum  of  the  sides  BA,  AC,  and  FD 
their  difference  (3.  of  this),  as  the  tangent  of  half  the 
'  sum  of  the  angles  B,  C,  at  the  base,  to  the  tangent  of 
half  their  difference.  Therefore,  in  any  plane  triangle, 
&c.     c  E.  D. 


PLANE  TRIGONOMETRY.  461 


PROP.  V.     Fig.  9  and  10. 

In  any  triangle,  twice  the  rectangle  contained  by  any  two 
sides  is  to  the  difference  of  the  sum  of  the  squares  of  these 
two  sides,  and  the  square  of  the  base,  as  the  radius  is  to 
the  cosine  of  the  angle  included  by  the  two  sides. 

Let  ABC  be  a  plane  triangle,  twice  the  rectangle 
ABC  contained  by  any  two  sides  BA,  BC,  is  to  the 
difference  of  the  sum  of  the  squares  of  BA,  BC,  and 
the  square  of  the  base  AC,  as  the  radius  to  the  cosine 
of  the  angle  ABC. 

From  A,  draw  AD  perpendicular  upon  the  opposite 
side  BC,  then  (by  12.  and  13.  2.  El.)  the  difference  of 
the  sum  of  the  squares  of  AB,  BC,  and  the  square  of 
the  base  AC,  is  equal  to  twice  the  rectangle  CBD ;  but 
twice  the  rectangle  CB  A  is  to  twice  the  rectangle  CBD, 
that  is,  to  the  difference  of  the  sum  of  the  squares  of 
AB,  BC,  and  the  square  of  AC  (1.  6.),  as  AB  to  BD; 
that  is,  by  Prop.  1.  as  radius  to  the  sine  of  BAD,  which 
is  the  complement  of  the  angle  ABC ;  that  is,  as  radius 
to  the  cosine  of  ABC. 

PROP.  VI.     Fig.  11. 

In  any  triangle  ABC9  whose  two  sides  are  AB,  AC,  and 
base  BC,  the  rectangle  contained  by  half  the  perimeter, 
and  the  excess  of  it  above  the  base  BC,  is  to  the  rectangle 
contained  by  the  straight  lines  by  which  the  half  of  the 
perimeter  exceeds  the  other  two  sides  AB,  AC,  as  the 
square  of  the  radius  is  to  the  square  of  the  tangent  qf 
half  the  angle  BAC  opposite  to  the  base* 

Let  the  angles  BAC,  ABC  be  bisected  by  the  straight 
lines  AG,  BG;  and  producing  the  side  AB,  let  the 
exterior  angle  CBH  be  bisected  by  the  straight  line  BK, 
meeting  AG  in  K ;  and  from  the  points  G,  K,  let  there 
be  drawn  perpendicular  upon  the  sides  the  straight  lines 
GD,  GE,  GF,  KH,  KL,  KM.  Since  therefore  (4.  4.) 
G  is  the  centre  of  the  circle  inscribed  in  the  triangle 
ABC ;  GD,  GF,  GE  will  bq  equal,  and  AD  will  be 
equal  to  AE,  BD  to  BF,  and  CE  to  CF.  In  like  man- 
ner KH,  KL,  KM,  will  be  equal,  and  BH  will  be  equal 
to  BM,  and  AH  to  AL,  because  the  angles  HBM, 
HAL,  are  bisected  by  the  straight  lines  BK,  KA: 
and  because  in  the  triangles  KCL,  KCM,  the  sides ' 
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LK,  KM  are  equal,  KC  is  common,  and  KLC,  KMC 
are  right  angles,  CL  will  be  equal  to  CM  J  since  there- 
fore BM  is  equal  to  BH,  and  CM  to  CL;  BC  will  be 
equal  to  BH  and  CL  together ;  and,  adding  AB  and 
AC  together,  AB,  AC,  and  BC  will  together  be  equal 
to  AH  and  AL  together :  but  AH,  AL,  are  equal : 
wherefore  each  of  them  is  equal  to  half  the  perimeter 
of  the  triangle  ABC :  but  since  AD,  AE,  are  equal, 
find  BD,  BF,  and  also  CE,  CF ;  AB,  together  with 
FC,  will  be  equal  to  half  th$  perimeter  of  the  triangle 
to  which  AH  or  AL  was  shewn  to  be  equal ;  taking 
away  therefore  the  common  AB,  the  remainder  FC  will 
be  equal  to  the  remainder  BH :  in  the  same  manner 
it  is  demonstrated,  that  BF  is  equal  to  CL :  and  since 
the  points  B,  D,  G,  F,  are  in  a  circle,  the  angle  DGF 
will  be  equal  to  the  exterior  and  opposite  angle  FBH 
(22.  S.)  5  wherefore  their  halves  BGD,  HBK,  will  be 
equal  to  one  another :  the  right  angled  triangles  BGD, 
HBK,  will  therefore  be  equiangular,  and  GD  will  be 
to  BD,  as  BH  to  HK :  and  the  rectangle  contained  by 
GD,  HK,  will  be  equal  to  the  rectangle  DBH  or  BFC* 
but  since  AH  is  to  HK,  as  AD  to  DG,  the  rectangle 
HAD  (£2.  6.)  will  be  to  the  rectangle  contained  by 
HK,  DG,  or  the  rectangle  BFC  (as  the  square  of  AD 
is  to  the  square  of  DG,  that  is),  as  the  square  of  the 
radius  is  to  the  square  of  the  tangent  of  the  angle  DAG; 
that  is,  the  half  of  B  AC  :  but  HA  is  half  the  perime- 
ter of  the  triangle  ABC,  and  AD  is  the  excess  of  the 
same  above  HD,  that  is,  above  the  base  BC;  but  BFor 
CL  is  the  excess  of  HA  or  AL  above  the  side  AC,  and 
FC,  or  HB,  is  the  excess  of  the  same  HA  above  the 
side  AB ;  therefore  the  rectangle  contained  by  half  the 
perimeter,  and  the  excess  of  the  same  above  the  base, 
viz.  the  rectangle  HAD,  is  to  the  rectangle  contained 
by  the  straight  lines  by  which  the  half  of  the  perimeter 
exceeds  the  other  two  sides,  that  is,  the  rectangle  BFC, 
as  the  square  of  the  radius  is  to  the  square  of  the  tan- 
gent of  half  the  angle  BAC  opposite  to  the   base. 

Q,  E.  JK 

PROP.  VII.     Fig.  12.  IS. 

In  a  plane  triangle,  the  base  isto  the  sum  of  the  sides  as 
the  difference  of  the  sides  is  to  the  sum  or  difference  of 
the  segments  <fthe  base  made  by  the  perpendicular  upon 
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it  from  the  vertex,  according  as  the  square  qf  the  greater 
side  is  greater  or  less  than  the  sum  of  the  squares  of  the 
lesser  side  and  the  base. 

Let  ABC  be  a  plane  triangle  ;  if  from  A  the  vertex 
be  drawn  a  straight  line  AjJ  perpendicular  upon  the 
base  BC,  the  base  BC  will  be  to  the  sum  of  the  sides 
BA,  AC,  as  the  difference  of  the  same  sides  is  to  the 
sum  or  difference  of  the  segments  CD,  BD,  according 
as  the  square  of  AC  the  greater  side  is  greater  or  less 
than  the  sum  of  the  squares  of  the  lesser  side  AB,  and 
the  base  BC. 

About  A,  as  a  centre,  with  AC  the  greater  side  for  a 
distance,  let  a  circle  be  described  meeting  AB  pro- 
duced in  E,  F,  and  CB  in  G:  it  is  manifest,  that  FB 
is  the  sum,  and  BE  the  difference  of  the  sides;  and 
since  AD  is  perpendicular  to  GC,  GD,  CD,  will  be 
equal ;  consequently  GB  will  be  equal  to  the  sum  or 
difference. of  the  segments  CD,  BD,  according  as  the 
perpendicular  AD  meets  the  base  produced,  or  the 
base;  that  is  (by  Con  v.  12.  13.  2.)  according  as  the 
square  of  AC  is  greater  or  less  than  the  sum  of  the 
squares  of  AB,  BC :  but  (by  35. 3.)  the  rectangle  CBG 
is  equal  to  the  rectangle  EBF;  that  is  (16.  6.)  BC  is 
to  BF,  as  BE  is  to  BG ;  that  is,  the  base  is  to  the  sum 
of  the  sides,  as  the  difference  of  the  sides  is  to  the  sum 
or  difference  of  the  segments  of  the  base  made  by  the 
perpendicular  from  the  vertex,  according  as  the  square 
of  the  greater  side  is  greater  or  less  than  the  sum  of  the 
squares  of  the  lesser  side  and  the  base.     Q.  JS.  d. 

PROP.  VIII.     PROB.     Fig.  14. 

The  sum  and  difference  of  two  magnitudes  being  given,  to 

find  them. 

Half  the  given  sum  added  to  half  the  given  differ- 
ence, will  be  the  greater,  and  half  the  difference  sub- 
tracted from  half  the  sum,  will  be  the  less. 

For  let  AB  be  the  given  sum,  AC  the  greater,  and 
BC  the  less.  Let  AD  be  half  the  given  sum ;  and  to 
AD,  DB,  which  are  equal,  let  DC  be  added ;  then  AC 
will  be  equal  to  BD  and  DC  together :  that  is,  to  BC, 
and  twice  DC;  consequently,  twice  DC  is  the  difference, 
and  DC  half  that  difference ;  but  AC  the  greater  is 
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equal  to  AD,  DC;  that  is,  to  half  the  sum  added  to 
half  the  difference,  and  BC  the  less  is  equal  to  the  ex- 
cess of  BD,  half  the  sum,  above  DC  half  the  difference. 
Q.  E.  D. 

SCHOLIUM. 

Of  the  six  parts  of  a  plane  triangle  (the  three  sides 
and  three  angles)  any  three  being  given,  to  find  the 
other  three  is  the  business  of  plane  trigonometry ;  and 
the  several  cases  of  that  problem  may  be  resolved  by 
means  of  the  preceding,  propositions,  as  in  the  two  fol- 
lowing with  the  tables  annexed.  In  these,  the  solution 
is  expressed  by  a  fourth  proportional  to  three  given 
lines ;  but  if  the  given  parts  be  expressed  by  numbers 
from  trigonometrical  tables,  it  may  be  obtained  arith- 
metically by  the  common  Rule  of  Three. 

Note.  In  the  tables  the  following  abbreviations  are  nsed:  R.  Is 
put  for  the  Radios  ;  T.  for  Tangent ;  and  S.  for  Sine.  Degrees,  mi- 
nutes, seconds,  &c.  are  written  in  this  manner;  30°  25'  15", &c*  which 
signifies  30  degrees,  25  minutes,  13  seconds,  &c. 
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Solution  of  the  Cases  of  Right  Angled  Triangles. 


GENERAL  PROPOSITION. 

In  a  right  angled  triangle,  of  the  three  sides  and  three 
angles,  any  two  being  given  besides  the  right  angle 9  the 
other  three  may  be  founds  except  when  the  two  acute 
angles  are  given  ;  in  which  case  the  ratios  of  the  sides 
are  only  given,  being  the  same  with  the  ratios  of  the 
sines  of  the  angles  opposite  to  them. 

It  is  manifest  from  47.  1.  that  of  the  two  sides  and 
hypothenuse,  if  any  two  be  given,  the  third  may  also  be 
found.  It  is  also  manifest  from  32.  1.  that  if  one  of  the 
acute  angles  of  a  right  angled  triangle  be  given,  the 
other  is  also  given,  for  it  is  the  complement  of  the  for- 
mer to  a  right  angle. 

If  two  angles  of  any  triangle  be  given,  the  third  is 
also  given,  being  the  supplement  of  the  two  given  angles 
to  two  right  angles. 

The  other  cases  may  be  resolved  by  help  of  the  pre-   Fig- 15. 
ceding  propositions,  as  in  the  following  table : 

Given.  Sought. 


Twosides,AB, 
AC. 


AB,  BC,  aside 
and  the  hypo- 
thenuse. 


The  angles 
B,  C. 


AB,  B,  a  side 
and  an  angle. 


The  angles 
B,  C. 


The  other 
side  AC. 


AB  and  B,   a 
side  and  an  an- 

gle-    , 


AB:AC::R:T,B,  of 

whichC  is  the  complement. 


BC:BA::R:S,  C,  of 
which  Bis  the  complement. 


BC  and  B,  the 
hypothenuse 
and  an  angle. 


The  hypo- 
thenuse BC. 


R  :  T,  B  :  :  BA :  AC. 


The    side 
AC. 


S,  C  :  R  : :  BA  :  BC. 


R  :  S,  B  :  :  BC  :  CA. 


These  five  cases  are  resolved  by  Prop.  1. 

H  h 
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Solution  of  the  Cases  of  Oblique  Angled  Triangles. 


GENERAL  PROPOSITION. 

In  an  oblique  angled  triangle,  of  the  three  sides  and  three 
angles*  any  three  being  given,  the  other  three  may  be 
found,  except  when  the  three  angles  are  given,-  in  which 
case  the  ratios  of  the  sides  are  only  given,  being  the 
same  with  the  ratios  of  the  sines  of  the  angles  opposite 
to  them. 


Fig.  if.  17, 


Given. 


Sought. 


A,B,and  there- 
fore C,  and  the 
side  AB. 


2  AB,  AC,  and 
B,  two  sides 
and  an  angle 
opposite  to  one 
of  them. 


BC,  AC. 


The  angles 
A  and  C. 


S,C:S,A::AB:  BC, 

and  also  S,C  :  S,B::AB 

:  AC.  (2.)' 


AB,  AC,  and 
A,  two  sides, 
and  the  includ- 
ed angle* 


The  angles 
Band  C. 


AC  :  AB::S,B  :  S,C. 

(2.)  This  case  admits  of  two 
solutions;  for  C  may  be 
greater  or  less  than  a  qua- 
drant. (Cor.  to  def.  4.) 


AB  +  AC:AB-AC::T, 
C  +  B 


the  sum  and  difference  of 
the   angles  C,  B,   being 
given,   each  of  them  is 
given.     (7.) 
Otherwise.  Fig.  18. 

BA  :  AC::R:T,ABl>, 
and  also  R:T,ABD— 45° 
.  #T  B  +  C.  T  B— Ct.  v 

..  1,_ 1,_ — (4.) 

therefore  B  and   C   are 
given  as  before.     (7.) 
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Given. 


Sought. 


AB,  BC,  CA, 

the  three  sides. 


A,  B,  Cthe 

three  angles. 


2ACxCB:ACq  +  CBq 

-ABq::R:  CuS,C.  It 

ACq  +  CBq    be    greater 
than  ABq.     Fig.  16. 
2  AC  xCB:  ABq- ACq 

-CBq::R:  Cos,  C.  Ifl 

ABqbe  greater  than  ACq 
+  CBq.     Fig.  17.  (4.) 

Otherwise, 

LetAB  +  BC+AC=gP. 
PxP-AB:P-AC  x 


P-BC::Rq:Tq,  iC, 
and  hence  C  is  known.  (5.) 

Otherwise, 

Let  AD  be  perpendicu- 
lar to  BC.  1.  If  ABqbe 
less  than  ACq  +  CBq.  Fig. 
16. BC  :BA  +  AC::BA 
-  AC  :  BD  -  DC,  and 
BC  the  sum  of  BD,  DC 
is  given;  therefore  each  of 
them  is  given.  (7.) 
2.  If  ABq  be  greater  than 
ACq  +  CBq.FiG.17.BC: 
BA  +  AC::BA-AC; 
BD  +  DC;  and  BC  the 
difference  of  BD,  DC,  is 

iven,  therefore  each  of 
them  is  given.  (7*) 

And  CA  :  CD  ::  R  : 

CoS,  C.  (1.)  and  C  being 
found,  A  and  B  are  found 
by  case  2  or  3. 


H  1*2 


«        >-     v  • 


«.  *8; 


i 


/y 


CETftX. 


Pfu/c  4##. 


Kg** 


O  M  I* 


-Fi^iS. 


Fiovi?. 


•v. 


CONSTRUCTIONS 


OF  THB 


TRIGONOMETRICAL   CANON. 


MMri^* 


A  Trigonometrical  Canon  is  a  Table,  which,  beginning 
from  one  second  or  one  minute,  orderly  expresses  the 
lengths  that  every  sine,  tangent,  and  secant  have,  in 
respect  of  the  radius,  which  is  supposed  unity ;  and 
is  conceived  to  be  divided  into  10000000  or  more 
decimal  parts.  And  so  the  sine,  tangent,  or  secant 
of  an  arc,  maybe  had  by  the  help  of  this  table;  and, 
contrariwise,  a  sine,  tangent,  or  secant  being  given, 
we  may  find  the  arc  it  expresses.  Take  notice  that 
in  the  following  tract,  R  signifies  the  radius,  S  a  sine, 
Cos.  a  cosine,  T  a  tangent,  and  Cot.  a  cotangent ; 
also  ACq  signifies  the  square  of  the  right  line  AC  ; 
and  the  marks  or  characters,  +,  — ,  =z9  :  ,  : : ,  and  */, 
are  severally  used  to  signify  addition,  subtraction, 
equality,  proportionality,  and  the  extraction  of  the 
square  root.  Again,  when  aline  is  drawn  over  the 
$um  or  difference  of  two  quantities,  then  that  sum  or 
difference  is  to  be  considered  as  one  quantity. 
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Constructions  qf  the  Trigonometrical  Canon. 

PROP.  I.    THEOR. 

The  two  sides  of  any  right  angled  triangle  being  given,  Big.  18/ 

the  other  side  is  also  given. 

For  (by  47.  1.)  ACq=ABq+BCq,  and  AGq— BCq 
rs  ABq,  and  interchangeably  ACq  — ABq  =:  BC<j. 
Whence,  by  the  extraction  of  the  square  root,  there  is 

given  ACssy  ABq + BCq ;  and  AB=V  ACq— BCq; 

and  BC;=V  ACq— ABq". 
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PROP.  II.    PROB. 

Tig.*9.      The  sine  jyE  of  the  arc  BD,  and  the  radius  CD,  being 

given ,  to  find  the  cosine  DF. 

The  radius  CD,  and  the  sine  DE,  being  given  in 
the  right  angled  triangle  CDE,  there  will  be  given  (by 

the  last  Prop-)  VCDq-DEq=(CE=)  DF. 

PROP.  III.    PROB. 

Fig.  *9.      The  sine  DE  of  any  arc  DB  being  given,  to  find  DM  or 

BM,  the  sine  of  half  the  arc. 

DE  being  given,  CE  (by  the  last  Prop.)  will  be 
given,  and  accordingly  EB,  which  is  the  difference  be-' 
tween  the  cosine  and  radius.  Therefore  DE,  EB, 
beirlg  given,  in  the  right  angled  triangle  DBE,  there 
will  be  given  DB,  whose  half  DM  is  the  sine  of  the 
arc  liL=J  the  arc  fiD. 

PROP.  IV.    PROB. 

Fig.  «9.      The  sine  BM  of  the  arc  BL  being  given,  tojind  the  sine 

qf  double  that  arc. 

The  sine  BM  being  given,  there  will  be  given  (by 
Prop.  2.)  the  cosine  CM.  But  the  triangles  CBM, 
DBE,  are  equiangular,  because  the  angles  at  E  and  M 
are  right  angles,  and  the  angle  at  B  common :  where- 
fore (by  4.  6.)  we  have  CB  ;  CM::(BD,  or)  2  BM  : 
DE.  Whence,  since  the  three  first  terms  of  this  ana- 
logy aire  given,  the  fourth  also,  which  is  the  sine  of  the 
arc  DB,'  will  be  known. 

Con.  Hence  CB  :  2  CM::  BD  ;  2  DE ;  that  is,  the 
radius  is  to  double  the  cosine  of  one  half  of  the  arc  DB, 
as  the  subtense  of  the  arc  DB  is  to  the  subtense  of 
double  that  arc.  Also  CB  :  «CM::(2  BM  :  2  DE::) 
BM  :  DE::  j  CB  :  CM.  Wherefore  the  sine  of  an 
arc,  and  the  sine  of  its  double,  being  given,  the  cosine 
of  the  arc  itself  is  given. 

PROP.  V.    PROB. 

"'«*  30«      The  sines  of  two  arcs,  BD,  FD,  being  given,  tojind  FT, 
the  sine  of  the  sum,  as  likewise  EL,  sine  qf  their  dif- 
ference. 

Let  the  radius  CD  be  drawn,  and  then  CO  is  the 
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cosine  of  the  arc  FD,  which  accordingly  is  given,  and 
draw  OP  through  Q  parallel  to  DK  ;  also  let  OM,  GE, 
be  drawn  parallel  to  CB.  Then  because  the  triangles 
CDK,  COP,  CHI,  FOH,  FOM,  are  equiangular;  in 
the  first  place,  CD  :  DK::CO  :  OP,  which,  conse- 
quently, is  known.  Also  we  have  CD  ;  CK::FO  ; 
FM ;  and  so,  likewise,  this  will  be  known.  But  be- 
cause FO=EO,  then  will  FM=zMG=ON;  and  so 
OP  +  FM=FI=:sine  of  the  sura  of  the  arcs  ;  and  OP 
-FM:  that  is,  OP-ON=EL:=sine  of  the  difference 
of  the  arcs :  which  were  to  be  found. 

Cor.  Because  the  differences  of  the  arcs  BE,  BD, 
BF,  are  equal,  the  arc  BD  is  an  arithmetical  mean 
between  the  arcs  BE,  BF. 

PROP.  VI.    THEOR. 

The  same  things  being  supposed,  the  radius  is  to  double    Fig.  SO. 
the  cosine  of  the  mean  arc,  as  the  sine  of  the  difference 
is  to  the  difference  of  the  sines  of  the  extremes. 

For  we  have  CD  :  CK  : :  FO  :  FM ;  whence  by 
doubling  the  consequents,  CD  :  2  CK::FO  ;  (2  FM, 
or)  to  FG,  /which  is  the  difference  of  the  sines  EL,  FI. 

Q.  E.  Z>. 

Cou.  1.  If  the  arc  BD  be  60  degrees,  the  difference 
of  the  sines  FI,  EL,  will  be  equal  tp  the  sine  FO  of  the 
difference.  For,  in  this  case,  CK  is  the  sine  of  30  de- 
grees ;  the  double  whereof  is  equal  to  the  radius  (by  15. 
4.) ;  and  so,  since  CD =2  CK,  we  shall  have  FO=FG. 
And,  consequently,  if  the  two  arcs  BE,  BF,  be  equi- 
distant from  the  arc  of  60  degrees,  the  difference  of  the 
sines  will  be  equal  to  the  sine  of  the  difference  FD. 

Cor.  2;  Hence,  if  the  sines  of  all  arcs  distant  from 
one  another  by  a  given  interval,  be  given,  from  the  be- 
ginning of  a  quadrant  to  60  degrees,  the  other  sines 
may  be  found  by  one  addition  only.  For  the  sine  of 
61  degrees  ==  the  sine  of  59  degrees  -H  the  sine  of  one 
degree;  and  the  sine  of  62  degrees  =: the  sine  of  58  de- 
grees +  the  sine  of  two  degrees.  Also,  the  sine  of  63 
degrees= the  sine  of  57  degrees  -f-  the  sine  of  3  degrees, 
and  so  on.  < 

Cor.  3.  If  the  sines  of  all  arcs,  from  the  beginning 
of  a  quadrant  to  any  part  of  a  quadrant,  distant  from 
each  other  by  a  given  interval,  be  given,  thence  we  may 
find  the  sines  of  ail  arcs  to  the  double  of  that  parti  For 
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example :  let  all  the  sines  to  IS  degrees  be  given ;  then," 
by  the  preceding  analogy,  all  the  sines  to  30  degrees 
may  be  found.  For  the  radius  is  to  double  the  cosine 
of  15  degrees,  as  the  sine  of  1  degree  is  to  the  difference 
of  the  sines  of  14  degrees,  and  16  degrees;  so,  also,  is 
the  sine  of  3  degrees  to  the  difference  between  the  sines 
of  12  and  18  degrees;  and  so  on  continually,  until  you 
come  to  the  sine  of  SO  degrees. 

After  the  same  manner,  as  the  radius  is  to  double  the 
cosine  of  30  degrees,  or  to  double  the  sine  of  60  de- 
grees, so  is  the  sine  of  1  degree  to  the  difference  of  the 
sines  of  29  and  31  degrees  : :  sine  2  degrees  to  the  dif- 
ference of  the  sines  of  28  and  32  degrees : :  sine  3  de- 
grees to  the  difference  of  the  sines  of  27  and  33  degrees. 
Hut,  in  this  case,  the  radius  is  to  double  the  cosine  of 
SO  degrees,  as  1  to  V  3. 

For  (see  the  figure  for  Prop.  15.  Book  IV.  of  the 
Elements)  the  angle  BGC=60  degrees,  as  the  arc  BC, 
its  measure,  is  a  sixth  part  of  the  whole  circumference; 
and  the  straight  line  BC=R.  Hence  it  is  evident  that 
the  sine  of  SO  degrees  is  equal  to  half  the  radius :  and 
therefore,, by    Prop.    2.    the  cosine  of    30  degrees= 

V  RS~"2-=~2— '  and  its  doubles  ^  3R*=R  x  V  3. 

Consequently,  radius  is  to  double  the  cosine  of  30°:  : 
R.Rx^/S:  ;  1:^8. 

th^~  «F«0ndJn8]y'  ifuthe  Si,nes  of  lhe  distances  fro™ 
the  arc  of  30  degrees,  be  multiplied  by  j  3,  the  differ- 
ences of  the  sines  will  be  had.  '         ' 

So,  likewise,  may  the  sines  of  the  minutes  in  the  be- 
STS.  %  V"*™*  ^  found,  by  having  the  sines 
and  cosines  of  one  and  two  minutes;  given.  For  as 
the  radius  is  to  double  the  cosine  of  f  T's"  ne  1'  d£  - 
ference  of  the  sines  of  1'  and  S'r.sine  2<  difference  of 
he  sines  of  0'  and  4' ;  that  is,  to  the  sine  of  4'.  And 
so,  the  sines  of  the  first  four  minutes  being  given,  we 

PROP.  VII.    THEOR. 


Fig.  31 


• 
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approaches  B,  EB  will  vanish  in  respect  of  the  arc  BD ; 
whence  CE  will  become  nearly  equal  to  CB,  and  so 
ED  will  be  also  nearly  equal  to  BG.     If  EB  be  less 

than  the  ]QQQ00Q0  part  of  the  radius,  then  the  dif- 
ference between  the  sine  and  the  tangent  will  be  also 

less. than  the  iaoooooO  Part  °^^e  tengent- 

Cor.  Since  any  arc  is  less  than  the  tangent,  and 
greater  than  jts  sine,  and  the  sine  and  tangent  of  a  very 
small  arc  are  nearly  equal;  it  follows,  that  the  arc  will 
be  nearly  equal  to  its  sine :  and  so  in  very  small  arcs, 
it  will  be,  as  arc  is  to  arc,  so  is  sine  to  sine. 

PROP.  VIII.    PROB. 

Tojind  the  sine  of  the  arc  of  one  minute. 

The  side  of  a  hexagon  inscribed  in  a  circle,  that  is, 
the  subtense  of  60  degrees,  is  equal  to  the  radius  (by 
Coroll.  15th  of  the  4th) ;  and  so  the  half  of  the  radius 
will  be  the  sine  of  the  arc  of  SO  degrees.  Wherefore 
the  sine  of  the  arc  of  SO  degrees  being  given,  the  sine -of 
the  arc  of  15  degrees  may  be  found  (by  Prop.  3.).  Also 
the  sine  of  the  arc  of  15  degrees  being  given  (by  the 
same  Prop.)  we  may  have  the  sine  of  7  degrees  30 
minutes.  So,  likewise,  can  we  find  the  sine  of  the  half 
of  this,  viz.  S  degrees  45  minutes ;  and  so  on,  until  12 
bisections  being  made,  we  come  to  an  arc  of  52s,  44% 
03%  45°,  whose  cosine  is  nearly  equal  to  the  radius;  in 
which  case  (as  is  manifest  from  Prop.  7.)  arcs  are  pro- 
portional to  their  sines:  and  so,  as  the  arc  of  52%  44% 
03%  45%  is  to  an  arc  of  one  minute,  so  will  the  sine  be- 
fore found  be  to  the  sine  of  an  arc  of  one  minute,  which 
therefore  will  be  given.  And  when  the  sine  of  one 
minute  is  found,  then  (by  Prop.  2.  and  4.)  the  sine  .and 
cosine  of  two  minutes  will  be  had. 

PROP- IX.     THEOR. 

If  the  angle  BAC9  being  in  the  periphery  of  a  circle^  be  Fig.  St. 
bisected  by  the  right  line  AD,  and  if  AB  be  produced 
until  DE—AD  meets  it  in  E ;  then  will  CEzzAB. 

In  the  quadrilateral  figure  ABDC  (by  22.  3.)  the 
angles  B  and  DC  A  are  equal  to  two  right  angles = 
DCE+DCA  (by  13.  1.):  whence  the  angle  B=DCK 
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Bat,  likewise,  angle  E=DAC  (by  5.  1.)  sDAB»  an4> 
DC;=DB:  wherefore  the  triangles  BAD  and  CED 
are  congruous,  and  so  CE  is  equal  to  AB.     Q.  jb.  d. 

PROP.  X.    THEOR. 

Fig.  S3.  Let  the  arcs  AB,  BC9  CD,  DE9  EF9  fyc.  be  equal :  and 
let  the  subtenses  of  the  arcs,  AB9  AC,  AD,  AE,  Sfc. 
be  drawn;  then  will  AB :  AC:  :  AC:  AB+AD:  : 
AD:  AC+AE:  :  AE  :  AD  +  AF::  AF:  AE  +  AG. 

Let  AD  be  produced  to  H,  AE  to  I,  AF  to  K,  and 
AG  to  L,  so  that  the  triangles  ACH,  ADI,  AEK, 
AFL,  be  isosceles  ones :  theri  because  the  angle  BAD  is 
bisected,  we  shall  have  DH=AB  (by  the  last  Prop.): 
so  likewise  EIzzAC,  FK=AD,  also  GL=AE. 

But  the  isosceles  triangles  ABC,  ACH,  ADI,  AEK, 
AFL,  because  of  the  equal  angles  at  the  bases,  are 
equiangular:  wherefore  it  will  be,  as  AB  ;  AC::  AC: 

(AH=)  AB  +  AD::AD  :  (AI=)  AC  +  AE::AE: 
(AKs)  AD  +  AF::  AF:  (AL=)  AE+AG.  q.e.d. 

Cor.  1.  Because  AB  is  to  AC,  as  radius  is  to  double 
the  cosine  of  }  the  arc  AB  (by  Coroll.  Prop.  4.)>  it  will 
also  be,  as  radius  is  to  double  the  cosine  of  }  the  arc  AB, 
so  is  }  AB:  }  AC::}  AC  :  }  AB+}  AD::  J  AD:  } 
AC  +  }  AE::}  AE:  }  AD  +  }  AF,  &c.  Now  let  each 
of  the  arcs  AB,  BC,  CD,  &c.  be  V ;  then  will  }  AB 
be  the  sine  of  one  minute,  }  AC  the  sine  of  2  minutes, 
}  AD  the  sine  of  S  minutes,  }  AE  the  sine  of  4  minutes, 
&c.  Whence,  if  the  sines  of  one  and  two  minutes  be 
given,  we  may  easily  find  all  the  other  sines  in  the  fol- 
lowing manner. 

Let  the  cosine  of  the  arc  of  one  minute,. that  is,  the 
sine  of  the  arc  of  69  deg.  5&,  be  called  Q ;  and  make  the 
following  analogies ;  R  :  2  Q : :  Sin.  2'  :  S.  i'  +  S.  3'. 
Wherefore  the  sine  of  3  minutes  will  be  given.  Also, 
R.:2Q::S.3':S.  2'+S.  4'.  Wherefore  the  S.  4'  is 
given.  And  R. :  2  Q::  S.  4'  :  S.  S'  +  S.  5' ;  and  so  the 
sine  of  5'  will  be  had.  Likewise,  R.  :  2  Q : :  S.  5' :  S.  4' 
-fS.  6';  and  so  we  shall  have  the  sine  of  6'.  And  in 
like  manner,  the  sines  of  every  minute  of  the  quadrant 
will  be  given.  And  because  the  radius,  or  the  first  term 
of  the  analogy,  is  unity,  the  operations  will  be  with 
great  ease  and  expedition  calculated  by  multiplication, 
and  contracted  by  addition.  When  the  sines  are  found 
to  60  degrees,  all  the  other  sines  may  be  had  by  addi- 
tion only,  by  Cor.  1 .  Prop.  6. 
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The  sines  being  given,  the  tangents  and  secants  may 
be  found  from  the  following  analogies  (see  Figure  S,  for 
the  definitions);  because  the  triangles  BDC,  BAE, 
BHK,  ure  equiangular,  we  have 

BD  :  DC::BA  :  AE;  that  is,  Cos. :  S.::R. :  T. 

AE  :  BA::  BH  :  HK;  that  is,  T.     :  R.::  R. :  Cot. 
BD  :  BC : :  B A  ;  BE ;  that  is,  Cos.  :  R. : :  R. :  Secant. 
CD  :  BC::  BH  :  BK ;  that  is,  S.     :    R.;:  R.:  Cosec. 


OF  LOGARITHMS. 


1.  The  indices  or  exponents  of  a  series  of  numbers  in 
geometrical  progression,  proceeding  from  1,  are  also 
called  the  logarithms  of  the  numbers  in  that  series  #. 
Thus,  if  a  denote  any  number,  and  the  geometrical 
series,  1,  a1,  a*,  a3,  a4,  &c.  be  produced  by  actual  mul- 
tiplication, then  1,  2,  3,  4,  &c.  are  called  the  logarithms 
of  the  first,  second,  third,  and  fourth  powers  of  a  re- 
spectively. Consequently,  if$  in  the  above,  a  be  equal 
to  the  number  2,  then  1  is  the  logarithm  of  2,  2  is  the 
logarithm  of  4,  3  is  the  logarithm  of  8,  4  is  the  loga- 
rithm of  16,  &c.  But  if  a  be  equal  to  10,  then  1  is  the 
logarithm  of  10,  2  is  the  logarithm  of  100,  3  is  the  lo- 
garithm of  1000,  4  is  the  logarithm  of  10000,  &c.   The 

series  may  be  continued  both  ways  from  1.     Thus  -j, 

1,  a1,  a\  a3,  a4,  &c.  constitute  a  series  in 


<r    a     a 


geometrical  progression,  and,  agreeable  to  the  estab- 
lished notation  in  algebra,  the  indices,  or  logarithms, 
are  —4,  —3,-2,-1,  0,  1,  2,  3,  4,  &c  If  a  be 
equal  to   the  number  2,  then  —  4  is  the  logarithm  of 

•—»  —  3  is  the  logarithm  of  -,  —  2  is  the  logarithm  of 

,  —  1  is  the  logarithm  of-,  0  is  the  logarithm  of  1,- 1  is 
4  2 

the  logarithm  of  2,  &c.     If  a  be  equal  to  10,  then  —  4 

is  the  logarithm  of ,  —  3  is  the  logarithm  of 

10000  ft 

,  —  2  is  the  logarithm  of ,  —  l   is  the  loga- 


1000  °  100 

1 
rithm  of--,  0  is  the  logarithm  of  1,  and  J  is  the  loga- 
rithm of  10,  &a 

2.  From  the  above  it  is  evident  that  the  logarithms 

*  The  reader  ought  to  be  acquainted  with  arithmetical  and  geo- 
metrical progression  and  the  binomial  theorem,  before  he  enters  on  a 
perusal  or  any  account  of  logarithms. 


OF  LOGARITHMS.  *7t 

of  a  series  of  numbers  in  geometrical  progression,  con- 
stitute a  series  of  numbers  in  arithmetical  progression. 
Beginning  with  1,  and  proceeding  towards  the  right 
hand,  the  terms  in  the  geometrical  series  are  produced 
by  multiplication,  but  their  corresponding  logarithms 
are  produced  by  addition.  On  the  contrary,  beginning 
with  1,  and  proceeding  towards  the  left  hand,  the  term* 
in  the  geometrical  progression  are  produced  by  divi- 
sion, but  their  corresponding  logarithms  are  produced 
by  subtraction. 

3.  The  same  observations  apply  to  logarithms  when 

i 

they  are  fractious.  Thus  if  a  denote  any  number, 
_ h  — ,  1,  an,  a",  an,  a\  &c.  constitute  a  series 

43         2        1-' 
n       *       n       n 

a    a    a    a 

of  numbers  in  geometrical  progression,  of  which  —  v 

—  w*  —  n*  —  nj  0,  ^9  n*  n*  n»  &c-  are  the  logarithms; 
and  it  is  evident  that  the  assertions  in  the  last  article 
hold  true,  both  with  respect  to  the  numbers  in  geome- 
trical progression  and  their  corresponding  logarithms. 
As  a  and  n  may  be  taken  at  pleasure,  it  follows  that 
numbers  in  very  different  geometrical  progressions  may 
have  the  same  logarithms ;  and  that  the  same  series  of 
numbers  in  geometrical  progression  may  have  different 
series  of  logarithms  corresponding  to  them. 

4.  If  a  be  an  indefinitely  small  decimal  fraction,  and 
successive  powers  of  1  +a  be  raised,  then  the  excess  of 
any  power  of  1  -fa  above  that  immediately  preceding  it 
will  be  indefinitely  small.  Thus  let  a  ='00000000001, 

and   then   l+a)2=  1  -000000000020000000000 1 ;    and 

I+aV  =  1 -00000000003000000000030000000000 1 ; 
and  proceeding  by  actual  multiplication  to  obtain  higher 
powers  of  1-00000000001,  it  will  be  found  that  the  dif- 
ference between  two  successive  powers  is  very  small.  If, 
instead  of  supposing,  as  above,  that  a—'OOOOOOOOOOl, 
we  suppose  it  only  one  millionth  part  of  this  value,  then 
the  successive  powers  of  \+a  will  differ  from  one 
another  by  much  smaller  decimal  fractions. 

5.  If,  therefore,  a  be  indefinitely  small,  and  successive 
powers  of  1  -fa  be  raised,  a  series  of  numbers  in  geo- 
metrical progression  will  be  produced,  of  which  the 
common  numbers'  2,  3,  4,  5,  &c.  will  become  terms; 
For  on  every  multiplication  by  1+a,  an  indefinitely 
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small  addition  is  made  to  the  power  multiplied*  and  by 
this  indefinitely  small  addition,  the  next  higher  power 
is  produced.  Some  power  of  1+a  will,  therefore,  be 
equal  to  the  number  %  or  so  nearly  equal  to  it  that 
they  may  be  considered  as  equal.  Continuing  the  ad- 
vancement of  the  powers  of  J  +a,  the  numbers  3,  4,  5, 
&c,  for  the  same  reasons,  will  fall  into  the  series. 

6.  The  sum  of  the  logarithms  of  any  two  numbers  is 
equal  to  the  logarithm  of  the  product  of  the  same  two 
numbers.  Thus  if  1  +a  raised  to  the  nth  power  be  equal 
to  the  number  N,  and  if  1  +a  raised  to  the  mxh  power 
be  equal  to  the  number  M,  then,  by  the  preceding  arti- 
cles, ft  is  the  logarithm  of  1  +d)n  or  of  its  equal  N,  and 
for  the  same  reason,  m  is  the  logarithm  of  M.  Hence 
it  follows  that  n+mzz  the  logarithm  of  N  x  M,  for  N  x 

M=  1+aY  x  l+a)m  =  l  +  flr>  +  m  by  the  nature  of 
indices.  If  the  logarithm  of  N  be  subtracted  from  the 
logarithm  of  M,  the  difference  is  equal  to  the  logarithm 
of  the  quotient  which  arises  from  the  division  of  M  by 

m 

VT      _      M      l+a\       - ^ 

JN.     lor  —=__ n=  l+^T-",  by  the  nature  of  indi- 

oes.  The  addition  of  logarithms,  therefore,  answers  to 
the  multiplication  of  the  natural  numbers  to  which  they 
belong;  and  the  subtraction  of  logarithms  answers  to 
the  division  by  the  natural  numbers  to  which  they  be- 
long. 

7.  If  the  logarithms  of  a  series  of  natural  numbers  be 
all  multiplied  by  the  same  number,  the  several  products 
will  have  the  last-mentioned  properties  of  logarithms. 
Thus,  if  the  indices  of  all  the  powers  of  1+a  be  multi- 
plied by  /,  then,  using  the  notation  stated  in  the  last 
article,  the  logarithm  of  N  is,»/,,and  the  logarithm  of 
M  is  ml,  and  the  logarithm  of  Nx  M  is  nl+nl;  for 
N  xMzz  l+a\«  x  l+a\na  rnT+oV**'*,  bythe  nature  of 

indioss.     Also  ml~~nl  =s  the  logarithm  of  ^,  for  M 

i+«r     _ 

—  -==yazz  l+a\^»     Hence  the  products  arising 

from  the  multiplication  of  I  into  the  radices  of  the 
powers  of  1+0,  are  termed  logarithms,  as  are  also  all 
numbers  which  have  tke  properties  stated  at  the.  end  of 
article  6*     It  is  on  account  of  these  properties  that  Jog- 
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arithms  are  so  very  useful  in  calculations  of  the  highest 
importance. 

8.  If  the  indices  of  the  powers  of  1+tf,  be  multi- 
plied by  a,  the  products  are  called  the  hyperbolic  log- 
arithms of  the  numbers  equal  to  the  powers  of  1+a. 

Thus,  if  the  number  N  be  equal  to  l-j-aV,  then  ria  is 
the  hyperbolic  logarithm  of  N;  and  if  the  number  M 

be  equal  to  T+a\M>  then  mil  is  the  hyperbolic  logarithm 
of  M.  Hyperbolic  logarithms  are  not  those  in  com- 
mon use,  but  they  can  be  calculated  with  less  labour 
than  any  other  kind,  and  common  logarithms  are  ob- 
tained from  them. 

9.  If  successive  powers  of  a  very  small  fraction  be 
raised,  they  will  successively  be  less  and  less  in  value. 
This  truth  appears  most  evident  by  patting  the  value 


1 

in    the  form   of  a   vulgar  fraction.     Thus  100000 

-  1      .  1         ^        =j 1 

10600000000'  10000O         1000000000000000*  &C. 

10..  Let  it  be  required  to  determine  the  hyperbolic 
logarithm  JL,  of  any  number  N.  Using  the  same  nota- 
tion as  in  the  preceding  articles,  T  +  aU— N,  and  by 
extracting  the  nth  root  of  each  side  of  the  equation, 

1  +fl=N^      Put  flfzz1,  and  1  -f#=N,  and  then  N^  = 
•  n 

T+x)m=(by  the  binomial  theorem')  1  +mx  +»x    ■■ 

m — I     m — 2 
xr'+wx — —  x     3      xff+&c.  =  1  +a.   Now,  as 

a  is  indefinitely  small,  the  power  of  1  -f  a,  which  is  equal 
to  the  number  N,  must  be  indefinitely  high ;  or,  which 
is  the  same  thing,  n  must  be  indefinitely  great.  Con- 
sequently m  must  be  indefinitely  small,  and  therefore 
may  be  rejected  from  the  expfessions  m — 1,  m — 2, 
m — 3,  &c.     Hence  1  being  taken'  from  eath  sitfe  df  the 

mx*      mx3     mx* 
above  equation,  we  have  azzmx  —  -5—  -\ — 5-: — t — h 

^•&c.     Each  side  of  this  equation  being  divided  by 

a  x^     x      x*     x  1 

m,  we  have -=x  -  — +y — j- +y-&c    &*  w=:~. 

a  x*     xl     x+    x5      a 

and  therefore  —  =:anzz x '-*  —  -f  -r- — -7-  +  -7-  —  &c.  ss  L, 

m  %         3         4        O 
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the  hyperbolic  logarithm  of  N,  by  article  3.  This 
series,  however,  if  x  be  a  whole  number,  does  not  con- 
verge. 

Let  M  be  a  whole  number,  and  M= ; ,  and  then 

1  — x 

x  is  less  than  1.     For,  multiplying  both  sides  of  the 

equation  by  1 — x9  we  have  M  — Mx=  1,  and  therefore 

1 — Jf =*•  Now,  let  M=j3^=i+arV.  Then  we  have 

1         s--     \ 

l+a= T=1— *\  *=1— *Y  (by  putting  r=—  ■;  ) 

=  1  — r.r  +  r  x  -^-  x  .r*  — t  x  ~y  x  -^-  x  x3  +  &c. 

But  for  the  same  reasons  as  above,  r  must  be  indefinitely 
small,  and  therefore  may  be  rejected  from  the  factors 
r — 1,  r — 2,  r — 3*  &c.     Consequently,  taking  1  from 

rx*     rxl 
each  side  of  the  above  equation,  «= — tx — -3-  —  —  — 

YXi  fX 

"T"  — ~jt  —  &c.  But  —  r  =  j9  and  therefore,  dividing 
the  left  hand  side  of  the  equation  by  ~,  and  the  other 

x^      x       xfr      X 

by  —  r,  we  have  «p=J?  +  -5"  +  "^"  +  "7"+"g"+*c*  =  ^e 

hyperbolic  logarithm  of  M. 

11.  As,  by  the  last  article,  the  hyperbolic  logarithm 

x*     xl     x4     x5     x6     x7 
of  Nor  1+ffisx  —  — +lf— IT  +  y— ~ fj+y  —  &c* 

and  as  the  hyperbolic  logarithm  of  M  or  - is  x+ 

J.  "~~  x 
X*       X*       X4       XS       X6      X7 

~2 +*3"+'"4"  +  "5"+"6+y+   &c-  tbe  hyperbolic  log- 

14-*r 

arithm  of  N  x  M,  or  - is  equal  to  the  sum  of  these 

1 — x         * 

-  2x3     2x5     2x1 

two  series,  that  is,  equal  to&r-h  ~<r  +  "T"  +  ""7"  +  &c* 

This  series  converges  faster  than  either  of  the  preced- 
ing, and  its  value  may  be  expressed  thus:  2x(i  + 

x      x5     x1       %     % 
_+T  +  T+&c). 

w  + 1 

12.  The  logarithm  of  =  2   x   logarithm  of 
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— — -  +  tlie  logarithm  of  — .      For,  as  the 

Zn+l  2n+\\  -1 

addition  of  logarithms  answers  to  the  multiplica- 
tion of  the  numbers  to  which  they  belong,  the  log- 
arithm of  the  square  of  any  number,  is  the  log- 
arithm, of  the  number  multiplied  by  2.     Hence  the 

<2n  +  2)2  2;i+2. 

logarithm  of—        '    is  2  x  logarithm  ofg       .      But 

£71  -p  1  J 

2n+2f     gn+ll*  2n  +  %\*  4>n2  +  8/i  +  4 

wJ+2n  +  l_n  +  lxnxl   _»  +  !• 


.2 


fi  +»  wxfl-rl 


n 


From  the  preceding  articles,  hyperbolic  logarithms 

may  be  calculated,  as  in  the  following  examples. 

Example  1.  Required  the  hyperbolic  logarithm  of 

n+1  2/1+2       4 

2.     Put =2,  and  then  n  =  l,  gn     ^  g,  and 

=  r*     In  order  to  proceed  by  the  series  in 

Qn+V\  — 1     b 

1+x     4  1 

article  1 1,  let  "JH^=  3*  »n<*  tbqn  *=y  Consequently,  . 

'    X  =0.14285714286 

f  =0.00097181730. 

-=0.00001189980 
5 

-  =0.00000017847 

7 

**  =0.00000000275 

9  '  ' 

fL = 0.00000000004 

11 


Sum  df  the  above  terms 0.14384103622 

2 


1  -\-x "~     Qn-\-Q       4 
Lo8-  of  i~?  or  in  +  I  or  5  "  0.28768207244 

The  double  of  which  is  0.57536414488,  and  answers 
to  the  first  part  of  the  expression  in  article  12. 

1  r 
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1  -\-x     9 
Secondly,  let  y^=q»  and  then  8  +  8j«9— 9#,  »»<F 

x  now  is  equal  to  -rz.     Consequently, 

X  =6.05882352941 

?  =0.00006784721 
3 

_*  =0.00000014086 


f 


5 

X* 

7 


?*  =0.00000000035 


I      u     i  i     li      r     »     " 


Sum  of  the  above  terms 0.05889151783 

2 


Lc^of^tlL .or  | 0.11778303566 

2n  +  l\  ~l      * 
whieh  answers  to  the  second  part  of  the  expression  in 
article  12.     Consequently  the  hyperbolic  logarithm  of 
the  number  2  is  0.57536414488+0.11778303566= 
0.69314718054. 

The  hyperbolic  logarithm  of  2  being  tbus  found,  that 
of  4,  8,  16,  and  all  the  other  powers  of  2  may  be  ob- 
tained by  multiplying  the  logarithm  of  2,  by  2,  3,  4, 
&c.  respectively,  as  is  evident  from  the  properties  of 
logarithms  stated  in  article  6.  Thus  by  multiplication, 
the  hyperbolic  logarithm  of  4=1.38629436108 

of  8=2.07944154162 
&c. 

From  the  above,  the  logarithm  of  3  may  easily  be 
obtained. 

For  4  -?-  -  =  4  x  -  =  3 :  and  therefore  as  the  logarithm 
3  4 

4 
of.  was  determined  above,  and  also  the  logarithm  of  4, 

3 

From  the  logarithm  of  4,  viz.  -  -  1.38629436108, 

4 
Subtract  the  logarithm  of  j,  viz.  -  -  0.28768207244, 


And  the  logarithm  of  3  is 1.09861228864. 

Having  found  the  logarithm  of  2  and  3,  we  can  find, 
by  addition  only,  the  logarithms  of  all  the  powers  of  2 
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and  3,  and  also  the  logarithms  of  all  the  nurabert  which 
can  be  produced  by  multiplication  from  2  and  S. 
Thus, 

To  the  logarithm  of  3,  viz.  -  -  -  1.09861228864 
Add  the  logarithm  of  2,  viz* 0.69S  147 18054 


And  the  sum  is  the  logarithm  of  6  - 1.79175946918 
To  this  last  found  add  the  logarithm  of  2,  and  the  sum 
2.48490664972^  is  the  logarithm  of  12. 

The  hyperbolic  logarithm*  of  other  prime  numbers 
may  be  more  readily  calculated  by  attending  to  the  fol- 
lowing  article. 

13.  Lei  a,  Zy  c,  be  three  numbers  ia  arithmetical  pro- 
gression! whose  common  difference  is  1.  Let  b  be  the 
prime  number,  whose  logarithm  is  sought,  and  a  and  c 
even  numbers  whose  logarithms  are  known,  or  easily  ob- 
tained from  others  already  computed.  Then,  a  being  th$ 
least  of  the  three,  and  the  common  difference  being  1,  a 

=£—  1,  and  c—b+  1.  Consequently  a  x  c=d— -1  x  6+T 

=6a-rl,anda<;+2=:i2;  and  therefore- =ac+l.    This 

ac        ac 

is  a  general  expression  for  the  fraction  which  it  will  be 

l+x 
proper  to  pnt=  ■      -  >  that  the  series  expressing  the  hy- 
perbolic  logarithm   may  converge   quickly.      For   as 

]  +x    ac+ 1 

- —  — ac+acar=:ac  +  l—  acx— x9  and  therefore 

1  —  x       ac 

2acx+x~\9  and  xz=. 


2ac+  I 
Example  &  Required  the  hyperbolic  logarithm  of  5. 

Here  a=4,  c=6,  an^T=«^77=:7j;#     Consequently, 

xzz  0.020408 1632 
X* 
—  =0.0000028332 

"'  a? 

y= 0.0000000007 

Sttm  of  the  above  term*-  -  -  0,0234109971 


Log.  of  1 or  — 0t04C®2l9gl42 


ii« 


« 
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But  —  x8x 3=25,  and  the  addition  of  logarithm! 
24 

answers  to  the  multiplication  of  the  natural  numbers  to 

which  they  belong.     Consequently, 

To  the  log.  of  — 0.0408219942 

24 

Add  the  log.  of  8 2.0794415422 

And  also  the  log.  of  8 1.0986122890 

And  the  sum  is  the  log.  of  25-3.2188758254 
The  half  of  this,  viz.  1.6094379127,  is  the  hyperbolic 
logarithm  of  5 ;  for  5  x  5=25. 

Example  3.  Required  the  hyperbolic  logarithm  of  7. 

Here  a=0,  c=8,  and  xzz = — and = 

2ac+l     97,  ac        1—  x 

—  -—•     Consequently, 

x  =0.01030927835   ' 

—=0.00000036522 
3 

?!  =0.00000000002 
5 

Sum  of  the  terms 0.01030964359 

2 

Log.  of  1? 0.02061928718 

5        48 

To  which  add  log.  of  8 2.07944154162 

And  also  log.  of  6 1.79175946918 

The  sum  is  the  log.  of  49  -  3.89182029798 

For  —  x  6  x  8 =49.    Consequently  the  half  of  this,  viz. 

48  J 

1.9459 10 14899,  is  the  hyperbolic  logarithm  of  7 ;  for 
7x7=49. 

If  the  reader  perfectly  understand  the  investigations 
and  examples  already  given,  he  will  find  no  difficulty  in 
calculating  the  hyperbolic  logarithms  of  higher  prime 
numbers.  It  will  only  be  necessary  for  him,  in  order 
to  guard  against  any  embarrassment,  to  compute  them 
as  they  advance  in  succession  above  those  already  men- 
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tioned.  Thus,  after  what  has  been  done,  it  would  bti 
proper,  first  of  all,  to  calculate  the  hyperbolic  logarithm 
of  1],  then  that  of  13,  &c. 

Proceeding    according    to  the   method  already  ex- 
plained, it  will  be  found  that 

The  hyperbolic  logarithm  of  1 1  is  £.397895273016 

of  13  is  2.564999357538 
of  17  is  2.8332 13344878 

of  19  is  2.94443897994 1 
Logarithms  were  invented  by  Lord  Neper,  Baron  of 
Merchiston  in  Scotland.  In  the  year  1 614,  he  published 
at  Edinburgh  a  small  quarto,  containing  tables  of  them, 
of  the  hyperbolic  kind,  and  an  account  of  their  con- 
struction and  use.  The  discovery  afforded  the  highest 
pleasure  to  mathematicians,  as  they  were  fully  sensible 
of  the  very  great  utility  of  logarithms;  but  it  was  soon 
suggested  by  Mr.  Briggs,  afterwards  Savilian  Professor 
of  Geometry  in  Oxford,  that  another  kind  of  logarithms 
would  be  more  convenient,  for  general  purposes,  than 
the  hyperbolic.  That  one  set  of  logarithms  may  be 
obtained  from  another  will  readily  appear  from  the 
following  article. 

14.     It  appears  from  articles  1,  3,  and  7,  that  if  all 

the  logarithms  of  the  geometrical  progression  1,  i-fa}1, 

1  +  d\\  1-f-a)8,  l  +  a)*,  1+fl]5,  &c.  be  multiplied  or  divi- 
ded by  any  given  number,  the  products  and  also  the 
quotients  will  likewise  be  logarithms,  for  their  addition 
or  subtraction  will  answer  to  the  multiplication  or 
division  of  the  terms  in  the  geometrical  progression  to 
which  they  belong.  The  same  terms  in  the  geometrical 
progression  may  therefore  be  represented  with  different 
sets  or  kinds  of  logarithms  in  the  following  manner: 

Ul+fl)1,  T+^2,  1  +  a]\  lT^|4,  l  +  ^T+i?6,  &c. 


i,  iH-fl^r+^%r+^^r^%i^«  tt^%&c. 

J ±   2    3    4    5    6 

I,  1  +  a)m9  H-ap.l  +  flS  1  +  a)m, T+fl]*,  1-Hm, &c- 

In  these  expressions  I  and  m  denote  any  numbers, 
whole  or  fractional;  and  the  positive  value  of  the  term  in 
the  geometrical  progression,  under  the  same  number  in 
the  index,  is  understood  to  be  the  same  in  each  of  the 
three  series.     Thus  if  1+aY  be  equal  to  7,  then  T+a\u 


is  equal  to  7,  as  is  also  l+a)m.   If  1  +  a)*  be  equal  to  lO, 

6 

then  l+a)61  is  equal  to  10,  as  is  also  1+ op*  &c.     If 
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therefore  7, 2/,  3&  &c.  be  hyperbolic  logarithms,  calcu- 
lated by  the  methods  already  explained,  the  logarithms 

expressed  by  -    —  >  ?-»  ^c#  mav  ^e  derived  from  them ; 

m'm  m 
for  the  hyperbolic  logarithm  of  any  given  number  is  to 
flie  logarithm  in  the  last-mentioned  set,  of  the  same 

4*  4  1 

number,  in  a  given  ratio.    Thus  4/  :  _  :  :  1  :  — —  —  — 

m  41m      Im; 

aho  «  :  -  :  :  1  :  _—  =  — >  &c. 

m  6hn     Im 

15.  Mr.  Briggs's  suggestion,  above  alluded  to,  was 
that  1  should  be  put  for  the  logarithm  of  10,  and  con- 
sequently 2  for  the  logarithm  of  100,  3  for  the  logarithm 
of  1000,  &c.  This  proposed  alteration  appears  to  have 
met  with  the  full  approbation  of  Lord  Neper;  and  Mr. 
Briggs  afterwards,  with  incredible  labour  and  perseve- 
rance, calculated  extensive  tables  of  logarithms  of  this 
new  kind,  which  are  now  called  common  logarithms. 
If  the  expeditious  methods  for  calculating  hyperbolic 
logarithms  explained  in  the  foregoing  articles*,  had 
been  known  to  Mr.  Briggs,  his  trouble  would  have 
been  comparatively  trivial  with  that  which  he  must 
have  experienced  in  his  operations. 

16.  Jt  has  been  already  determined  that  the  hyper* 
bolic  logarithm  of  5  is  1,6094379127,  and  that  of  2  is 
0.69314718054*,  and  therefore  the  sum  of  these  log- 
arithms, viz.  2.S0258509324  is  the  hyperbolic  logarithm 
of  10.     If,  therefore,  for  the  sake  of  illustration,  as  in 

article  14,  we  suppose  l-Fffj®  =  10,  and  allow,  in  addi- 
tion to  the  hypothesis  there  formed,  that  -,-,_,- 

mm    m     m 

&c.  denote  common  logarithms,  then  6l=z  2,30358509324* 

•f? 
and  '-  =  1 ;  and  the  ratio  for  reducing  the  hyperbolic 
m 

logarithm  of  any  number  to  the  common  logarithm  of 
the  same  number,  is  that  of  2.30258509324  to  1, 
Thus  in  order  to  find  the  common  logarithm  of  2a 
2.30258509324  :  1  :  :  0.69S14718054  :  0.3010299956, 
the  common  logarithm  of  2.  The  common  logarithms 
of  10  and  2  being  known,  we  obtain  the  common  log- 
arithm of  5,  by  subtracting  the  common  logarithm  of  2 

*  Some  of  the  principal  particulars  of  the  foregoing  methods  were 
discovered  by  the  celebrated  Thomas  Simpson.  See  also  Mr.  Helliu's 
Mathematical  Essays  published  in  lzatt. 


OF  LOGARITHMS.  4tt 

frofa  1,  the  common  logarithm  or  10;  for  10  being 
divided  by  %  the  quotient  is  5.  Hence  the  common 
logarithm  of  S  is  O.69897OO044.  Again,  to  find  the 
common  logarithm  of  3, 2.30258509324 :  1 ::  1.098612$ 
8664  :  0.4771212546  the  common  logarithm  of  3. 

17.  As  the  constant  ratio,  for  the  reduction  of  hyper* 
bolic  to  common  logarithms,  is  that  of  2.30258509324 
to  1,  it  is  etident  that  the  redaction  may  be  made  by 
multiplying  the  hyperbolic  logarithm,  -of  the  number 

whose  common  logarithm  is  sought,  by^^g^^ 

r=. 4342944 8 18. 

Thus  1.9459 1014899,  the  hyperbolic  logarithm  of  7, 
being  multiplied  by  .4342944818,  the  product,  viz. 
•8450980378,  &c.  is  the  common  logarithm  of  7. 

The  common  logarithms  of  prime  numbers  being  de- 
rived from  the  hyperbolic,  the  common  logarithms  of 
other  numbers  may  be  obtained  from  those  so  derived, 
merely  by  addition  or  subtraction.  For  addition  of 
logarithms,  in  any  set  or  kind,  answers  to  the  multipli- 
cation of  the  natural  numbers  to  which  they  belong,  and 
consequently  subtraction  of  logarithms  to  the  division 
of  the  natural  numbers.  Hyperbolic  logarithms  are  not 
only  useful  as  a  medium  through  which  common  log- 
arithms may  be  obtained:  they  are  absolutely  necessary 
for  finding  the  fluents  of  many  fluxion al  expressions  of 
the  highest  importance. 

It  is  deemed  unnecessary  in  this  place  to  show  the 
utility  of  logarithms  by  examples.  Being  once  calcu- 
lated and  arranged  in  tables,  not  only  for  common  num- 
bers, but  also  for  natural  sines,  tangents,  and  secants,  it 
is  manifest  that  a  computer  may  save  himself  much  time, 
and  a  great  deal  of  labour,  by  means  of  their  assistance ; 
as  otherwise  multiplications  and  divisions  of  high  num- 
bers, or  of  decimals  to  a  considerable  number  of  places, 
would  enter  into  his  inquiries. 

The  writer  of  the  foregoing  articles  now  considers  the 
design  with  which  he  set  out  as  completed.  He  has 
endeavoured  to  explain,  with  perspicuity,  the  first  prin- 
ciples of  logarithms,  and  their  relations  to  one  another 
when  of  different  sets  or  kinds;  and  he  has  laid  before 
the  young  mathematical  student  the  most  improved  and 
expeditious  methods  by  which  they  may  be  calculated. 
If  the  reader  should  be  desirous  of  further  information 
on  the  subject,  he  may  meet  with  full  gratification  by 
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the  perusal  of  the  history  of  discoveries  and  writings 
relating  to  logarithms,  prefixed  to  Dr.  Hutton's  Mathe- 
matical Tables.  He  will  also  find  the  Tables  of  Log* 
arithms,  contained  in  that  volume,  the  most  useful  for 
calculation,  if  in  his  computations  he  does  not  go  beyond 
degrees  and  minutes :  if  he  aims  at  a  higher  degree  of  • 
accuracy,  he  will  have  recourse  to  Taylor's  Tables,  in 
which  the  Logarithmic  Sines  and  Tangents  are  calcu~ 
lated  to  every  second  of  the  Quadrant. 

A.  ROBERTSON, 

Savilian  Professor  of  Astronomy,  Oxford. 
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DEFINITIONS. 

L 

The  pole  of  a  circle  of  the  sphere  is  a  point  in  the 
superficies  of  the  sphere,  frtfm  which  all  straight  lines 
drawn  to  the  circumference  of  the  circle  are  equal. 

II. 

A  great  circle  of  the  sphere  is  any  whose  plane  passes 
through  the  centre  of  the  sphere,  and  whose  centre 
therefore  is  the  same  with  that  of  the  sphere. 

III. 

A  spherical  triangle  is  a  figure  upon  the  superficies  of 
a  sphere  comprehended  by  three  arches  of  three 
great  circles,  each  of  which  is  less  than  a  semicircle. 

IV. 

A  spherical  angle  is  that  which  on  the  superficies  of  a 
sphere  is  contained  by  two  arches  of  great  circles, 
and  is  the  same  with  the  inclination  of  the  planes  of 
these  great  circles. 

PROP.  I. 

Great  circles  bisect  one  another. 

As  they  have  a  common  centre,  their  common  sec- 
tion will  be  a  diameter  of  each  which  will  bisect  them. 

PROP.  II.     Fig.  I. 

The  arch  of  a  great  circle  betwixt  the  pole  and  the  circum- 
ference of  another  is  a  quadrant. 

Let  ABC  be  a  great  circle,  and  D  its  pole :  if  a  great 
circle  DC  pass  through  D,  and  meet  ABC  in  C,  the 
arch  DC  will  be  a  quadrant. 

Let  the  great  circle  CD  meet  ABC  again  in  A,  and 
let  AC  be  the  common  section  of  the  great  circles, 
which  will  pass  through  E,  the  centre  of  the  sphere: 
join  DE,  DA,  DC:  by  def.  1.  DA,  DC  are  equal,  and 
AE,  EC  are  also  equal*  and  DE  is  common ;  there- 


.  I 
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fore  (8.  1.)  the  angles  DEA,  DEC  are  equal ;  wherefore 
the  arches  DA,  DC  are  equal,  and  consequently  each 
of  them  is  a  quadrant,     Q.  &•  X>. 

PROP.  III.     Fig.  2. 

If  a  great  circle  be  described  meeting  two  great  circles 
AB,  AC  passing  through  its  pole  A  in  B,  C,  the  an- 
gle at  the  centre  of  the  sphere  upon  the  circumference 
BC,  is  the  same  with  the  spherical  angle  BAC,  and 
the  arch  BC  is  called  the  measure  of  the  spherical  an- 
gle BAC. 

Let  the  planes  of  the  great  circles  AB,  AC,  intersect 
one  another  in  the  straight  line  AD,  passing  through 
D  their  common  centre :  join  DB,  DC. 

Since  A  is  the  pole  of  BC,  AB,  AC,  will  be  qua- 
drants, and  the  angles  ADB,  ADC  right  angles ;  there- 
fore (6  def.  11.)  the  angle  CDB  is  the  inclination  of  the 
planes  of  the  circles  AB,  AC:  this  is  (def.  4.)  the 
spherical  angle  BAC.     Q.  E.  D. 

Cor.  If  through  the  point  A,  two  quadrants  AB, 
AC,  be  drawn,  the  point  A,  will  be  the  pole  of  the 
great  circle  BC,  passing  through  their  extremities  B,  C. 

Join  AC,  and  draw  AE,  a  straight  line  to  any  other 
point  E,  in  BC ;  join  DE :  since  AC,  AB  are  qua- 
drants, the  angles  ADB,  ADC  are  right  angles,  and 
AD  will  be  perpendicular  to  the  plane  of  BC :  there- 
fore the  angle  ADE  is  a  right  angle,  and  AD,  DC 
are  equal  to  AD,  DE,  each  to  each;  therefore  AE, 
AC  are  equal,  and  A  is  the  pole  of  BC,  by  def.  1. 

Q.  E.  D. 

PROP.  IV.     Fig.  3. 

In  isosceles  spherical  triangles,  the  angles  at  the  base 

are  equal* 

Let  ABC  be  an  isosceles  triangle,  atid  AC,  CB,  the 
equal  sides ;  the  angles  BAC»  ABC,  at  the  base  AB, 
are  equal. 

Let  D  be  the  centre  of  the  sphere,  and  join  DA, 
DB,  DC ;  in  DA  take  any  point  E,  from  which  draw, 
in  the  plane  ADC,  the  straight  line  EF  at  right  angles 
to  ED,  meeting  CD  in  F,  and  draw  in  the  plane  ADB, 
EG  at  right  angles  to  the  same  ED ;  therefore  the  rec- 
tilineal angle  FEG  is  (6  def.  11.)  the  inclination  of  the 
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planes  ADC,  ADB,  and  therefore  is  the  same  with  the 
spherical  angle  BAC :  from  F  draw  FH  perpendicular 
to  DB,  and  from  H  draw,  in  the  plane  ADB,  the 
straight  line  H6  at  right  angles  to  HD,  meeting  EG 
in  G,  and  join  GF.  Because  DE  is  at  right  angles  to 
EF  and  EG,  it  is  perpendicular  to  the  plane  FEG 
(4.  ll.)»  and  therefore  the  plane  FEG  is  perpendicular 
to  the  plane  ADB,  in  which  DE  is  (18.  11.) :  in  the 
same  manner,  the  plane  FHG  is  perpendicular  to  the 
plane  ADB ;  and  therefore  GF,  the  common  section  of 
the  planes  FEG,  FHG,  is  perpendicular  to  the  plane 
ADB  (19*  ll.)»  a"d  because  the  angle  FHG  is  the  in- 
clination of  the  planes  BDC,  BDA,  it  is  the  same  with 
the  spherical  angle  ABC ;  and  the  sides  AC,  CB  of  \ 
the  spherical  triangle  being  equal,  the  angles  EDF,  ' 

HDF,  which  stand  upon  them  at  the  centre  of  the 
sphere,  are  equal  ;  and  in  the  triangles  EDF,  HDF, 
the  side  DF  is  common,  and  the  angles  DEF,  DHF, 
are  right  angles ;  therefore  EF,  FH  are  equal :  and  in 
the  triangles  FEG,  FHG  the  side  GF  is  common,  and 
the  sides  EG,  GH,  will  be  equal  by  the  47.  1.  and  there* 
fore  the  angle  FEG  is  equal  to  FHG  (8. 1 .) ;  that  is,  the 
spherical  angle  BAC  is  equal  to  the  spherical  angle 
ABC. 

PROP.  V.     Fig.  S. 

If,  in  a  spherical  triangle  ABC,  two  of  the  angles 
BAC,  ABC  be  equal,  the  sides  BC,  AC  opposite  to 
them  are  equal. 

Read  the  construction  and  demonstration  of  the  pre- 
ceding proposition,  unto  the  words,  "  and  the  sides' 
"  AC,  CB,"  &c.  and  the  rest  of  the  demonstration  will 
be  as  follows,  viz. 

And  the  spherical  angles  BAC,  ABC  being  equal, 
the  rectilineal  angles  FEG,  FHG,  which  are  the  same 
with  them,  are  equal ;  and  in  the  triangles  FGE,  FGH, 
the  angles  at  G  are  right  angles,  and  the  side  FG  op- 
posite to  two  of  the  equal  angles  is  common ;  therefore 
(26.  1.)  EF  is  equal  to  FH:  and  in  the  right  angled 
triangles  DEF,  DHF,  the  side  DF  is  common:  where- 
fore (47. 1.)  ED  is  equal  to  DH,  and  the  angles  EDF, 
HDF  are  therefore  equal  (4.  1.),  and  consequently  the 
sides  AC,  BC  of  the  spherical  triangle  are  equal. 
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PROP.  VI.     Fig.  4. 

Any  trt&o  sides  of  a  spherical  triangle  are  greater  than 

the  third. 

Let  ABC  be  a  spherical  triangle,  any  two  sides  AB, 
BC  will  be  greater  than  the  other  side  AC. 

Let  D  be  the  centre  of  the  sphere :  join  DA,  DB, 
DC, 

The  solid  angle  at  D  is  contained  by  three  plane 
angles,  ADB,  ADC,  BDC;  and  by  20.  11.  any  two  of 
them  ADB,  BDC,  are  greater  than  the  third  ADC ; 
that  is,  any  two  sides  AB,  BC,  of  the  spherical  triangle 
ABC,  are  greater  than  the  third  AC. 

PROP.  VII.     Fig.  4. 

The  three  sides  of  a  spherical  triangle  are  less  than  a 

circle. 

r 

Let  ABC  be  a  spherical  triangle  as  before,  the  three 
sides  AB,  BC,  AC,  are  less  than  a  circle. 

Let  D  be  the  centre  of  the  sphere :  the  solid  angle 
at  D  is  contained  by  three  plane  angles  BDA,  BDC, 
ADC,  which  together  are  less  than  four  right  angles 
(21.  11.);  therefore  the  sides  AB,  BC,  AC,  together, 
will  be  less  than  four  quadrants,  that  is,  less  than  a 
circle. 

PROP.  VIII.     Fig.  5. 

In  a  spherical  triangle,  the  greater  angle  is  opposite  to  the 

greater  side  ;  and  conversely. 

Let  ABC  be  a  spherical  triangle,  the  greater  angle 
A  is  opposite  to  the  greater  side  BC. 

Let  the  angle  BAD  be  made  equal  to  the  angle  B, 
and  then  BD,  DA  will  be  equal  (5.  of  this),  and  there- 
fore AD,  DC  are  equal  to  BC;  but  AD,  DC  are 
greater  than  AC  (6.  of  this),  therefore  BC  is  greater 
than  AC,  that  Is,  the  greater  angle  A  is  opposite  to  the 

freater  side  BC.      The  converse  is  demonstrated  as 
'rop.  19.  1.  El.     q.  e.  D. 

PROP.  IX.    Fig.  6. 

In  any  spherical  triangle  ABC,  if  the  sum  of  the  sides 
AB,  BC,  be  greater,  equal,  or  less  than  a  semicircle, 
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the  internal  angle  at  the  base  AC  will  be  greater,  equal, 
or  less  than  ike  external  and  opposite  BCD ;  and 
therefore  the  sum  of  the  angles  A  and  ACB  mil  be 
greater,  equal,  or  less  than  two  right  angles. 

Let  AC,  AB  produced  meet  in  D. 

1.  If  AB,  BC  be  equal  to  a  semicircle,  that  is,  to 
AD,  BC,  BD  will  be  equal,  that  is  (4.  of  this),  the 
angle  D,  or  the  angle  A,  will  be  equal  to  the  angle 
BCD. 

2.  If  AB,  BC  together  be  greater  than  a  semicircle, 
that  is,  greater  than  ABD,  BC  will  be  greater  than 
BD ;  and  therefore  (8.  of  this),  the  angle  D,  that  is, 
the  angle  A,  is  greater  than  the  angle  BCD. 

3.  In  the  same  manner  it  is  shewn  that  if  AB,  BC 
together  be  less  than  a  semicircle,  the  angle  A  is  less 
than  the  angle  BCD.  And  since  the  angles  BCD, 
BCA  are  equal  to  two  right  angles,  if  the  angle  A  be 
greate*  than  BCD,  A  and  ACB  together  will  be 
greater  than  two  right  angles.  If  A  be  equal  to  BCD, 
A  and  ACB  together  will  be  equal  to  two  right  angles ; 
and  if  A' be  less  than  BCD,  A  and  ACB  will  be  less 
than  two  right  angles.    Q.  E.  D. 

PROP.  X.     Fig.  7. 

If  the  angular  points,  A,  B,  C,  of  the  spherical  triangle 
ABC  be  the  poles  of  three  great  circles,  these  great 
circles  by  their  intersections  "will  form  another  triangle 
FDE,  which  is  called  supplemental  to  the  former ;  that 
is,  the  sides  FD,  DE,  EF  are  the  supplements  of  the 
measures  of  the  opposite  angles  C,  B,  A,  of  the  tri- 
angle ABC,  and  the  measures  of  the  angles  F,  D,  E, 
of  the  triangle  FDE,  will  be  the  supplements  of  the 
sides  AC,  BC,  BA,  in  the  triangle  ABC 

Let  AB  produced  meet  DE,  EF,  in  G,  M,  and  AC 
meet  FD,  FE,  in  K,  L,  and  BC  meet  FD,  DE  in 
N,  H. 

Since  A  is  the  pole  of  FE,  and  the  circle  AC  passes 
through  A,  EF  will  pass  through  the  pole  of  AC  (2.  of 
this),  and  since  AC  passes  through  C,  the  pole  of  FD, 
FD  will  pass  through  the  pole  of  AC ;  therefore  the 
pole  of  AC  is  in  the  point  F,  in  which  the  arches  DF, 
EF,  intersect  each  other.  In  the  same  manner  D  is 
the  pole  of  BC,  and  E  the  pole  of  AB. 
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And  smee  F,  E  are  the4  poles  of  AL,  AM,  FL,  and 
EM,  are  quadrants,  and  FL,  EM  together,  that  is, 
FE  and  ML  together,  are  equal  to  a  semfcircle.  But 
since  A  is  the  pole  of  ML,  ML  is  the  measure  of  the 
angle  BAC,  consequently  FE  is  the  supplement  of  the 
measure  of  the  angle  BAC.  In  the  same  manner,  ED, 
DF  are  the  supplements  of  the  measures  of  the  angles 
ABC,  BCA. 

Since  likewise  CN,  BH  are  quadrants,  CN,  BH  to- 
gether, that  is,  NH,  BC  together  are  equal  to  a  semi- 
circle; and  since  D  is  the  pole  of  NH,  NH  is  the 
measure  of  the  angle  FDE,  therefore  the  measure  of 
the  angle  FDE  is  the  supplement  of  the  side  BC.  In 
the  same  manner,  it  is  shewn  that  the  measures  of  the 
angles  DEF,  EFD  are  the  supplements  of  the  sides 
ABy  AC,  in  the  triangle  ABC.    q.  e.  d. 

PROP.  XL    Fig.  7. 

The  three  angles  of  a  spherical  triangle,  are  greater  than 
two  right  angles,  and  less  than  six  right  angles. 

The  measures  of  the  angles  A,  B,  C,  m  the  triangle 
ABC,  together  with  the  threV  sides  of  the  supplemental 
triangle  DEF,  are  (10.  of  this)  equal  to  three  semi- 
circles;, but  the  three  sides  of  the  triangle  FDE,  are 
(7.  of  this)  less  than  two  semicircles;  therefore  the 
measures  of  the  angles  A,  B,  C,  are  greater  than  a  se- 
micircle; and  hence  the  angles  A,  S,  C,  are  greater 
than,  two  right  angles. 

*  All  the  external  and  internal  angles  of  any  triangle 
are  equal  to  six  right  angles;  therefore  all  the  internal 
angles  are  less  than  six  right  angles.. 

PROP.  XII.     Fig.  8. 

If  from  arm  point  C,  which  is  tiot  the  pole  of  the  great 
circle  A'BD,  there  be  drawn  cerches  of  great  circles  CA9 
CD9  CE9  CF9  fyc.  the  greatest  of  these  is  CA,  which 
passes  through  H9  the  pole  of  ABD9  and  CB9  the  re- 
mainder of  ACB  is  the  least,  and  of  any  others  CD, 
CE9  CF9  Sfc.  CD,  which  is  nearer  to  CA9  is  greater 
than  CE,  which  is  more  remote. 

Let  the  common  section  of  the  planes  of  the  great 
circles  ACB,  ADB,  he  AB;  and  from  C,  draw  CO 


SPHERICAL  TRIGONOMETRY-  4S& 

perpendicular  to  AB,  which  will  also  be  perpendicular 
to  the  plane  ADB  (4.  def.  11.);  join  GD,  GE,  GF, 
CD,  CE,  CF,  CA,  CB. 

Of  all  the  straight  lines  drawn  from  G  to  the  circum- 
ference ADB,  GA  is  the  greatest,  and  GB  the  least 
(7.  3.);  and  GD,  which  is  nearer  to  GA,  is  greater 
than  GE,  which  is  more  remote.  The  triangles  CGA, 
CGD,  are  right  angled  at  G,  and  they  have  the  com- 
mon sides  CG ;  therefore  the  squares  of  CG,  GA  to- 
gether, that  is,  the  square  of  C A,  is  greater  than  the 
squares  of  CG,  GD  together,  that  is,  the  square  of 
CD :  and  CA  is  greater  than  CD,  and  therefore  the 
arch  CA  is  greater  than  CD.  In  the  same  manner, 
since  GD  is  greater  than  GE,  and  GE  than  GF,  &c 
it  is  shewn  than  CD  is  greater  than  CE,  and  CE  than 
CF,  &c.  and  consequently,  the  arch  CD  greater  than 
the  arch  CE,  and  the  arch  CE  greater  than  the  arch 
CF,  &c.  m  And  since  GA  is  the  greatest,  and  GB  the 
least  of  all  the  straight  lines  drawn  from  G  to  the  cir- 
cumference ADB,  it  is  manifest  that  CA  is  the  greatest, 
and  CB  the  least  of  all  the  straight  lines  drawn  from 
C  to  the  circumference :  and  therefore  the  arch  C A  is 
the  greatest,  and  CB  the  least  of  all  the  circles  drawn 
through  C,  meeting  ADB.    Q.  E.  v. 

PROP.  XIII.     Fig.  9. 

In  a  right  angled  spherical  triangle,  the  sides  are  of  the 
same  affection  with  the  apposite  angles  s  that  is%  if  the 
sides  be  greater  or  less  than  quadrants,  the  opposite 
angles  will  be  greater  or  less  than  right  angles. 

Let  ABC  be  a  spherical  triangle,  right  angled  at  A, 
any  side,  AB,  will  be  of  the  same  affection  with  the 
opposite  angle  ACB. 

Case  1.  Let  AB  be  less  than  a  quadrant,  let  AE  be 
a  quadrant,  and  let  EC  be  a  great  circle  passing 
through  E,  C.  Since  A  is  a  right  angle,  and  AE  a 
quadrant,  E  is  the  pole  of  the  great  circle  AC,  and 
ECA  a  right  angle ;  but  ECA  is  greater  than  BCA, 
therefore  BCA  is  less  than  a  right  angle.     4.  E.  d.  ~ 

Case  2.     Let  AB  be  greater  than  a  quadrant,  make  Fig.  10. 
AE  a  quadrant,  and  let  a  great  circle  pass  through  C, 
E,  ECA  is  a  right  angle  as  before,  and  BCA  is  greater 
than  ECA,  that  is,  greater  than  a  right  angle,     q,  &,  jo. 
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PROP.  XIV. 

If  the  two  sides  of  a  right  angled  spherical  triangle  be  of 
the  same  affection,  the  hypothenuse  will  be  less  than  a 
quadrant;  and  if  they  be  of  different  affection,  the 
hypothenuse  will  be  greater  than  a  quadrant. 

Let  ABC  be  a  right  angled  spherical  triangle,  if  the 
two  sides  AB,  AC,  be  of  the  same  or  of  different  affec- 
tion, the  hypothenuse  BC  will  be 'less  or  greater  than 
a  quadrant. 

Fig.  9.  Case  1.  Let  AB,  AC  be  each  less  than  a  quadrant. 

Let  AE,  AG,  be  quadrants;  G  will  be  the  pole  of  AB, 
and  E  the  pole  of  AC,  and  EC  a  quadrant ;  but  by 
Prop.  12,  CE  is  greater  than  CB,  since  CB  is  farther 
off  from  CGD  than  CE.  In  the  same  manner,  it  is 
shewn  that  CB,  in  the  triangle  CBD,  where  the  two 
sides  CD,  BD,  are  each  greater  than  a  quadrant,  is 
less  than  CE,  that  is,  less  than  a  quadrant.     Q.  E.  D. 

Fig.  10.  Case  2.    Let  AC  be  less,  and  AB  greater  than  a 

quadrant;  then  the  hypothenuse  BC  will  be  greater 
than  a  quadrant :  for  let  AE  be  a  quadrant,  then  E  is 
the  pole  of  AC,  and  EC  will  be  a  quadrant.  But  CB 
is  greater  than  CE  by  Prop.  12.  since  AC  passes 
through  the  pole  of  ABD.     q.  e.  d. 

PROP.  XV. 

If  the  hypot/ienuse  of  a  right  angled  spherical  triangle  be 
greatervr  less  than  a  quadrant,  the  sides  will  be  of  dif- 
ferent or  the  same  affection. 

This  is  the  converse  of  the  preceding,  and  demon* 
strated  in  the  same  manner. 

PROP.  XVI. 

In  any  spherical  triangle  ABC,  if  the  perpendicular  AD 
from  A,  on  the  base  BC,  fall  within  the  tria?igle,  the 
angles  B  and  C  at  the  base  will  be  of  the  same  affec- 
tion; and  if  the  perpendicular  fall  without  the  triangle, 
the  angles  B  and  C  will  be  of  different  affection. 

Fig.  n.  1.  Let  AD  fall  within  the  triangle;  then  (13.  of  this), 

since  ADB,  ADC  are  right  angled  spherical  triangles, 
the  angles  B,  C,  must  each  be  of  the  same  affection  as . 
AD. 
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fc.  Let  AD  fall  without  the  triangle,  then  ( 13.  of  this)  Fig.  is. 
the  angle  B  is  of  the.  same  affection  as  AD;  and  by  the 
same  the  angle  A  CD  is  of  the  same  affection  as  AD; 
therefore  the  angle  ACB  and  AD  are  of  different 
affection,  and  the  angles  B  and  ACB  of  different  affec- 
tion. 

Cor.  Hence  if  the  angles  B  and  C  be  of  the  same 
affection,  the  perpendicular  will  fall  within  the  base ; 
for,  if  it  did  not  (16.  of  this),  B  and  C  would  be  of  dif- 
ferent affection.  And  if  the  angles  B  and  C  be  of 
opposite  affection,  the  perpendicular  will  fall  without 
the  triangle ;  for,  if  it  did  not  (J  6.  of  this),  the  angles 
B  and  C  would  be  of  the  same  affection,  contrary  to 
the  supposition. 

PROP.  XVII.    Fio.  IS. 

In  right  angled  spherical  triangles,  the  sine  of  either  of 
the  sides  about  the  right  angle,  is  to  the  radius  of  the 
sphere,  as  the  tangent  of  the  remaining  side  is  to  the 
tangent  of  the  angle  opposite  to  that  side. 

Let  ABC  be  a  triangle,  having  the  right  angle  at 
A ;  and  let  AB  be  either  of  the  sides,  the  sine  of  the 
side  AB  will  be  to  the  radius,  as  the  tangent  of  the 
other  side  AC  to  the  tangent  of  the  angle  ABC,  oppo- 
site to  AC. 

Let  D  be  the  centre  of  the  sphere;  join  AD,  BD, 
CD,  and  let  AE  be  .drawn  perpendicular  to  BD, 
which  therefore  will  be  the  sine  of  the  arch  AB, 
and  from  the  point  E,  let  there  be  drawn  in  the 
plane  BDC  the  straight  line  EF  at  right  angles  to 
BD,  meeting  DC  in  F,  and  let  AF  be  joined.  Since 
therefore  the  straight  line  DE  is  at  right  angles  to  both 
EA  and  EF,  it  will  also  be  at  right  angles  to  the  plane 
AEF  (4.  11.)  wherefore  the  plane  ABD,  which  passes 
through  DE,  is  perpendicular  to  the  plane  AEF 
(18.  1  J.),  and  the  plane  AEF  perpendicular  to  ABD: 
the  plane  ACD  or  AFD  is  also  perpendicular  to  the 
same  ABD :  therefore  the  common  section,  viz.  the 
straight  line  AF,  is  at  right  angles  to  the  plane,  ABD 
(19.  11.):  and  FAE,  FAD  are  right  angles  (S.  def.  11.); 
therefore  AF  is  the  tangent  of  the  arch  AC,  and  in  the 
rectilineal  triangle  AEF  having  a  right  angle  at  A, 
AE  will  be  to  the  radius  as  AF  to  the  tangent  of  the 
angle  AEF  (1.  PI.  Tr.);  but  AE  is  the  sine  of  the 
arch  AB,  and  AF  the  tangent  of  the  arch  AC,  and  the 

K  K 


4*  SPHERICAL  TRIGONOMETRY. 

angle  AEF  is  the  inclination  of  the  planes  CBD,  ABD 
(6.  def.  11.),  or  the  spherical  angle  ABC:  therefore  the 
sine  of  the  arch  AB  is  to  the  radius  as  the  tangent  of 
the  arch  AC  to  the  tangent  of  the  opposite  angle  ABC. 

Cor.  1.  If  therefore  of  the  two  sides,  and  an  angle 
opposite  to  one  of  them,  any  two  be  given,  the  third  will 
also  be  given. 

Cor.  9.  And  since  by  fliis  proposition  the  sine  of  the 
-side  AB  is  to  the  radius,  as  the  tangent  of  the  other 
side  AC  to  the  tangent  of  the  angle  ABC  opposite  to 
that  side ;  and  as  the  radius  is  to  the  cotangent  of  the 
angle  ABC,  so  is  the  tangent  of  the  same  angle  ABC 
to  the  radius  (Cor.  2.  def.  PL  Tr.),  by  equality,  the  sine 
of  the  side  AB  is  to  the  cotangent  of  the  angle  ABC 
adjacent  to  it,  as  the  tangent  of  the  Other  side  AC  to 
the  radius. 

PROP.  XVIII.    Fig.  13. 

In  right  angled  spherical  triangles,  the  sine  of  the  hypo- 
thenuse is  to  the  radius,  as  the  sine  of  either  side  is  to 
the  sine  of  the  angle  opposite  to  that  side. 

Let  the  triangle  ABC  be  right  angled  at  A,  and  let 
AC  be  either  of  the  sides;  the  sine  of  the  hypothenuse 
BC  will  be  to  the  radius  as  the  sine  of  the  arch  AC  is 
to  the  sine  of  the  angle  ABC. 

Let  D  be  the  centre  of  the  sphere,  and  let  CG  be 
'drawn  perpendicular  to  DB,  which  will  therefore  be  the 
sine  of  the  hypothenuse  BC ,  and  from  the  point  G  let 
there  be  drawn  in  the  plane  ABD  the  straight  line  GH 
erpendicular  to  DB,  and  let  CH  be  joined ;  CH  will 
e  at  right  angles  to  the  plane  ABD,  as  was  shewn  in 
the  preceding  proposition  of  the  straight  line  FA : 
wherefore  CHD,  CHG,  are  right  angles,  and  CH  is 
the  sine  of  the  arch  AC ;  and  in  the  triangle  CHG, 
having  the  right  angle  CJHG,  CG  is  to  the  radius  as 
CH  to  the  sine  of  the  angle  CGH  (I.  PI.  Tr.):  but 
since  CG,  HG  are  at  right  angles  to  DGB,  which  is 
the  common  section  of  the  planes  CBD,  ABD,  the 
angle  CGH  will  be  equal  to  the  inclination  of  the*e 
planes  (6.  def.  11.),  that  is,  to  the  spherical  angle  ABC. 
The  sine  therefore  of  the  hypothenuse  CB,  is  to  the 
radrus  as  the  sine  of  the  side  AC  is  to  the  sine  of  the 
opposite  angle  ABC.     Q.  E.D. 

Cor.  Of  these  three,  viz.  the  hypothenuse,  a  side,  and 
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the  angle  opposite  to  that  side,  any  two  being  given,  the 
third  also  is  givert  by  Prop.  2. 

PROP.  XIX.     Fig.  14. 

In  right  angled  spherical  triangles,  the  cosine  of  the  hypo- 
thenuse  is  to  the  radius  as  the  cotangent  of  either  of 
the  angles  is  to  the  tangent  of  the  remaining  angle* 

Let  ABC  be  a  spherical  triangle,  having  a  right  angle 
lit  A,  the  cosine  of  the  hypothenuse  BC  will  be  to  the 
radius  as  the  cotangent  of  the  angle  ABC  to  the  tangent 
of  the  angle  ACB. 

Describe  the  circle  DE,  of  which  B  is  the  pole,  and 
let  it  meet  AC  in  F,  and  the  circle  BC  in  £ ;  and  since 
■the  circle  BD  passes  through  the  pole  B  of  the  circle 
DF,  DF  will  also  pass  through  the  pole  of  BD.  (13. 
15.  1.  Theod.  Sph.)  And  since  AC  is  perpendicular  to 
BD,  AC  will  also  pass  through  the  pole  of  BD ;  where- 
fore the  pole  of  the  circle  BD  will  be  found  in  the  point 
where  the  circles  AC,  DE  meet,  that  is,  in  the  point  F : 
the  arches  FA,  FD  are  therefore  quadrants,  and  like- 
wise the  arches  BD,  BE :  in  the  triangle  CEF,  right 
;  angled  at  the  point  E,  CE  is  the  complement  of  the 
hypothenuse  BC  of  the  triangle  ABC,  EF  is  the  com- 
plement of  the  arch  ED,  which  is  the  measure  of  the 
angle  ABC,  and  FC  the  hypothenuse  of  the  triangle 
CEF,  is  the  complement  of  AC,  and  the  arch  AD,  which 
is  the  measure  of  the  angle  CFE,  is  the  complement 

.  of  ABr 

But  (17.  of  this)  in  the  triangle  CEF,  the  sine  of 
the  side  CE  is  to  the  radius  as  the  tangent  of  the  other 
'  side  is  to  the  tangent  of  the  angle  ECF  opposite  to  it, 
>  that  is,  in  the  triangle  ABC,  the  cosine  of  the  hypothe- 
nuse BC  is  to  the  radius,  as  the  cotangent  of  the  angle 
ABC  is  to  the  tangent  of  the. angle  ACB.     Q.  e.  d. 

Cor.  1.  Ofthese  three,  viz.  the  hypothenuse  and  the 
two  angles,  any  two  being  given,  the  third  will  also  be 
given. 

Cor.  2.  And  since  by  this  proposition  the  cosine  of 
the  hypothenuse  BC  is  to  the  radius,  as  the  cotangent 
of  the  angle  ABC  to  the  tangent  of  the  angle  ACB. 
But  as  the  radius  is  to  the  cotangent  of  the  angle  ACB, 
so  is  the  tangent  of  the  same  to  the  radius  (Cor.  2.  def. 
PI.  Tr.);  anfl,  ex  aequo,  the  cosine  of  the  hypothenuse 
BC  is  to  the  cotangent  of  the  angle  ACB,  as  the  cotan- 
gent  pf  the  angle  ABC  to  .(he  radiqs. 

k  k  2 
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PROP.  XX.     Fig.  14. 

In  right  angled  spherical  triangles,  the  cosine  of  an  angle 
is  to  the  radius,  as  the  tangent  of  the  side  adjacent  to 
that  angle  is  to  the  tangent  of  the  hypothenuse. 

The  same  construction  remaining;  in  the  triangle 
CEF  (17.  of  this)  the  sine  of  the  side  EF  is  to  the 
radius,  as  the  tangent  of  the  other  side  CE  is  to  the 
tangent  of  the  angle  CFE  opposite  to  it ;  that  is,  in  the 
triangle  ABC,  the  cosine  of  the  angle  ABC  is  to  the 
radius  as  (the  cotangent  of  the  hypothenuse  BC  to  the 
cotangent  of  the  side  AB,  adjacent  to  ABC,  or  as)  the 
tangent  of  the  side  AB  to  the  tangent  of  the  hypothe- 
nuse, since  the  tangents  of  two  arches  «re  reciprocally 
proportional  to  their  cotangents.  (Cor.  1.  def.  PI.  Tr.) 

Cor.  And  since  by  this  proposition  the  cosine  of  the 
angle  ABC  is  to  the  radius,  as  the  tangent  of  the  side 
AB  is  to  the  tangent  of  the  hypothenuse  BC  ;  and  as 
the  radius  is  to  the  cotangent  of  BC,  so  is  the  tangent 
of  BC  to  the  radius ;  by  equality,  the  cosine  of  the  angle 
ABC  will  be  to  the  cotangent  of  the  hypothenuse  BC, 
as  the  tangent  of  the  side  AB,  adjacent  to  the  angle 
ABC,  to  the  radius. 

PROP.  XXL     Fig.  14. 

In  right  angled  spherical  triangles,  the  cosine  of  either  of 
the  sides  is  to  the  radius,  as  the  cosine  of  the  hypothenuse 
is  to  the  cosine  of  the  other  side. 

The  same  construction  remaining;  in  the  triangle 
CEF  the  sine  of  the  hypothenuse  CF  is  to  the  radius, 
as  the  sine  of  the  side  CE  to  the  sine  of  the  opposite 
angle  CFE  (18.  of  this) :  that  is,  in  the  triangle  ABC, 
the  cosine  of  the  side  CA  is  to  the  radius  as  the  cosine 
of  the  hypothenuse  BC  to  the  cosine  of  the  other  side 
BA.     Q.  E.  D. 

PROP.  XXII.     Fig.  14. 

In  right  angled  spherical  triangles,  the  cosine  of  either  of 
the  sides  is  to  the  radius,  as  the  cosine  of  the  angle  op- 
posite to  that  side  is  to  the  sine  of  the  other  angle. 

The  same  construction  remaining ;  in  the  triangle 
CEF,  the  sine  of  the  hypothenuse  CF  is  to  the  radius, 
as  the  sine  of  the  side  EF  is  to  the  sine  of  the  angle 
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ECF  opposite  to  it ;  that  is,  in  the  triangle  ABC,  the 
cosine  of  the  side  CA  is  to  the  radius,  as  the  cosine  of 
the  angle  ABC  opposite  to  it,  is  to  the  sine  of  the  other 
angle,     g.  E.  D. 


OF  THE  CIRCULAR  PARTS. 

In  any  right-angled  spherical  triangle  ABC,  the  Fig.  15. 
complement  of  the  hypothenuse,  the  complements  of 
the  angles,  and  the  two  sides,  are  called  The  circular 
parts  of  the  triangle,  as  if  it  were  following  each  other  in 
a  circular  order,  from  whatever  part  we  begin :  thus, 
if  we  begin  at  the  complement  of  the  hypothenuse,  and 
proceed  towards  the  side  BA,  the  parts  following  in 
order  will  be  the  complement  of  the  hypothenuse, 
the  complement  of  the  angle  B,  the  side  BA,  the 
side  AC  (for  the  right,  angle  at  A  is  not  reck- 
oned among  the  parts),  and,  lastly,  the  complement  of 
the  angle  C»  And  thus  at  whatever  part  we  begin,  if 
any  three  of  these  five  be  taken,  they  either  will  be  all 
contiguous  or  adjacent,  or  one  of  them  will  not  be  con- 
tiguous to  either  of  the  other  two :  in  the  first  case,  the 
part  which  is  between  the  other  two  is  called  the  Middle 
part,  and  the  other  two  are  called  Adjacent  extremes.  In 
the  second  case,  the  part  which  is  not  contiguous  to 
either  of  the  other  two  is  called  the  Middle  parU  and  the 
other  two  Opposite  extremes.  For  example,  if  the  three 
parts  be  the  complement  of  the  hypothenuse  BC,  the 
complement  of  the  angle  B,  and  the  side  BA ;  since 
these  three  are  contiguous  to  each  other,  the  comple- 
ment of  the  angle  B  will  be  the  middle  part,  and  the 
complement  of  the  hypothenuse  BC  and  the  side  BA 
will  be  adjacent  extremes :  but  if  the  complement  of  the 
hypothenuse  BC  and  the  sides  BA,  AC  be  taken,  since 
the  complement  of  the  hypothenuse  is  not  adjacent  to 
either  of  the  sides,  viz.  on  account  of  the  complements 
of  the  two  angles  B  and  C  intervening  between  it  and 
the  sides,  the  complement  of  the  hypothenuse  BC  will 
be  the  middle  part,  and  the  sides  BA,  AC  opposite 
extremes.  The.  most  acute  and  ingenious  Baron 
Napier,  the  inventor  of  Logarithms,  contrived  the  two 
following  rules  concerning  these  parts,  by  means  of 
which  all  the  cases  of  right-angled  spherical  triangles 
are  resolved  with  the  greatest  ease. 
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RULE  I. 

The  rectangle  contained  by  the  radius  and  the  sine  of  the 
middle  part,  is  equal  to  the  rectangle  contained  by  the 
tangents  of  the  adjacent  parts. 

RULE  II. 

The  rectangle  contained  by  the  radius  and  the  sine  of  the 
middle  parti  is  equal  to  the  rectangle  contained  by  the 
cosines  of  the  opposite  parts. 

These   rales    are   demonstrated,  in    the  following 
manner : 
Fig.  16.  First,  let  feithei-  of  the  sides,  as  BA,  be  the  middle 

part,  and  therefore  the  complement  of  the  angle  B,  and 
the  side  AC,  will  be  adjacent  extremes.  And  by  Con 
2.  Prop.  17.  of  this*  S,  BA,  is  to  the  Co-T,  B,  as  T, 
AC  is  to  the  radius,  and  therefore  R  x  S,  BA=Co-Tt 
B  X  T,  AC. 

The  same  side  BA  being  the  middle  part,  the  com- 
plement of  the  hypothenuse,  and  the  complement  of  the 
angle  C,  are  opposite  extremes  :  and  by  Prop.  18.  S, 
BC  is  to  the  radius,  as  S,  BA  to  S,  C;  therefore 
RxS,  BA=S,  BCxS,C. 

Secondly,  let  the  complement  of  one  of  the  angles, 
as  B,  be  the  middle  part,  and  the  complement  of  the 
hypothenuse,  and  the  side  BA  will  be  adjacent  ex- 
Irenes :  and  by  Cor.  Prop.  20.  Co-S,  B  is  to  Co-T, 
BC  as  T,  BA  is  to  the  radius,  and  therefore  R  x  Co-S, 
B=Co-T,  BCxT,  BA. 

Again,  let  the  complement  of  the  angle  B  be  the 
middle  part,  and  the  complement  of  the  angle  C,  and 
the  side  AC  will  be  opposite  extremes :  and  by  Prop. 
22.  Co-S>  AC  is  to  the  radios,  as  CoS,  B  is  to  S,  C ; 
and  therefore  R  x  Oo-S,  B=Co-S>  AC  x  S,  C. 

Thirdly,  let  the  complement  of  the  hypothenuse  be 

the  middle  part,  and  the  complements  of  the  angles 

B,  C,  will  be  adjacent  extremes :  but  by  Cor.  2.  Prop. 

19.  Co-ft  BC  is  to  Co-T,  C  as  Co-T,  B  to  the  radius : 

*  therefore  R  x  Co-S,  BC=Co-T,  Cx  Co-T,  B. 

Again,  let  the  complement  of  the  hypothenuse  be 
the  middle  part,  and  the  sides  AB,  AC  will  be  oppo- 
site extremes :  but  by  Prop.  21.  Co-S,  AC  is  to  the 
radiua,  as  Co-S,  BC  to   CVS,  BA ;    therefore  R  x 
Co-S,  BC=Co-S,  BAxCo-S,  AC.     q.  m.  jd. 
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Solution  of  the  Sixteen  Cases  of  Right  Angled  Spherical 

Triangles* 


GENERAL  PROPOSITION. 


In  a  right  angled  Spherical  triangle,  of  the  three  sides 
and  three  angles,  any  two  being  given,  besides  the  right 
angle,  the  other  three  may  be  found* 

In  the  following  Tables  the  solutions  are  derived 
from  the  preceding  propositions.  It  is  obvious  tbat  the 
same  solutions  may  be  derived  from  Baron  Napier'* 
two  rules  above  demonstrated,  which,  as  they  are  easily 
remembered,  are  commonly  used  in  practice. 


Case. 

Given.       Sought. 

1 

2 
3 

4 

5 
6 

AC,C 

B 

C 

AC 

• 

R  :  CoS,AC::S,C  :  CoS,  B;  and 
B  is  of  the  same  species  with  GA, 
by  22.  and  13. 

AC,B 

CoS,  AC :  R : :  CoS,  B :  S>  C;  by  22. 

B,C 

• 

S,  C::CoS,  B::R  :  CoS,  AC;  by 

£2.  and  AC  is  of  the  same  species 
with  B.     13. 

BA.AC 

BC 

AC 
B 

R :  CoS,  AB : :  CoS,  AC :  CoS,  BC. 
21.  And  if  both  AB,  AC  be  greater 
or  less  than  a  quadrant,  BC  will 
be  less  than  a  quadrant.  But  if 
they  be  of  different  affection,  BC 
will  be  greater  than  a  quadrant.  14. 

BA,BC 

CoS,  BA  :  R::CoS>  BC  :  CoS, 

AC.  21.  And  if  BC  be  greater  or 
less  than  a  quadrant,  BA,  AC  will 
be  of  different  ox  the  same  affec- 
tion.    15. 

BA,AC 

S,BA:R::T,CA:T,B.  17.  And 
B  is  of  the  same  affection  with  AC. 
13. 

Fig.  16. 
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Case.      Given.     Sought 


8 


BA,B 


AC 


AC,B 


9 


BC,  C 


BA 


R:S,  BA::T,  B:T,  AC.  17. 
And  AC  is  of  the  same  affection 
with  B.  13. 


T,  B :  R : :  T,  CA :  S,  BA.  17. 


AC 


RrCoS,  C::T,  BC:T,  CA.  20. 
If  BC  be  less  or  greater  than  a  qua- 
drant, C  and  B  will  be  of  the  same 
or  different  affection.     15.   13. 


10 


11 


12 


13 


14 


15 


16 


AC,C 


BC 


BQCA 


BC,B 


AC,B 


BC,AC 


B,C 





1 


BC,  C 


CoS,  C  :  R : :  T,  AC :  T,  BC.  20. 
And  BC  is  less  or  greater  than  a 
quadrant,  according  as  C  and  A 
or  C  and  B  are  of  the  same  or  dif- 
ferent affections.     14.  15. 


AC 


BC 


B 


BC 


B 


T,  BC :  R : :  T,  CA  :  CoS,  C.  20. 
If  BC  be  less  or  greater  than  a 
quadrant,  CA  and  AB,  and  there- 
fore CA  and  C  are  of  the  same  or 
different  affections.     15. 


R :  S,  BC : :  S,  B ;  S,  AC.  1 8.  And 
AC  is  of  the  same  affection  with  B. 

S,  B:S>  AC::R:S,  BC.    18. 


S,  BC:  R: :  S,  AC:  S,  B.  18.  And 
B  is  of  the  same  affection  with  AC. 


T,  C:  R: :  CoT,  B:  CoS,  BC.  19- 
And  according  as  the  angles  B 
and  C  are  of  different  or  the  same 
affection,  BC  will  be  greater  or  less 
than  a  quadrant.     14. 


R:CoS,BC::T,C:CoT,B.  19. 
If  BC  be  less  or  greater  than  a 
quadrant,  C  and  B  will  be  of  the 
same  or  different  affection.     1 5. 


s 
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The  second,  eighth,  and  thirteenth  cases,  which  are 
commonly  called  ambiguous,  admit  of  two  solutions : 
for  in  these  it  is  not  determined  whether  the  side  or 
measure  of  the  angle  sought  be  greater  or  less  than  a 
quadrant* 

PROP.  XXIIL     Fig.  16. 

In  spherical  triangles,  whether  right  angled  or  oblique 
angled,  the  sines  of  the  sides  are  proportional  to  the 
sines  of  the  angles  opposite  to  them. 

First,  let  ABC  be  a  right  angled  triangle,  having  a 
right  angle  at  A ;  therefore,  by  Prop.  18.  the  sine  of 
the  bypothenuse  BC  is  to  the  radius  (or  the  sine  of  the 
right  angle  at  A)  as  the  sine  of  the  side  AC  to  the  sine 
of  the  angle  B.  And  in  like  manner,  the  sine  of  BC 
is  to  the  sine  of  the  angle  A,  as  the  sine  of  AB  to  the 
sine  of  the  angle  C;  wherefore  (11.  5.)  the  sine  of  the 
side  AC  is  to  the  sine  of  the  angle  B,  as  the  sine  of  AB 
to  the  sine  of  the  angle  C. 

Secondly,  let  BCD  be  an  oblique  angled  triangle,  Fig.i7.i8. 
the  sine  of  either  of  the  sides  BC,  will  be  to  the  sine  of 
either  of  the  other  two  CD,  as  the  sine  of  the  angle  D 
opposite  to  BC  is  to  the  sine  of  the  angle  B  opposite  Xo 
the  side  CD.  Through  the  point  C,  let  there  be 
drawn  an  arch  of  a  great  circle  CA  perpendicular  upon 
BD;  and  in  the  right  angled  triangle  ABC  (IB.  of  this), 
the  sine  of  BC  is  to  the  radius  asj  the.  sine  of  AC  to  the 
sine  of  the  angle  B ;  and  in  the  triangle  ADC  (by  18. 
of  this) :  and,  by  inversion,  the  radius  is  to  the  sine  of 
DC  as  the  sinfe  of  the  angle  D  to  the  sine  of  AC : 
therefore,  ex  aequo  perturbato,  the  sine  of  BC  is  to  the 
sine  of  DC,  as  the  sine  of  the  angle  D  to  the  sine  of 
the  angle  B. 

PROP.  XXIV.     Fig.  17.  18. 

In  oblique  angled  spherical  triangles,  having  drawn  a 
perpendicular  arch  from  any  of  the  angles  upon  the 
opposite  side,  the  cosines  of  the  angles  at  the  base  are 
proportional  to  the  sines  of  the  vertical  angles. 

Let  BCD  be  a  triangle,  and  the  arch  CA  perpendi- 
cular to  the  base  BD ;  the  cosine  of  the  angle  B  will 
be  to  the  cosine  of  the  angle  D,  as  the  sine  of  the  angle 
BCA  to  the  sine  of  the  angle  DCA. 
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For  by  22.  the  cosine  of  the  angle  B  is  to  the  sine 
of  the  angle  BCA  as  (the  cosine  of  the  side  AC  is  to 
the  radius;  that  is,  by  Prop.  22.  as)  the  cosine  of  the 
angle  D  to  the  sine  of  the  angle  DCA ;  and,  by  per- 
mutation, the  cosine  of  the  angle  B  is  to  the  cosine 
of  the  angle  D,  as  the  sine  of  the  angle  BCA  to  the  sine 
of  the  angle  DCA.     Q.  E.  D. 

PROP.  XXV.    Fig.  17.  18. 

The  same  things  remaining^  the  cosines  of  the  sides  BC9 
CD9  are  proportional  to  the  cosines  of  the  bases  BA, 
AD. 

For  by  21.  the  cosine  of  BC  is  to  the  cosine  of  BA, 
as  (the  cosine  of  AC  to  the  radius;  that  is,  by  21.  as) 
the  cosine  of  CD  is  to  the  cosine  of  AD :  wherefore, 
by  permutation,  the  cosines  of  the  sides  BC,  CD  are 
proportional  to  the  cosines  of  the  bases  BA,  AD. 
Q.  E.  D. 

PROP.  XXVI.     Fig.  17.  18. 

The  same  construction  remaining^  the  sines  of  the  bases 
BA,  AD  are  reciprocally  proportional  to  the  tangents 
of  the  angles  B  and  D  at  the  base. 

For  by  17.  the  sine  of  BA  is  to  the  radius,  as  the 
tangent  of  AC  to  the  tangent  of  the  angle  B;  and  by 
17.  and  inversion,  the  radius  is  to  the  sine  of  AD,  as 
the  tangent  of  D  to  the  tangent  of  AC :  therefore,  ex 
aequo  perturbato,  the  sine  of  BA  is  to  the^sine  of  AD, 
as  the  tangent  of  D  to  the  tangent  of  B.     Q.  E.  B. 

PROP.  XXVII.     Fig.  17.  18. 

The  cosines  of  the  vertical  angles  are  reciprocally  propor- 
tional to  the  tangents  of  the  sides. 

For  by  Prop.  20.  the  cosine  of  the  angle  BCA  is  to 
the  radius  as  the  tangent  of  CA  is  to  the  tangent  of 
BC ;  and  by  the  same  Prop.  20.  and  by  inversion,  the 
radius  is  to  the  cosine  of  the  angle  DCA,  as  the  tan- 
gent of  DC  to  the  tangent  of  CA :  therefore,  ex  aequo 
perturbato,  the  cosine  of  the  angle  BCA  is  to  the 
cosine  of  the  angle  DCA,  as  the  tangent  of  "DC  is  to 
the  tangent  of  BC.     Q.  E.  D. 
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LEMMA.    Fig.  19*  20. 

In  right  angled  plane  triangles,  the  hypothenuse  is  to  the 
radius  as  the  excess  of  the  hypothenuse  above  either 
of  the  sides  to  the  versed  sine  of  the  acute  angle  adja- 
cent to  that  side,  or  as  the  sum  of  the  hypothenuse  and 
either  of  the  sides  to  the  versed  sine  of  the  exterior 
angle  of  the  triangle. 

Let  the  triangle  ABC  have  a  right  angle  at  B :  AC 
will  be  to  the  radius  as  the  excess  of  AC  above  AB  to 
the  versed  sine  of  the  angle  A  adjacent  to  AB ;  or  as 
the  sum  of  AC,  AB  to  the  versed  sine  of  die  exterior 
angle  CAK. 

With  any  radius  DE,  let  a  circle  be  described,  and 
from  D  the  centre  let  DF  be  drawn  to  the  circumfer- 
ence, making  the  angle  EDF  equal  to  the  angle 
BAC,  and  from  the  point  F,  let  FG  be  drawn  perpen- 
dicular to  DE :  let  AH,  AK,  be  made  equal  to  AC, 
and  DL  to  DE :  DG  therefore  is  the  cosine  of  the 
angle  EDF  or  BAC,  and  GE  its  versed  sine :  and  be- 
cause of  the  equiangular  triangles  ACB,  DFG,  AC  or 
AH  is  to  DF  or  DE,  as  AB  to  DG:  therefore  (19. 5.) 
AC  is  to  the  radius  DE,  as  BH  to  GE,  the  versed 
sine  of  the  angle  EDF  or  BAC :  and  since  AH  is  to 
DE  as  AB  to  DG  (12.  5.)  AH  or  AC  will  be  to  the 
radius  DE  as  KB  to  LG,  the  versed  sine  of  the  angle 
LDF  or  KAC.    q.  e.  b. 

PROP.  XXVIII.     Fig.  2i.  22. 

In  any  spherical  triangle^  the  rectangle  contained  by  the 
sines  of  two  sides  is  to  the  square  of  the  radius,  as  the 
excess  of  the  versed  sines  of  the  third  side  or  base,  and 
the  arch  which  is  the  excess  of  the  sides9  is  to  the 
versed  sine  of  the  angle  opposite  to  the  base. 

Let  ABC  be  a  spherical  triangle,  the  rectangle  con- 
tained by  the  sines  of  AB,  BC  will  be  to  the  square  of 
the  radius  as  the  excess  of  the  versed  sines  of  the  base 
AC,  and  of  the  arch,  which  is  the  excess  of  AB,  BC 
to  the  versed  sine  of  the  angle  ABC  opposite  to  the  base. 

Let  D  be  the  centre  of  the  sphere,  and  let  AD,  BD, 
CD  be  joined,  and  let  the  sines  AE,  CF,  CG  of  the 
arches  AB,  BC,  AC  be  drawn;  let  the  side  BC  be 
greater  than  BA,  and  let  BH  be  made  equal  to  BC;    ' 
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AH  will  therefore  be  the  excess  of  the  sides  BC,  BA ; 
let  HK  be  drawn  perpendicular  to  AD,  and  since  AG 
is  the  versed  sine  of  the  base  AC,  and  AK  the  versed 
sine  of  the  arch  AH,  KG  is  the  excess  of  the  versed 
sines  of  the  base  AC,  and  of  the  arch  AH,  which  is  the 
excess  of  the  sides  BC,  BA:  let  GL  likewise  be  drawn 
parallel  to  KH,  and  let  it  meet  FH  in  L,  let  CL,  DH 
be  joined,  and  let  AD,  FH  meet  each  other  in  M. 

Since  therefore  in  the  triangles,  CDF,  HDF,  DC, 
DH  are  equal,  DF  is  common,  and  the  angle  FDC 
equal  to  the  angle  FDH,  because  of  the  equal  arches 
BC,  BH,  the  base  HF  will  be  equal  to  the  base  FC, 
and  the  angle  HFD  equal  to  the  right  angle  CFD :  the 
straight  line  DF  therefore  (4.  11.)  is  at  right  angles  to 
the  plane  CFH :  wherefore  the  plane  CFH  is  at  right 
angles  to  the  plane  BDH,  which  passes  through  DF 
(18.  11.)*  In  like  manner,  since  DG  is  at  right  angles 
to  both  GC  and  GL*  DG  will  be  perpendicular  to  the 
plane  CGL :  therefore  the  plane  CGL  is  at  right  angles 
to  the  plane  BDH,  which  passes  through  DG :  and  it 
was  shewn  that  the  plane  CFH  or  CFL  was  perpen- 
dicular to  the  same  plane  BDH  :  therefore  the  common 
section  of  the  planes  CFL,  CGL,  viz.  the  straight  line 
CL,  is  perpendicular  to  the  plane  BDA  (19- 11.),  and 
therefore  CLF  is  a  right  angle :  in  the  triangle  CFL 
having  the  right  angle  CLF,  by  the  Lemma  CF,  is  to 
the  radius  as  LH,  the  excess,  viz.  of  CF  or  FH  above 
FL,  is  to  the  versed  sine  of  the  angle  CFL ;  but  the 
angle  CFL  is  the  inclination  of  the  planes  BCD,  BAD, 
since  FC,  FL  are  drawn  in  them  at  right  angles  to  the 
common  section  BF :  the  spherical  angle  ABC  is  there- 
fore the  same  with  the  angle  CFL ;  and  therefore  CF 
is  to  the  radius  as  LH  to  the  versed  sine  of  the  spherical 
angle  ABC ;  and  since  the  triangle  AED  is  equian- 
gular (to  the  triangle  MFD,  and  therefore)  to  the 
triangle  MGL,  AE  will  be  to  the  radius  of  the 
sphere  AD  (as  MG  to  ML ;  that  is,  because  of  the 
parallels)  as  GK  to  LH :  the  ratio  therefore  which  is 
compounded  of  the  ratios  of  AE  to  the  radius,  and  of 
CF  to  the  same  radius :  that  is  (33.  6.)  the  ratio  of  the 
rectangle  contained  by  AE,  CF  to  the  square  of  the 
radius,  is  the  same  with  the  ratio  compounded  of  the 
ratio  of  GK  to  LH,  and  the  ratio  of  LH  to  the  versed 
sine  of  the  angle  ABC;  that  is,  the  same  with  the  ratio 
of  GK  to  the  versed  sine  of  the  angle  ABC ;  therefore, 
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the  rectangle  contained  by  AE,  CF,  the  sines  of  the 
sides  AB,  BC,  is  to  the  square  of  the  radius  as  GK,  the 
excess  of  the  versed  sines  AG,  AK,  of  the  base  AC,  and 
the  arch  A  H,  which  is  the  excess  of  the  sides  of  the  versed 
sine  of  the  angle  ABC  opposite  to  the  base  AC.  Q.  E.  D. 

PROP.  XXIX.    Fig.  23. 

The  rectangle  contained  by  half  of  the  radius,  and  the  ex- 
cess of  the  versed  sines  of  two  arches,  is  equal  to  the 
rectangle  contained  by  the  sines  of  half  the  sum,  and 
half  the  difference  of  the  same  arches. 

Let  AB,  AC,  be  any  two  arches,  and  let  AD  be 
made  equal  to  AC  the  less ;  the  arch  DB  therefore  is 
the  sum,  and  the  arch  CB  the  difference  of  AC,  AB : 
through  E  the  centre  of  the  circle,  let  there  be  drawn  a 
diameter  DEF,  and  AE  joined,  and  CD  likewise  per- 
pendicular to  it  in  G,  and  let  BH  be  perpendicular  to 
AE,  and  AH  will  be  the  versed  sine  of  the  arch  AB, 
and  AG  the  versed  sine  of  AC,  and  HG  the  excess  of 
these  versed  sines :  let  BD,  BC,  BF  be  joined,  and  FC 
also  meeting  BH  in  K. 

Since  therefore  BH,  CG  are  parallel,  the  alternate 
angles  BKC,  KCG,  will  be  equal ;  but  KCG  is  in  a 
semicircle,  and  therefore  aright  angle;  therefore  BKC 
is  a  right  angle ;  and  in  the  triangles  DFB,  CBK,  the 
angles  FDB,  BCK,  in  the  same  segment  are  equal,  and 
FBD,  BKC,  are  right  angles;  the  triangles  DFB,  CBK, 
are  therefore  equiangular ;  wherefore  JDF  is  to  DB,  as 
BC  to  CK,  or  HG ;  and  therefore  the  rectangle  con- 
tained by  the  diameter  DF  and  HG,  is  equal  to  that 
contained  by  DB,  BC ;  wherefore  the  rectangle  con- 
tained by  a  fourth  part  of  the  diameter,  and  HG,  is 
equal  to  that  contained  by  the  halves  of  DB,  BC :  but 
half  the  chord  DB  is  the  sine  of  half  the  arch  DAB, 
that  is,  half  the  sum  of  the  arches  AB,  AC ;  and  half 
the  chord  of  BC  is  the  sine  of  half  the  arch  BC,  which 
is  the  difference  of  AB,  AC.  Whence  the  proposition 
is  manifest. 

PROP.  XXX.    Fig.  24. 

The  rectangle  contained  by  half  of  the  radius,  and  the 
versed  sine  of  any  arch,  is  equal  to  tlie  square  of  the 
sine  of  half  the  same  arch* 

Let  AB  be  an  arch  of  a  circle,  C  its  centre,  and  AC, 
CB,  BA,  being  joined,  let  AB  be  bisected  in  D,  and 
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let  CD  be  joined,  which  will  be  perpendicular  to  BA, 
and  bisect  it  in  E  (4.  1.),  BE  or  AE  therefore  is  the 
sine  of  the  arch  DB  or  AD,  the  half  of  AB :  let  BF 
be  perpendicular  to  AC,  and  AF  will  be  the  versed  sine 
of  the  arch  BA  ;  but,  because  of  the  similar  triangles 
CAE,  BAF,  CA  is  to  AE  as  AB,  that  is,  twice  AE  to 
AF ;  and  by  halving  the  antecedents,  half  of  the  radius 
CA  is  to  AE  the  sine  of  the  arch  AD,  as  the  same  AE 
to  AF  the  versed  sine  of  the  arch  AB.  Wherefore  by 
16.  6.  the  proposition  is  manifest 


PROP.  XXXI.     Fig.  25. 

In  a  spherical  triangle,  the  rectangle  contained  by  the  sines 
of  the  two  sides,  is  to  the  square  of  the  radius,  as  the 
rectangle  contained  by  the  sine  of  the  arch  which  is  half 
the  sum  of  the  base  and  the  excess  of  the  sides,  and  the 
sine  of  the  arch,  which  is  half  the  difference  of  the  same 
to  the  square  of  the  sine  qf  half  the  angle  opposite  to  the 
base. 

Let  ABC  be  a  spherical  triangle  of  which  the  two 
sides  are  AB,  BC,  and  base  AC,  and  let  the  less  side  B  A 
be  produced,  so  that  BD  shall  be  equal  to  BC :  AD 
therefore  is  the  excess  of  BC,  B A ;  and  it  is  to  be  shewn 
that  the  rectangle  contained  by  the  sines  of  BC,  BA  is 
to  the  square  of  the  radius,  as  the  rectangle  contained 
by  the  sine  of  half  the  sum  of  AC,  AD,  and  the  sine  of 
.  half  the  difference  of  the  same  AC,  AD  to  the  square 
of.  the  sine  of  half  the  angle  ABC  opposite  to  the 
base  AC. 

Since  by  prop.  28,  the  rectangle  contained  by  the 
.sines  of  the  sides  BC,  BA  is  to  the  square  of  the  radius, 
as  the  excess  of  the  versed  sines  of  the  base  AC  and  AD, 
to  the  versed  sine  of  the  angle  B  ;  that  is  (1.  6.),  as  the 
rectangle  contained  by  half  the  radius,  and  that  excess, 
to  the  rectangle  contained  by  half  the  radius,  and  the 
versed  sine  of  B ;  therefore  (29.  30.  of  this),  the  rect- 
angle contained  by  the  sines  of  the  sides  BC,  BA  is  to 
the  square  of  the  radius,  as  the  rectangle  contained  by 
the  sine  of  the  arch,  which  is  half  the  sum  of  AC,  AD, 
and  the  sine  of  the  arch  which  is  half  the  difference  of 
the  same  AC,  AD  is  to  the  square  of  the  pine  of  half 
the  angle  ABC.    >&  e.  n. 
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Solution  of  the  Twelve  Cases  of  Oblique  Angled  Spherical 

Triangles* 

GENERAL  PROPOSITION. 


In  an  oblique  angled  spherical  triangle,  of  the  three  sides 
and  three  angles*  any  three  being  given,  the  other  three 
may  be  found* 

Given.        Sought. 


B,  D,  and 
BC,  two  an- 
gles and  a 
side  oppo- 
site one  of 
them. 


B,  C,  and 
BC,  two  an- 
gles, and  the 
side  between 
them. 


BC,  CD, 
and  R 


BC,  DB, 

and  B. 


C. 


D. 


CoS,  BC :  R : :  CoT,B :  T,  BCA. 
19.  Likewise  by24.CoS,B :  S,BCA 
::X3oS,  D:S,  DC  A;  wherefore 
BCD  is  the  sum  or  difference  of  the 
angles  DC  A,  BCA  according  as  the 
perpendicular  CA  falls  within  or 
without  the  triangle  BCD ;  that  is 
(16.  of  this),  according  as  the  angles 
B,  D  are  of  the  same  or  different 
affection. 


CoS,  BC:  R  ::  CoT,  B  :  T, 
BCA.  19.  and  also  by  24.  S,  BCA : 
S,  DCA : :  CoS,  B  :  CoS,  D ;  and 
according  as  the  angle  BCA  is  less 
or  greater  than  BCD,  theperpendi- 
cular  CA  falls  within  or  without  the 
triangle  BCD;  and  therefore  (16 
of  this),  the  angles  B,  D  will  be  of 
the  same  or  different  affection. 


BD 


CD. 


R :  CoS,  B : :  T,  BC ;  T,  BA.20. 
and  CoS,  BC  :  CoS,  BAr.CoS, 
DC :  CoS,  DA.  25.  and  BD  is  the 
sum  or  difference  of  BA,  DA. 


R :  CoS,  B : :  T, BC :  T,B A.  20. 
and  CoS,  BA  ;  CoS>  BC::CoS, 
DA :  CoS,  DC.  25.  and  according 
as  DA,  AC  are  of  the  same  or  dif- 
ferent affection,  DC  will  be  less  or 
greater  than  a  quadrant.     14. 


Fig.  26.  tft 
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Given.     Sought. 


B,    D, 
and  BC. 


BC,  BD, 
and  B. 


7  BC,  DC, 

and  B. 


8 


DB. 


D. 


R:  CoS,  B  : :  T,  BC:  T,  BA.  20. 
arid  T,  D  :  T,  B  :  :  S,  BA :  S,  DA. 
26.  and  BD  is  the  sum  or  difference 
of  BA,  DA. 


C. 


B,    C, 

and  BC. 


DC. 


9  BC,  DC, 

and  B. 


10 


11 


B,    D, 
and  BC. 


BC,  BA, 
AC. 
Fig.  25. 


R :  CoS,  B  : :  T,  BC  :  T,  BA.20. 
and  S,  DA  :  S,  BA  :  :  T,  B :  T,  D; 
and  according  as  BDis  greater  or  less 
than  B  A,  the  angles  B,  D  are  of  the 
same  or  different  affection.     16. 


CoS,  BC :  R : :  CoT,  B  :  T,  BCA. 
19.  andT,  DC :  T,  BC : :  CoS,  BCA : 
CoS,  DCA.  27.  the  sum  or  difference 
of  the  angles  BCA,  DCA  is  equal  to 
the  angle  BCD. 


CoS,  BC :  R  : :  CoT,  B :  T,  BCA. 
19.  also  by  27.  CoS,  DCA :  CoS, 
BCA : :  T,  BC :  T,  DC.  27.  if  DCA 
and  B  be  of  the  same  affection ;  that 
is(13),  if  AD  and  CA  be  similar,DC 
will  be  less  than  a  quadrant ;  14.  and 
if  AD,  CA  benotof  the  same  affection, 
DC  is  greater  than  a  quadrant.    14. 


D. 


DC. 


B. 


S>  CD  :  S,  B  : :  S,  BC  :  S,  D. 


S,  D  :  S,  BC  : :  S,  B  :  S,  DC. 


S,ABxS,BC:Rg::S,  ACgAP 

a  AC— AD     „  ABC 
x  S, g :  Sgr-g-.    See  Fig. 

25.  AD  being  the  difference  of  the 
sides  BC,  BA. 
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SIS 


Given.     Sought. 


12 


See  Fig.  7. 
In  the  triangle  DEF,  DE,  EF, 
FD,  are  respectively  the  supple- 
ments of  the  measures  of  the  given 
angles  B,  A,  C,  in  the  triangle  B AC; 
the  sides  of  the  triangle  DEF  are 
therefore  given,  and  by  the  pre- 
ceding case,  the  angles  D,  E,  F, 
may  be  found,  and  the  sides  BC* 
BA,  AC,  are  the  supplements  of 
the  measures  of  these  angles. 


The  third,  fifth,  seventh,  ninth,  and  tenth  cases,  which 
are  commonly  called  ambiguous,  admit  of  two  solutions, 
either  of  which  will  answer  the  conditions  required ;  for 
in  these  cases,  the  measure  of  the  angle  or  side  sought, 
may  be  either  greater  or  less  than  a  quadrant,  and  the 
two  solutions  will  be  supplements  to  each  other.  (Cor* 
to  de£  4.  6.  PL  Tr.) 

If  from  any  of  the  angles  of  an  oblique  angled  sphe- 
rical triangle,  a  perpendicular  arch  be  drawn  upon  the 
opposite  side,  most  of  the  cases  of  oblique  angled  tri- 
angles may  be  resolved  by  means  of  Napier's  rules. 


THE  END. 
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